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I. 


INTRODUCTION 


This  final  report  for  the  Science  Applications 
International  Corporation  (SAIC)  contract  "Dynamics  of  High 
Temperature  Plasmas",  contract  number  N00014-83-C-2138, 
covers  the  technical  period  15  March  1983  to  1  August  1985. 
We  present  the  results  of  studies  in  several  topics  of 
importance  for  the  understanding  of  high  temperature 
plasmas,  performed  in  support  of  programs  of  the  Plasma 
Theory  Branch  (CODE  4790)  of  the  Plasma  Physics  Division  at 
the  Naval  Research  Laboratory  (NRL) . 

In  the  following  sections  we  describe  briefly  the  tasks 
performed.  Details  are  included  in  the  various  Appendices 
to  this  report.  The  topics  discussed  include:  II.  Envelope 
Model  for  Beam  Transport  and  Focusing  in  An  Induction  Linac, 
III.  High  Current  Accelerators  (A),  IV.  Free-Electron  Laser 
Studies,  V.  High  Current  Accelerators  (B),  VI.  Laser  Beat 
Wave  Particle  Acceleration,  VII.  Orbitron  Maser  Design, 
VIII.  Electron  Beam  Stability  in  the  Modified  Betatron,  IX. 
Relativistic  Electron  Beam  Diode  Design,  and  X.  Free 
Electron  Laser  Applications  to  XUV  Production  and  Particle 


Acceleration. 


II. 


ENVELOPE  MODEL  FOR  BEAM  TRANSPORT  AND  FOCUSING 


IN  AN  INDUCTION  LINAC 

The  NBS  induction  linear  accelerator  produces  an 
electron  beam  of  energy  800  kev  (y“2.5),  beam  current  Ib<*800 
A,  beam  radius  r^oO.S  cm,  and  beam  pulsewidth  rfc-2  fis. 
Experiments  at  NRL  have  used  this  beam  to  drive  a 
free-electron  laser,  where  the  wiggler  field  is  B^O.  1-1.0 
kG,  the  straight  section  is  1^=60  cm,  the  wiggler  wavelength 
is  Xw=3  cm,  and  the  solenoidal  focusing  field  is  B|=l-5  kG. 
With  these  parameters,  peak  output  power  «60  MW  is  possible 
with  a  theoretical  efficiency  -10%,  at  an  output  wavelength 
of  X-3-4  mm  ( X«Xw/2y2 ) . 

To  realize  these  goals,  it  is  necessary  to  transport  the 
electron  beam  through  the  induction  linac  and  match  it  to 
the  PEL  wiggler.  Figure  1  shown  a  schematic  drawing  of  the 
induction  linac,  showing  the  graded  diode  region,  the 
locations  of  the  seven  focusing  coils,  the  two  accelerating 
gaps,  and  the  iron  cores  of  the  induction  modules.  Figure  2 
illustrates  the  PEL  configuration  with  its  solenoidal 
focusing  and  wiggler  fields.  The  last  (seventh)  focusing 
coil  of  the  induction  linac  is  also  shown  on  the  figure,  as 
well  as  a  plot  of  the  wiggler  field  on-axis.  Three 
different  approaches  to  the  transport  problem  have  been 
utilized: 

this 
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o  SLAC  Gun  code  —  S.  Slinker, 

o  Numerical  Simulation  —  Austin  Research  Associates 
(ARA), 

o  Beam  Envelope  Calculations  —  this  report 

The  beam  envelope  equation  may  be  expressed  as 
R1  +  naR  -  U/R  -  «n2/R3  =  0, 

where 

n2  =  y'  2 (2+y2)/(40AyA)  +  {^02y2  c2 ) 

U  =  20v /y2 
0v  =  IbtkA]/17 

en=  0ye  =  0.2(IbtkAl)* 

R  =  0S7)*rb 

y '  =  d*y/dz  =  - 1  e  I  Ez(z) /me2 
noz=  lelBz(z)/mc2 

This  equation  will  apply  under  the  assumption  that  the 
canonical  angular  momentum  (Pg)  of  the  electrons  is  zero , 
the  transverse  density  and  current  density  of  the  beam  are 
uniform,  the  beam  and  fields  are  axisymmetric  (d/80  =  0), 
the  axial  fields  are  independent  of  r,  and  the  radial  fields 
are  linear  in  r.  In  addition,  the  paraxial  approximation, 
lvzl  >>  I v j_ I  ,  is  used  for  the  beam.  The  radial  fields  are 


expressed  as 


E  =  -(r/2)Ez'+  {self-f ieldsj 

Br=  -(r/2)Bz' 

When  the  fields  have  no  z  dependance,  as  inside  a  long 
solenoid,  the  equilibrium  envelope  equation,  R"  =  0,  may  be 
solved  for  the  equilibrium  beam  radius, 

rb,eq  =  (V?J0)  (U/2n2)  (i  +C1  +  4n2en2/U2  3  *} 

Small  oscillations  of  the  beam  radius  about  this  equilibrium 
can  occur  with  the  frequency,  w,  given  by 

u2=  n2+  U/R2  +  3e2  /R  *  . 

eq  n  eq 

Given  a  solution  of  the  envelope  equation,  it  is 
possible  to  generate  "sub-envelopes",  which  correspond  to 
nested  beam  ellipses  in  phase  space,  jLe.  to  ellipses  with  x' 
and  x  scaled  in  the  same  ratio  as  in  the  original  ellipse. 
Por  these  ellipses,  I/c  will  oe  invariant,  since  I  ~  x2  and 
c  ~  xx'  and  x  ~  x' .  The  sub-envelope  solutions  can  be  used 
to  determine  the  acceptance  of  any  aperture  in  the 
beam-line. 

If  the  beam  is  adiabat  ically  compressed  by  a 
longitudinal  magnetic  field,  its  envelope  will  follow  a  flux 
surface,  given  by  r2Bz  =  constant.  Unfortunately,  the  field 


I 
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coils  of  the  induction  linac  do  not  readily  lend  themselves 
to  this  simple  solution. 

The  accelerating  gaps  of  the  induction  linac  are 
modeled  as  sections  of  pipe  of  length  L  and  radius  a  with  a 
gap  (of  width  d)  located  at  L/2.  The  axial  electric  field 
is  assumed  to  vanish  at  z=0  and  z=L,  as  well  as  along  the 
pipe  wall.  In  the  gap  the  Ez  field  at  r=a  is  assumed  to  be 
uniform,  E0.  The  Ez  field  may  then  be  expressed  as 

Ez  1  Cl  An<r)  stn"V>  * 

where  k^  =  nw/L, 

An(a)  =  (2EQd/L)Isin(knd/2)/(knd/2)]sin(nW/2) 

and 

Vr>  ^  W>/W> 

The  on-axis  field  due  to  each  field  coil  is  calculated 
from  a  simple  prescription.  Let  the  coil  have  inner  radius 
rx,  outer  radius  r2,  length  21,  and  be  centered  at  z„ .  The 
field  at  the  center  of  such  a  coil  is  given  by 

W  =  NIP(a,/S)/[2ri^(a-i)]  , 

F(a,£)  =  (477^8/10)  In  j  t aW~ {a2 +/32  )  1  /  [  1+/— ( 1+/32  )  ]  | 
where  a=r2/r1,  0= t/rx,  N  is  the  number  of  turns  (assumed 
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uniformly  wound),  and  I  is  the  current  per  turn  in  Amperes. 
Since  the  on-axis  field  at  the  center  of  a  uniform  coil  must 
be  due  to  equal  contributions  from  each  half  of  the  coil, 
the  on-axis  field  at  the  end  of  a  coil  is  just  half  the 
field  at  the  center  of  an  identically-constructed  coil  with 
twice  the  length.  The  field  at  any  on-axis  location,  z,  may 
then  be  found  by  a  superposition  of  end  fields  of  coils 
having  positive  and  negative  current,  as  shown  in  Figure  3, 
to  obtain 

Bz(z)  =  NICF(cr,/?+z)+F(or,/?-z)  3/C4r  ^(a-i )  1  , 

where  z  =  Iz-Zol/ri-  Figure  4  shows  the  field  due  to  each 
of  the  seven  coils  in  the  induction  linac.  The  solid  line 
is  the  experimentally  measured  field  strength  on  axis,  while 
the  dots  are  the  calculated  field.  The  agreement  is  very 
good,  except  for  coil  #4,  which  is  located  close  to  the 
induction  cores,  and  is  therefore  more  sensitive  to  the 
magnetization  of  the  cores. 

To  correct  for  the  magnetization  of  the  cores,  the 
magnetic  field  on  axis  was  measured  with  no  coils  energized, 
after  running  the  field  coils  for  some  time.  The  resulting 
residual  Bz  profile  on-axis  is  shown  in  Figure  5.  This 
field  has  been  digitized  and  is  used  as  a  correction  for  the 
magnetic  field  in  the  envelope  equations. 

Figure  6  shows  the  complete  on-axis  field  profile  used 


in  the  code,  including  a  nominally  2  kG  solenoid  in  the 
wiggler  region.  Each  field  coil  in  the  model  is  treated  as 
a  module  so  that  once  the  fields  have  been  calculated,  it 
becomes  a  simple  matter  to  redo  the  calculation  with 
particular  coils  shifted  along  the  axis. 

The  solution  of  the  envelope  equation  for  this  field 
profile  is  shown  in  Figure  7.  The  axial  locations  of  the 
field  coils  is  shown  at  the  top  of  the  figure.  For  this  run 
a  400  keV  beam  was  injected  and  a  single  gap  was  energized 
with  300  kV,  at  the  position  marked  by  "G"  .  The  wall  of  the 
guide  tube  is  also  shown  on  the  figure.  (Note  that  the 
scales  of  the  R  and  Z  axes  distort  the  shape  of  the  wall). 
The  envelope  solution  is  also  plotted,  and  displays  some 
rather  violent  oscillations  before  entering  the  wiggler 
region.  These  results  used  r ' =0  as  the  initial  condition  at 
the  anode  plane. 

The  ARA  simulations  have  been  used  to  model  the  diode 
region,  and  to  obtain  the  entrance  angle,  r',  for 
initializing  the  envelope  equations.  The  envelope  in  this 
case  (shown  in  Figure  8)  displays  oscillations  which 
qualitatively  agree  with  those  in  the  simulation.  The  outer 
beam  envelope  hits  the  wall  near  the  first  gap,  where  the 
ARA  simulation  calculates  a  scrape-off  of  135  A  of  the  718  A 
beam  current. 

It  is  also  possible  to  initialize  a  matched  beam  in  the 


wiggler  solenoid,  and  to  propagate  the  envelope  backward, 
from  right  to  left,  as  shown  in  Figure  9  for  a  beam  with  en 
=  0.260  rad-cm  and  req=0.704  cm  in  the  wiggler  solenoid.  In 
this  case,  the  code  determines  the  radial  location  and  angle 
at  which  the  beam  arrives  at  the  anode  plane.  Since  the 
beam  angle  at  the  anode  is  difficult  to  control  experi¬ 
mentally,  however,  this  approach  proved  of  little  benefit. 

The  experimental  parameters  and  measurements  used  in 
this  model  were  suppled  by  R.  Lucey,  often  after  making 
measurements  specifically  for  this  purpose.  The  code  was 
transferred  to  the  FEL  experimenters  (Lucey  and  Pasour)  who 
used  it  as  a  tool  in  adjusting  the  focusing  system  to  guide 
the  beam  to  their  FEL. 1 


INDUCTION  LINAC 


Figure  1.  Induction  Linac 


Figure  *. 


On-Axis  Magnetic  Field  Profile  for  Each  of  the 
Induction  Linac  Focusing  Coils 


III. 


HIGH-CURRENT  ACCELERATORS  (A) 


The  NRL  Advanced  Accelerator  Project  has  embarked  on 
the  task  of  developing  a  compact,  high-current  (~10  kA) 
accelerator.  The  first  effort  in  this  direction  is  the 
modified  betatron  accelerator,  which  is  a  conventional 
betatron  focusing  system,  augmented  by  a  toroidal  magnetic 
field  to  control  the  self-forces  of  an  intense  electron 
beam.  In  parallel  with  the  mainline  program  on  the  modified 
betatron,  NRL  has  supported  a  modest  effort  to  explore  other 
configurations,  such  as  the  racetrack  induction 
accelerator2,  the  stellatron3 ,  and  the  bumpy-torus 
betatron4.  These  alternative  approaches  have  in  common  the 
use  of  strong-focusing  fields  to  increase  the  tolerance  of 
the  accelerator  to  mismatch  between  the  vertical  magnetic 


field  and 

the  electron 

energy. 

In  the 

language 

of 

accelerator 

designers,  the 

strong 

focusing 

increases 

the 

"momentum  compaction"  of  the  accelerator,  where  the  momentum 
compaction  is  the  ratio  of  momentum  mismatch  to  beam 
displacement.  We  describe  this  property  of  the 
strong-focused  accelerator  in  terms  of  the  tolerance 
"bandwidth",  which  is  the  relative  energy  (or  momentum) 
mismatch  which  can  be  tolerated  before  a  beam  initialized  on 
the  accelerator  reference  orbit  will  hit  the  inner  wall  of 


the  vacuum  vessel. 


For  weak-focused  accelerators,  such  as 


the  betatron  or  the  modified  betatron,  the  bandwidth  is 


approximately 

*y/yQ  =  a/(4rQ) 

where  a/r„  is  the  inverse  aspect  ratio  of  the  torus.  For 
a/r0~0.1,  the  bandwidth  is  approximately  2.5%.  The 
strong-focused  accelerators,  on  the  other  hand,  can  readily 
achieve  bandwidth  in  excess  of  50%.  Although  it  is  possible 
to  use  this  property  of  strong-focused  accelerators  to 
design  fixed-field  focusing  systems  operating  at  very  large 
mismatch  (sl000%)5,  such  devices  will  be  limited  to  modest 
beam  energy  and  relatively  poor  beam  quality.  The  addition 
of  strong  focusing  fields  to  a  betatron  configuration  will 
enhance  the  bandwidth  of  that  accelerator  while  operating 
near  a  matched  field  conditon.  The  enhanced  bandwidth,  in 
turn,  relaxes  costly  requirements  on  field  uniformity, 
injector  ripple  and  shot-to-shot  reproducibility. 

Recognizing  these  potential  advantages  of  strong-focused 
betatrons,  two  types  of  strong-focusing  fields  have  been 
investigated  in  some  detail,  with  research  papers  reprinted 
as  appendices  to  this  final  report.  The  first  configuration 
is  the  1-2  stellarator  field,  which  is  a  rotating  quadrupole 
field,  analogous  to  alternate-gradient  strong-focusing 
configurations  used  in  most  high-energy  synchrotrons.  The 
second  configuration  is  a  bumpy-torus  field,  which  is  an  1=0 
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stellarator  configuration.  Both  of  these  configurations 
provide  an  alternating  transverse  magnetic  gradient  at  the 
beam  reference  orbit;  the  alternating  transverse  gradient  is 
the  defining  characteristic  of  a  strong-focused  accelerator. 
All  other  i-number  stellarator  fields  are  weak-f ocusing . 

The  research  papers  in  Appendices  A  and  B  demonstrate 
the  single-particle  orbit  stability  of  these  conf igurations 
and  show  that  enhanced  bandwidth  (*50%)  can  be  obtained  for 
reasonable  focusing  field  strength.  They  are  titled, 
respectively,  "High  current  Betatron  with  Stellarator 
Fields",  C.  W.  Roberson,  A.  A.  Mondelli,  and  D.  Chernin, 
Phys.  Rev.  Lett.  50,  .507  (1983)  and  "A  Bumpy-Torus 
Betatron",  D.  Chernin,  A  Mondelli,  and  C.  Roberson,  Phys. 


Analysis  of  the  Free  Electron  Laser  (FEL)  has  proceeded 
on  a  number  of  levels  and  included  analyses  both  of  the 
linear  gain  and  nonlinear  efficiency  in  both  one  and 
three-dimensions.  The  fundamental  configuration  analyzed 
describes  the  propagation  of  a  relativistic  electron  beam 
through  a  combined  helical  wiggler  and  axial  guide  magnetic 
field.  Of  particular  interest  is  the  effect  of  the  axial 
guide  magnetic  field  on  the  FEL  interaction,  since  this  is 
the  configuration  relevant  to  the  experimental  program  at 
the  Naval  Research  Laboratory.  This  work  has  been  described 
in  Appendices  C  ("Design  and  Operation  of  Collective 
Millimeter-Wave  Free-Electron  Laser,  J.  Quantum  Elect. 
QE-19 ,  346  (1983))  and  D  ("Study  of  Gain,  Bandwidth,  and 
Tunability  of  a  Millimeter-Wave  Free-Electron  Laser 
Operating  in  the  Collective  Regime",  Phys .  Fluids  2j6,  2683 
(1983)  )  . 

Previous  analysis  of  the  linear  growth  rate  of  the  FEL 
in  one-dimension  showed  substantial  enhancements  possible 
due  to  a  resonant  interaction  in  the  presence  of  an  axial 
guide  field.  This  occured  when  the  Larmor  period  due  to  the 
axial  magnetic  field  approached  the  wiggler  period.  In  view 
of  this  result,  a  one-dimensional  particle  simulation  code 
was  developed  to  study  the  nonlinear  aspects  of  the 


interaction  with  the  goal  of  determining  saturated  power 
levels  for  an  FEL  amplifier.  Results  of  the  nonlinear 
analysis  showed  substantial  enhancements  to  be  possible  in 
the  presence  of  an  axial  guide  field.  For  the  model 
parameters  chosen,  efficiency  enhancements  of  greater  than 
100%  over  the  zero-guide  field  limit  were  found.  Details  of 
this  work  are  included  in  Appendix  E  of  this  report  titled 
"Nonlinear  Analysis  of  Free-Electron  Amplifiers  with  Axial 
Guide  Fields",  Phys.  Rev.  A  27_t  1977  (1983). 

An  anomalous  effect  on  the  electrostatic  beam 
space-charge  has  also  been  demonstrated  in  the  presence  of 
an  axial .guide  field.  In  the  collective  Raman  regime  the 
FEL  interaction  proceeds  by  an  induced  scattering  of  the 
wiggler  field  (which  appears  as  an  electromagnetic  wave  in 
the  electron  beam  frame)  and  a  slow  space-charge  wave  to 
produce  the  output  radiation.  This  is  a  three-wave 
scattering  process.  In  the  absence  of  an  axial  guide  field, 
the  beam  space-charge  waves  are  stable.  However,  it  has 
been  shown  that  the  presence  of  a  strong  axial  guide 
magnetic  field  can  drive  the  electrostatic  space-charge 
modes  unstable  due  to  a  negative-mass  type  of  effect.  This 
can  have  profound  consequences  for  the  FEL  interaction,  and 
experimental  observations  (see  Appendix  C)  show  peak  output 
powers  precisely  in  the  unstable  space-charge  wave  regime. 
This  work  is  given  in  detail  in  Appendix  F,  titled  "Unstable 


Electrostatic  Beam  Modes  in  Free-Electron  Laser  Systems", 
Phys.  Rev.  A  28,  1835  (1983). 

Having  completed  the  analysis  of  both  the  linear  and 
nonlinear  phases  of  the  FEL  interaction  in  one-dimension  in 
the  presence  of  an  axial  guide  field,  attention  turned  to 
the  inclusion  of  three-dimensional  effects  on  the 
interaction.  To  this  end,  analyses  of  the  linear  gain  were 
conducted  during  the  contract  period  for  a  configuration 
which  consists  of  the  propagation  of  a  relativistic  electron 
beam  through  a  loss-free  cylindrical  waveguide  in  the 
presence  of  helical  wiggler  and  axial  guide  magnetic  fields. 
The  analysis  was  performed  in  both  the  low-gain  Compton  and 
high-gain  collective  regimes,  and  included  the  effect  of  the 
overlap  of  the  electron  beam  and  the  waveguide  modes  (i.e., 
the  filling  factor)  in  a  self-consistent  manner.  As  in  the 
one-dimensional  case,  substantial  enhancements  in  the  linear 
gain  were  found  to  result  from  the  presence  of  the  axial 
guide  field.  The  low-gain  Compton  regime  is  documented  in 
Appendix  G,  "Three-Dimensional  Theory  of  Free-Electron 
Lasers  with  an  Axial  Guide  Field",  J.  Quantum  Elec.  QE-19, 
322  (1983).  The  high-gain  collective  regime  is  found  in 

Appendix  H,  "Three-Dimensional  Theory  of  the  Free-Electron 
Laser  in  the  Collective  Regime",  Phys.  Rev.  A  28,  3438 

(1983). 

Finally,  an  important  application  of  the  theory. 


developed  during  the  contract  period,  was  to  the  design  and 
interpretation  of  experimental  results  obtained  by  the  FEL 
amplifier  experiment  in  Code  4740  at  the  Naval  Research 
Laboratory.  This  work  is  described  in  more  detail  in  the 
previously  referenced  Appendices  C  and  D. 


V.  HIGH  CURRENT  ACCELERATORS  (B) 

High  energy  accelerators  that  can  produce  high  current 
electron  beams  are  rapidly  becoming  an  active  area  of 
research.  Among  the  various  schemes  of  acceleration, 
induction  accelerators  are  the  most  promising.  They  are 
inherently  low  impedance  devices  and  are  thus  suited  to 
drive  high  current  beams.  Induction  accelerators  are 
divided  into  linear  and  cyclic.  In  both  cyclic  and  linear 
devices,  the  acceleration  process  is  based  on  the  inductive 
electric  field  produced  by  a  time  varying  magnetic  field. 
In  the  linear  accelerators,  the  total  change  in  flux  occurs 
in  one  transit  time,  typically  in  less  than  100  nsec,  while 
in  cyclic  accelerators  the  same  change  occurs  over  several 
thousand  revolutions  in  a  typical  time  of  one  msec. 

As  a  consequence  of  the  slow  acceleration,  the 
accelerated  beam  must  be  confined  by  the  focusing  magnetic 
field  over  long  periods  of  time  and,  thus,  field  errors, 
instabilities  and  radiation  losses  pose  limitations  on  the 
cyclic  accelerators.  These  limitations  can  be  substantialy 
relaxed  if  the  acceleration  could  occur  rapidly  as  in  the 
linear  accelerators.  A  device  has  been  proposed  that 
conbines  the  rapid  acceleration  of  the  linear  accelerators 
and  the  compactness  in  size  of  the  cyclic  accelerators.  It 
has  been  named  REBA-TRON  (Rapid  Electron  Beam  Accelerator). 
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An  extensive  numerical  and  analytical  investigation  has 
been  carried  out  on  the  beam  dynamics  of  the  rebatron 
accelerator.  The  acceleration  occurs  by  a  localized,  high 
gradient  electric  field  produced  by  convoluted  parallel 
transmission  lines,  and  beam  confinement  is  achieved  by  a 
strong  focusing  torsatron  magnetic  field.  The  study 
indicates  that  both  the  bandwidth  and  the  maximum  electron 
beam  current  that  can  be  confined  by  this  device  is 
remarkably  high.  Details  can  be  found  in  Appendix  I,  "Rapid 
Electron  Beam  Accelerators  ( REBA-TRONS ) " ,  NRL  Memorandum 
Report  5503. 


LASER  BEAT  WAVE  PARTICLE  ACCELERATION 


The  acceleration  of  charged  particles  to  high  energy  by 
"collective"  fields  in  a  plasma  or  in  non-neutral  particle 
rings  has  been  pursued  vigorously  for  some  time.  The 
promise  of  the  delivery  of  high  power  (*  10 14  watts)  by 
modern  lasers  is  a  great  inducement  to  generate  schemes 
which  could  avail  this  power  for  accelerating  bursts  of 
particles  to  energies  in  the  TeV  range  and  beyond.  It  is 
also  becoming  apparent  that  the  very  successful  schemes  of 
particle  acceleration  in  current  use  may  not  be  able  to  push 
particle  energy  much  above  the  TEV  level  without  an  enormous 
amplification  in  cost.  Thus  the  combination  of  a  need  for 
superhigh  energies  and  the  availability  of  high  powered 
lasers  spawned  a  recent  LANL  workshop  on  "Laser 
Acceleration" 

One  of  the  concepts  presented  at  the  workshop  was  a 
proposal  by  Tajima  and  Dawson.  Two  plane  laser  waves  with 
frequencies  u)i  and  u>2 »  well  in  excess  of  the  electron  plasma 
frequency,  Wp,  beat  with  each  other  to  produce  a  plasma  wave 
of  frequency  w1-w2  =  Wp  and  wavelength  kx-kj  =  kp.  It  is 
assumed  that  the  amplitude  of  the  beat  wave  saturates  only 
by  accelerating  and  trapping  a  sizeable  fraction  of  the 
piasma  electrons.  Elementary  estimates  yield  a  saturated 


amplitude,  as  measured  in  the  laboratory  frame,  to  be  ED  = 


(mc/e)wp  or  Ep/4w  =  nemec2,  where  ne  is  the  ambient  electron 
density.  This  very  substantial  electric  field  (10*v/cm  for 
ne  -  10  cm-3)  can  be  employed  for  accelerating  ions  or 
electrons  and  the  proposal  contains  optimistic  scenarios  by 
which  a  phased  sequence  of  acceleration  (up  to  10s)  could 
get  proton  energy  to  1014eV. 

Unfortunately  a  plasma  supports  an  uncomfortably  large 
number  of  collective  modes  and  although  a  particular 
sequence  of  interaction  between  some  modes  may  be  postulated 
for  some  process,  in  general,  it  is  necessary  to  show  that 
the  sum  of  all  other  possible  interactions  is  not 
significant  for  the  success  of  that  particular  process.  In 
what  follows  we  outline  the  following  possible  limitations 
imposed  on  the  Ta j ima-Dawson  scheme.  They  include 

(1)  The  finite  transverse  dimensions  of  the 

laser-plasma  interaction  region,  finite  coherence 
time  and  finite  correlation  length  of  the  laser 
beams . 

(2)  The  inhomogeneity  of  the  plasma  density. 

(3)  The  effect  of  the  magnetic  field  caused  by  current 
created  by  the  accelerated  electrons. 

(4)  The  depletion  of  the  beat  wave  energy  through  other 
channels,  typically  through  the  parametric  pumping 
of  short  wavelength  electron  and  ion  fluctuations. 


(5)  The  generation  of  ion  sound  caused  by  electron 
drifts . 

(6)  The  scattering  of  laser  waves  on  such  ion  sound 
waves,  the  so-called  Brillouin  scattering. 

(7)  The  actual  requirements  on  phasing  for  ion 
acceleration. 

What  emerges  from  this  anlysis  is  that  although  the 
interactions  postulated  by  Tajima  and  Dawson  do  occur  the 
bulk  of  laser  wave  energy  will  be  transferred  to  heating  the 
plasma  with  concomitant  drop  in  the  efficiency  of  electron 
acceleration.  We  make  no  comment  on  techniques  for  ion 
accleration  by  beat  waves  because  the  development  of  this 
aspect  of  the  proposal  has  not  proceeded  beyond  the  stage  of 
elementary  wishful  thinking.  As  a  first  step  in  the 
investigation  of  the  above  issues  we  have  published  two 
papers,  "Excitation  of  the  Plasma  Waves  in  the  Laser  Beat 
Wave  Accelerator,"  Appl.  Phys .  Lett.  45,  375  (1984)  and 

"Dynamics  of  Space-Charge  Waves  in  the  Laser  Beat  Wave 
Accelerator",  Phys.  Fluids  2J3,  1974  (1985).  These  papers 

are  reproduced  in  this  report  as  Appendix  J  and  Appendix  K 
respectively. 


VII.  ORBITRON  MASER  DESIGN 

In  this  work  we  have  developed  a  device  concept  based  on 
the  orbitron  mechanism,  originally  seen  experimentally  by 
Alexeff.  We  have  also  carried  out  extensive  linear  theory 
analysis  to  obtain  growth  lengths  for  amplifier 
configurations  and  thresholds  for  start  oscillation  for 
oscillators.  Our  device  concept,  the  orbitron  maser,  is 
similar  to  an  electron  cyclotron  maser  that  uses  axis 
encircling  electron  orbits.  However,  an  orbitron  employs  an 
electric  field  to  radially  confine  the  electrons,  instead  of 
a  magnetic  field.  The  device  has  a  coaxial  cylindrical 
geometry  with  the  inner  conductor  held  at  a  positive 
potential  with  respect  to  the  outer  conductor,  as  shown  in 
Figure  10.  The  advantage  of  such  a  device  is  that,  like  the 
gyrotron,  it  can  produce  very  short  wavelength  waves  (e.g. 
X~lmm  or  less)  but  it  does  not  require  a  large  magnetic 
field.  Thus  the  device  can  potentially  be  much  cheaper  and 
more  compact.  A  paper  based  on  this  work  is  in  preparation 
with  W.  Manheimer  and  J.  Burk. 
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FIGURE  10.  The  Orbitron  Maser  Configuration 


VIII . 


ELECTRON  BEAM  STABILITY  IN  THE  MODIFIED  BETATRON 


In  the  modified  betatron  application,  previous  work7  has 
shown  that  m  &  2  resistive  wall  modes  can  be  very  dangerous 
(m  =  poloidal  mode  number).  However,  that  analysis  was  for 
zero  Larmor  radius  particles.  The  question  arises  as  to 
whether  finite  Larmor  radius  (FLR)  effects  will  stabilize 
these  modes.  In  order  to  gain  insight  on  the  general 
question  of  FLR  effects  on  modes  of  this  type  we  have  done  a 
treatment,  not  of  the  cylindrical  geometry  resistive  wall 
mode,  but  rather  of  a  simpler  more  analytically  tractable 
problem:  namely,  FLR  effects  on  diocotron  modes  in  slab 
geometry.  The  indication  of  the  results  of  this  analysis  is 
that  FLR  effects  are  ineffective  in  achieving  stabilization 
of  such  modes.  The  basic  problem  considered  was  that  of  the 
diocotron  instability  of  an  electron  layer  in  which  the 
typical  electron  is  allowed  to  have  a  Larmor  radius  of  the 
order  of  the  layer  thickness.  The  principal  results  of  the 
analysis  are: 

(1)  An  integral  equation  eigenvalue  problem  for 
the  Fourier  transform  of  the  electrostatic 
potential  is  formulated. 

(2)  An  exact  analytical  solution  to  the  full 
problem  is  given  for  a  special  case  which. 


however,  is  general  enough  to  encompass  the 
full  range  of  ratios  of  Larmor  radius  to  layer 
thickness  and  of  Larmor  radius  to  wavelength. 
We  believe  that  the  results  obtained  for  this 
special  case  are  representative  of  what 
happens  in  general. 

(3)  Using  the  results  of  the  analytical  solution 

we  find  the  following:  (a)  Finite  Larmor 

radius  does  not  stabilize  a  beam  wherein  the 
guiding  centers  are  localized  (i.e.,  A  =  0, 
where  A  is  the  half-thickness  of  the  guiding 
center  spread),  and  instability  persists  at 
all  wavelengths,  although  the  growth  rates  are 
reduced.  (b)  Beams  of  fixed  thickness  6  = 
2(A+p)  (where  p  is  the  Larmor  radius)  are 
destabilized  by  increasing  the  relative 
fraction  2p/G  of  beam  thickness  due  to 
gyroradius.  (c)  For  a  beam  of  fixed  guiding 
center  spread  A,  increasing  p  is  stabilizing, 
in  that  the  growth  rates  are  reduced  and  the 
range  of  unstable  wavenumber  becomes  smaller. 

(4)  A  necessary  and  sufficient  condition  for 
instability  in  the  form  of  an  energy  principle 
is  derived  for  the  case  of  a  general  symmetric 
distribution  of  guiding  centers  that  decreases 
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monoton ically  away  from  the  center  of  the 
layer . 

(5)  As  in  the  case  of  zero  Larmor  radius,  the 
diocotron  instability  occurs  only  if  the 
component  of  the  propagation  direction  along 
the  magnetic  field  is  less  than  a  certain 
small  critical  value. 

The  paper  resulting  from  this  study  is  titled  "Finite 
Larmor  Radius  Diocotron  Instability",  Phys .  Fluids  28,  941 
(1985)  and  is  included  here  as  Appendix  L. 


IX  RELATIVISTIC  ELECTRON  BEAM  DIODE  DESIGN 


In  collaboration  with  Drs.  A.  Fliflet  and  W.  Manheimer 


we  have  developed  several  one  dimensional  methods  to  aid  in 
the  design  of  diodes  for  the  production  of  high  current 
relativistic  electron  beams  for  gyrotron  applications. 
These  methods  are  (i)  relativistic  slab  model  with  or 
without  self  By,  (ii)  non-relativistic  conical  model  without 
self  B0,  (iii)  superrelativistic  conical  model  with  or 
without  self  »#•  These  methods,  together  with  electrode 
synthesis,  were  used  to  obtain  approximate  designs  for  two 
diodes.  The  diodes  produce  1  MV  beams  with  2  kA  in  a  field 
around  2  kg,  to  be  magnetically  compressed  to  form  a  1  GW 
beam  for  a  35  GHz  gyrotron  oscillator.  The  Hermannsf eldt 
code  was  used  to  refine  the  design  to  produce  a  beam  with 
these  parameters  and  a  relatively  flat  a  =  pj./pj  profile. 
These  results  are  summarized  in  the  enclosed  manuscript  "One 
Dimensional  Models  for  Relativistic  Electron  Beam  Design"  to 
be  submitted  for  publication.  This  paper  is  included  here  as 
Appendix  M. 

We  have  begun  a  collaboration  with  Drs.  W.  Manheimer  and 
S.  McDonald  to  study  the  eigenmodes  of  slotted  vacuum 
gyrotron  cavities.  The  purpose  of  this  study  is  to  find  a 
cavity  design  that  allows  only  one  mode,  i.e.,  has  a  high  Q 
for  that  mode  and  rather  low  Q  for  all  others.  We  have 


begun  to  develop  a  numerical  code  to  solve  the  Helmholtz 
equation  in  cylindrical  geometry  for  TE  or  TM  modes  for 
arbitrarily  shaped  (open  or  closed)  cross  section.  The 
computational  method  is  based  on  a  boundary-layer  integral 
formulation  of  the  wave  equation;  this  has  the  advantage 


that  only  the 

boundary 

needs 

to 

be 

discretized  (a 

one-dimensional 

set,  as 

opposed 

to 

the 

two-d imens ional 

interior  discretized  by  standard  finite-difference  schemes). 
Furthermore,  outgoing  wave  boundary  conditions  are 
automatically  included  in  the  free-space  Green's  function 
used  in  the  boundary  integral  formulation.  We  have  also 
proved  that  the  response  in  such  a  cavity  to  an  arbitrary 
beam  interaction  can  be  represented  in  terms  of  these  damped 
eigenfunctions.  To  date,  the  code  has  been  tested  for  the 
interior  and  the  exterior  of  a  circle  and  good  agreement  was 
found.  The  code  has  been  modified  to  treat  walls  that 
consist  of  segments  of  elliptic  cylinders  displaced  by  an 
arbitrary  amount  and  with  a  gap  of  arbitrary  size. 
Preliminary  runs  have  been  performed  to  determine  the  Q  of 
several  TE  modes  that  occur  in  the  same  frequency  range, 
namely  the  (m,n)  =  (1,4),  (3,3),  and  (6,2)  modes. 
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X  FREE  ELECTRON  LASER  APPLICATIONS  TO  XUV 
PRODUCTION  AND  PARTICLE  ACCELERATION 


* 


<1 


During  this  period  we  have  performed  studies  of  the 
theory  of  Free  Electron  Lasers  (FEL)  and  their  applications 
to  the  production  of  XUV  electromagnetic  radiation  and 
particle  acceleration  to  high  energy.  In  the  following  we 
describe  the  work  done  on  each  of  these  three  subjects. 
These  works  are  clearly  interrelated,  and  results  obtained 
in  one  area  can  often  be  useful  in  the  other. 

The  research  on  FEL's  has  made  remarkable  progress 
during  the  last  few  years.  Very  exciting  results  have  been 
obtained  both  theoretically  and  experimentally.  Good 
agreement  exists  between  the  theory  and  the  experiments 
performed  up  to  now.  The  technology  needed  for  FEL 
development  is  also  making  rapid  progress.  All  this  leads 
us  to  explore  new  areas  of  applications,  such  as  FEL's 
operating  at  short  wavelength,  in  the  XUV  region  of  the 
spectrum,  where  commercial  lasers  are  not  presently 
available  and  few  experimental  systems  have  been  operated, 
at  only  a  few  wavelengths  and  with  very  low  power. 

We  have  studied  the  scaling  laws  for  operation  of  an 
FEL  in  the  XUV  region  and  they  compare  favorably  with  those 
of  other  possible  laser  systems.  The  main  requirements  for 
operation  of  an  FEL  in  the  XUV  region  are:  small  electron 
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beam  emittance,  small  energy  spread,  and  large  current  for  a 
large  PEL  gain. 

The  electron  beam  emittance  must  be  smaller  or  on  the 
order  of  the  wavelength  that  one  wants  to  produce. 
Analyzing  the  beam  emittance  produced  by  present  day 
accelerators,  one  comes  to  the  conclusion  that  the  only 
accelerator  that  one  can  use  for  wavelengths  shorter  than 
lOOnm  is  a  storage  ring.  This  has  led  us  to  the  study  of 
electron  storage  rings8  and  the  emittance  limitations  in 
this  system.  The  first  results  obtained  show  that  it  is 
possible  to  design  rings  optimized  for  FEL's  applications, 
with  an  emittance  small  enough  to  reach  PEL  operation  at 
about  lOnm. 

It  is  important  to  notice  that  the  same  minimum 
emittance  requirement  is  also  needed  for  the  next  generation 
of  synchrotron  radiation  sources,  and  for  the  linear 
colliders  which  are  now  being  studied  to  push  the  high 
energy  physics  frontier  in  the  TeV  region. 

To  analyse  the  large  gain  regime  of  an  FEL  we  have  used 
the  theory  developed  recently  by  Bonifacio,  Pellegrini  and 
Narducci,  Optics  Communications  j>0,  373  (1984)  entitled, 
"Collective  Instabilities  and  High-Gain  Regime  in  a  Pree 
Electron  Laser",  and  included  here  as  Appendix  N.  These 
results  allow  us  to  express  both  the  gain  parameter  and  the 
condition  on  the  beam  energy  spread  using  only  one  quantity. 


p,  related  to  the  relativistic  beam  plasma  frequency  and  the 
radiation  wavelength.  A  calculation  of  this  quantity,  based 
on  the  use  of  a  750  MeV  storage  ring  to  provide  the  electron 
beam,  shows  that  one  can  expect  gains  larger  than  100%  per 
pass  in  a  storage  ring  based  FEL  oscillator,  down  to 
wavelengths  of  about  lOnm. 

One  problem  in  the  successful  operation  of  such  an 
oscillator  is  posed  by  the  optical  cavity  mirrors,  which 
must  have  a  reflectivity  not  smaller  than  50%  per  reflection 
and  be  capable  of  withstanding  strong  incoherent  synchrotron 
radiation  produced  by  the  undulator  without  a  reflectivity 
degradation.  We  have  proposed  and  studied  a  possible 
alternative  to  the  oscillator,  the  operation  of  an  FEL  in 
the  Self  Amplified  Spontaneous  Emission  mode.  These  results 
are  given  in  detail  in  Appendix  0  entitled  "Free  Electron 
Lasers  for  the  XUV  Spectral  Region"  and  have  been  published 
in  Nucl.  Instr.  and  Meth.  A237 ,  159  (1985).  This  mode 
requires  the  use  of  a  long  undulator,  with  a  few  hundred 
periods,  based  in  a  storage  ring  bypass.  Its  main 
advantages  are  the  absence  of  optical  elements  and  the 
possibility  of  obtaining  large  peak  power,  on  the  order  of 
several  MW,  in  the  10  to  100  nm  region. 

As  discussed  in  the  previous  section  we  have 
reformulated  the  FEL  theory  in  a  form  well  suited  to  the 
discussion  of  high  gain  experiments.  This  formulation  has 


allowed  us  to  introduce  a  single  parameter  that  must 
optimized  in  the  design  of  the  storage  ring  driving  the  FEL 
and  has  thus  allowed  a  better  ring  design.  We  have  also 
started  the  analysis  of  other  theoretical  problems  important 
in  defining  the  characteristics  of  the  radiation  produced  in 
the  SASE  mode,  such  as  the  laser  startup  from  noise  and  the 
coherence  properties  of  the  radiation  produced.  The  work  on 
these  problems  is  still  in  an  initial  stage  and  will  re 
further  study. 

The  FEL  can  also  be  used  to  accelerate  particles9.  When 
used  in  this  mode  we  call  it  the  Inverse  Free  Electron  Laser 
(IFEL).  The  question  of  whether  the  IFEL  can  be  used  to 
accelerate  electrons  in  the  hundred  GeV  region  has  been 
recently  studied  (9*i°)  and  it  has  been  shown  that  this  is 
possible  using  a  laser  waveguide  to  propagate  and  keep 
focused  a  high  power  laser  beam.  We  have  done  studies  on 
the  characteristics  of  this  waveguide  and  the  possible 
tolerances  on  imperfections  and  construction  errors.  The 
results  show  that  the  waveguide  needs  to  be  built  to  quality 
optical  standards  and  that  if  this  can  be  done  one  can 
propagate  a  high  power  laser  beam  in  the  guide  over  a 
distance  of  the  order  of  kilometers  with  negligible  losses. 
The  work  on  this  problem  is  continuing,  in  particular  to 
study  the  region  where  the  laser  beam  enters  the  guide. 

Work  has  also  continued  to  study  the  dynamics  of  the 


particles  in  the  IFEL,  with  particular  attention  to  the 
problem  of  optimum  undulator  design  to  maximize  the 
acceleration  rate  and  of  emittance  scaling  with  energy. 
Optimum  undulator  design  leads  to  an  accelerator  rate  on  the 
order  of  250  MeV/m,  up  to  an  energy  of  about  300  GeV.  At 
higher  energy  the  synchrotron  radiation  losses  produced  by 
the  wiggling  particle  motion  in  the  undulator,  reduces  the 
acceleration  rate  to  lower  values.  The  emittance  scaling 
with  energy  offers  interesting  possibilities  for  producing 
high  energy-low  emittance  beams  by  proper  undulator  design. 
This  opens  the  possibility  of  using  the  IFEL  as  an  injector 
for  a  TeV,  high  luminosity  electron-positron  collider 
system. 

We  can  summarize  the  previous  discussion,  by  listing 
the  main  topics  on  which  we  have  worked,  in  the  three  areas 
of  FEL  theory,  FEL  operation  in  the  XUV  region,  amd  IFEL 
accelerator  concepts. 

(a)  FEL  theory:  high  gain  regime,  collective  FEL 
instability,  non  linear  saturation  regime, 
radiation  self-focusing  and  diffraction  effects, 
FEL  start-up  from  noise,  coherence  properties  of 
the  radiation. 


(b)  FEL  in  the  XUV  region:  scaling  laws.  Self  Amplified 
Spontaneous  Emission  operation  mode,  storage  ring 
for  XUV- FEL,  limitations  on  storage  ring  emittance 
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By  adding  an  l  =2  stellarator  field  to  a  betatron  accelerator,  a  new  configuration  is  ob¬ 
tained  which  is  capable  of  accelerating  multlklloamp  beams  and  which  will  tolerate  a  large 
(more  than  50%)  mismatch  between  the  particle  energy  and  the  vertical  magnetic  field.  The 
additional  field  is  a  twisted  quadrupole  which  acts  as  a  strong-focusing  system.  This  de¬ 
vice  has  been  analyzed  both  analytically  and  numerically. 

PACS  numbers:  52.75.01,  29.20. Fj 

Conventional  betatrons1  3  are  current  limited  at 
injection.  Recently,  efforts  have  been  made  to  ex¬ 
tend  the  current-carrying  capability  of  the  beta¬ 
tron.  For  example,  the  plasma  betatron1  employs 
a  toroidal  magnetic  field  in  the  direction  of  the 
particle  orbit  to  contain  the  plasma.  Current  in¬ 
terest  is  focused  on  high-current  nonneutral 
electron  acceleration  in  modified  betatrons.4'* 

By  adding  a  stellarator  field  to  a  cyclic  accel¬ 
erator,  a  strong-focusing  system7  is  obtained 
which  can  sustain  high  currents  and  large  mis¬ 
match  between  particle  energy  and  vertical  field. 

The  energy  bandwidth  relaxes  the  design  require¬ 
ments  for  the  injector  and  the  magnetic  field  sys¬ 
tem.  Unlike  fixed-field  alternating-gradient  beta¬ 
trons,8  the  steilarator-betatron  (or  stellatron)  in¬ 
cludes  a  strong  toroidal  field  to  confine  very  high 
currents.  Figure  1  shows  a  sketch  of  the  stel¬ 
latron  configuration. 

We  have  quantitatively  studied  the  stellatron 
configuration.  Our  studies  have  consisted  of  nu¬ 
merical  and  single-particle  orbit  calculations, 
as  well  as  analytical  linearized  orbit  theory,  in¬ 
cluding  the  beam  seif-fields. 

We  may  study  the  behavior  of  an  intense  elec¬ 
tron  beam  in  the  stellatron  quantitatively  by  con¬ 
sidering  small  departures  from  a  “reference 
orbit,”  a  circle  located  at  the  null  point  in  the 
quadrupole  field,  at  r  =  rn,  z  =0.  Here  and  below 
we  use  a  cylindrical  ( r,9,z )  coordinate  system 
with  origin  at  the  center  of  the  torus’s  major 
cross  section.  Quantities  evaluated  at  the  ref¬ 
erence  orbit  will  carry  a  subscript  0  below;  de¬ 
partures  from  this  orbit  will  carry  a  subscript  1. 


The  twisted  quadrupole  field,  of  period  2ir/m , 
then  is  written  as 

B-t  a  kBs(-rlsinm8  +  zlcoBm9), 

Bt  s  kBs  (rt  cosmO +  zt  sinm0),  Pe^B6oi 


where  k,BstB9o  are  constants,  and  the  betatron 
field  is 

B,-Bj.l-n{r1/r0)},  (2) 

where  BM  is  the  vertical  field  at  the  reference 
orbit  and  n  is  the  usual  field  index. 

We  consider  the  motion  of  an  electron  located 
within  a  beam  whose  center  is  located  at  r  =r0 
+  Ar ,  z=Az;  the  electron’s  position  is  r=r0 
+Ar  +  &rsr0+rlt  z  =&z  +  bz*  z^.  Using  a  cylin¬ 
drical  approximation  for  the  beam  self-fields,  we 


Betatron 

Field 


FIG.  1.  Stellatron  configuration. 
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|*  3  \ 

+  Dj0a(l  -  «  +  4  cosmOVj  -  —  ^V(i6»'  + "^T  ArJ 

1  Cl)  ^  /  y  3  \ 

+  VCOsmdfcL-  -  -^3-  fdz  +-£-  Arj  =  -1 

Si  =  -(Vro)««o, 

where  U^eB  t0/my0c ,  y0  is  the  relativistic  factor 
for  the  reference  orbit,  w6a  =  4Tm0ea/my0,  no  is 
the  beam  number  density,  ri  is  the  minor  radius 
of  the  beam,  a  is  the  minor  radius  of  the  (perfect¬ 
ly  conducting)  chamber,  and  n=kraBs/Bt0. 

By  performing  a  formal  ensemble  average  of 
(3a)- (3c)  one  may  find  equations  governing  single¬ 
particle  motion  and  that  of  the  beam  centroid. 
Details  will  be  published  elsewhere.  By  changing 
the  independent  variable  from  t  to  0,  and  making 
the  transformation  |  =  (rL  +  iZl)/r0  =  ip  exp(iwi0/2), 
one  obtains  an  equation  for  tp  which  may  be  solved 
in  the  special  case,  n  =  5,  with  the  following  re¬ 
sults. 

Particle  motion  is  oscillatory  (under  certain 
conditions;  see  below)  about  a  center  located  at 

= _ :..*r£> _  (4) 

r0  fit  +  4a(ma  +  wih-»,)-1  » 

where  »,  =!-«,,  n,  =  «, 2/2y02ilJ,  b=Beo/B„, 

A  =ri/P02r0,  and  angular  brackets  denote  an  en¬ 
semble  average.  There  are  five  characterisitc 
oscillation  frequencies,  and  (m/2±vtyfilt0, 
where 

v*a=n  +  {m2±  <fim2  +  ix2)l/a  (5) 

with  h  =hp  +?6a,  m  =  m  +  b.  These  frequencies 
are  real  when  the  system  is  located  within  the 
regions  of  the  plane  of  Fig.  2  marked  "stable." 

We  remark  that  for  low-current  beams  fa0-  0) 
the  stability  condition  reduces  to 

l5ma  +  mft-  1|  >|2fi|.  (6) 

The  “most”  stable  configuration  results  when  the 
field  lines  are  twisted  clockwise  (m  >  0)  when 
viewed  in  the  direction  of  Be8 ,  i.e.,  in  the  same 
sense  as  electron  gyration  about  Be. 

Similarly,  the  motion  of  the  beam  center  is  it¬ 
self  oscillatory  about  a  center  Located  at 

_ <*1 _  (7) 

r0  +H2(m2  +  mb  -»J*1  ’  k 

where  -  (r„2/a2)ns,  with  characteristic  fre¬ 
quencies  as  in  (5),  under  the  replacement  n, 

-  ( r2/a2)n ,. 

Two  important  features  of  the  solution  are  worth 


-  (Mfi^sinme^j  +  nggi,), 


(Mfi^sinme^-nggr,, 


'pointing  out.  First,  stable  motion  is  possible 
throughout  an  injection- acceleration  cycle.  This 
has  been  checked  for  many  possible  time  histo¬ 
ries.  A  typical  trajectory  in  the  stability  plane  is 
shown  in  Fig.  2.  The  unstable  region  on  the  left 
of  the  diagram  would  not  be  entered  in  this  case 
even  if  the  acceleration  were  continued;  “u" 
never  changes  sign  in  this  case. 

The  second  important  feature  of  the  solution 
pertains  to  the  energy  bandwidth  of  this  machine. 
We  note  that  the  radial  shift  (7)  of  the  orbit  of  a 
mismatched  beam  is,  as  expected,  much  smaller 
than  that  in  a  weak  focusing  (4  =  0)  device.  (4 
can  easily  exceed  100-200  in  designs  we  have 
considered.)  The  stellatron’s  large  energy  band¬ 
width  has  very  helpful  consequences  for  injector 
and  magnetic  field  design  tolerances. 

The  introduction  of  fixed  toroidal  and  helical 
fields  to  the  betatron  causes  the  betatron  wave¬ 
lengths  to  depend  on  energy,  resulting  in  reso¬ 
nant  instabilities  driven  by  field  errors  during 
acceleration.  If  the  toroidal  field  is  sufficiently 
large,  the  betatron  wavelengths  will  be  insensitive 
to  beam  current.  Such  instabilities  may  be  avoid¬ 
ed  by  holding  all  the  fields  in  constant  ratio  dur¬ 
ing  acceleration.  Alternatively,  the  effect  of  the 


u  =  (b2  +  2-«nJV(m  +  b)a 


STABLE 


FIG.  2.  Stellatron  stability  plane  («  =£  ).  The  dotted 
line  is  the  trajectory  of  an  experiment  with  /  =  10  kA, 
B00  =  5  kG,  3  2 ti/mb  =1,  m  =20,  r0  =  l  m,  while  B,0 

is  raised  from  118  to  1700  G,  corresponding  to  an  in¬ 
crease  in  energy  from  ~  3.5  to  50  MeV. 
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instabilities  may  be  minimized  if  the  energy  gain 
per  revolution  is  large  enough  to  pass  rapidly 
through  each  resonance. 

A  single-particle  code,  which  integrates  the 
relativistic  equations  of  motion  for  an  electron  in 
an  applied  magnetic  field,  has  been  utilized  to 
study  certain  nonlinear  aspects  of  the  stellatron 
configuration.  Unlike  the  analytical  analysis  of 
the  preceding  paragraphs,  this  analysis  does  not 
employ  a  paraxial  approximation  for  the  electron 
motion  and  does  not  use  an  expansion  in  the  parti¬ 
cle  displacement  from  a  reference  orbit.  Also, 
the  applied  field  in  this  analysis  includes  toroidal 
corrections  to  first  order  in  the  inverse  aspect 
ratio. 

The  total  magnetic  field  utilized  by  the  code 
may  be  expressed  as  B  =  Bs  +  B3 ,  where  B„  is 
the  conventional  betatron  field,  given  by  Eq.  (2), 
and  B,  is  the  stellarator  field,  given  by  B,  =V*a , 
in  terms  of  the  magnetic  scalar  potential,  +a, 
which  may  be  expressed  as*,*0^*,'11,  where 

*sl0‘(p,<A  ,s)  =  Bgo{s  +  (e,/a)/,(x)sintl(9>  -  as)]}. 

Here,  x=lap,  a  =  2ir/L,  L  is  the  helix  pitch 
length,  and  /,  represents  the  modified  Bessel 
function.  The  coordinates  (p,<p  ,s)  form  a  local 
cylindrical  system  centered  on  the  minor  axis, 
where  s=R09  is  distance  measured  along  the 
minor  axis  for  toroidal  angle  9,  and  (p,<p)  are 
polar  coordinates  in  the  plane  transverse  to  the 


200% 

flu 

u0 

100% 


0 


-100% 


FIG.  3.  Stellatron  single-particle  bandwidth.  The 
bandwidth  Au/k0,  where  u  is  plotted  against  c, 

3  2 tt/mb.  The  accelerator  is  matched  at  y*7  with  B, 0 
=  118  G,  and  Bo0  =  l  kG. 


minor  axis  at  s.  The  toroidal  correction,  s 
is  given  to  first  order  in  the  inverse  aspect  ratio 
by  Danilkin.9  All  calculations  have  been  per¬ 
formed  for  l  =  2.  The  variables  m  and  m ,  which 
describe  the  helical  field  in  the  previous  analyti¬ 
cal  analysis,  are  given  by  p  =  emb/ 2  and  m 
=  2aR0  for  1  =  2. 

This  model  has  been  utilized  to  investigate  the 
single-particle  bandwidth  of  the  stellatron.  As 
e,  increases,  the  allowed  mismatch  in  the  stel¬ 
latron  becomes  too  large  to  be  correctly  modeled 
by  the  linearized  theory.  Figure  3  shows  the  re¬ 
sults  from  both  models  for  bandwidth  versus  e, . 
These  calculations  assume  a  torus  having  a  1-m 


FIG.  4.  Single-particle  orbits,  (a)  Without  the 
helical  field  components  (e,  =0),  A«/«0=  t3%;  (b)  stel¬ 
latron  orbit  with  e,  =1  ,  A u/u0  =  ±  50 T. 
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major  radius  and  a  10-cm  minor  radius.  A  test 
electron  is  launched  tangent  to  the  minor  axis 
with  relativistic  momentum  u=y&,  which  differs 
from  the  matched  momentum,  u0,  by  varying 
amounts,  A u.  The  figure  shows  A u/u0  against  £,  , 
and  represents  the  maximum  |am/w0|  for  which 
the  test  orbit  remained  confined  in  the  device. 
Mismatch  in  excess  of  50%  can  be  tolerated  for 
these  parameters. 

Figure  4(b)  shows  typical  stellatron  orbits,  pro¬ 
jected  on  the  minor  cross  section,  for  Beo=  5 
kG,  e,  =i  for  ±  50%  mismatch.  The  betatron  field 
is  again  118  G  with  n  =|.  Without  the  helical  field 
contribution,  Fig.  4(a)  shows  that  as  Little  as 
±  3%  mismatch  is  not  tolerable. 

The  superposition  of  twisted  quadrupole,  toroi¬ 
dal,  and  conventional  betatron  magnetic  fields  ap¬ 
pears  to  offer  significant  practical  advantages 
for  the  confinement  and  acceleration  of  large 
electron  currents  (tens  of  kiloamperes)  to  moder¬ 
ate  energies  (hundreds  of  megaelectronvolts). 
Foremost  among  these  advantages  is  the  greatly 
improved  energy  bandwidth  over  that  of  a  weak- 
focusing  device.  The  large  bandwidth  of  the  stel¬ 
latron  relaxes  the  requirements  for  monoener- 
getic  injection,  for  a  uniform  (within  a  few  per¬ 
cent)  magnetic  field  configuration,  and  for  a  rigid 
mechanical  design.  Injection  should  not  be  any 
more  difficult  than  for  other  high-current  ac¬ 
celerator  concepts,  and  is  facilitated  by  the  ex¬ 
ternally  applied  rotational  transform  of  the  stel- 
leralor  field.  The  orbits  should  remain  stable 


from  injection  up  to  the  highest  energies  achiev¬ 
able  by  conventional  inductive  acceleration. 
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The  combination  of  a  bumpy-torus  field  and  a  conventional  betatron  field  leads  to  an  interesting 
strongly  focused,  high-current  accelerator  configuration.  The  question  of  orbital  stability  of  a  test 
particle  in  such  a  device  is  discussed  and  it  is  shown  that  the  alternating  gradient  focusing  in  this 
accelerator  can  easily  lead  to  greater  than  20%  bandwidth  in  allowed  mismatch  between  the 
vertical  magnetic  field  and  the  average  beam  particle  energy. 


Conventional  betatrons1  are  current-limited  due  to  the  defo- 
cusing  effects  of  space  charge  at  injection.  In  recent  years 
there  have  been  several  renewed  attempts  at  overcoming  this 
(rather  severe)  space-charge  limit.  Specifically,  there  have 
been  high-current  conventional  betatrons  proposed2  which 
employ  high-energy  injectors  as  well  as  so-called  modified 
betatrons3,4  which  employ  a  toroidal  magnetic  field  to  pre¬ 
vent  space-charge  blowup  of  the  beam.  In  both  of  these 
cases,  however,  a  mismatch  between  the  injection  energy 
and  vertical  field  of  a  few  percent  or  so  will  cause  the  beam  to 
hit  the  wall,  a  matter  of  some  concern  in  a  high-current  de¬ 
vice.  The  maximum  allowed  error  in  the  vertical  field  is  typi¬ 
cally  on  the  order  of  a  few  gauss  in  designs  which  have  been 
considered.  Recently,  it  was  shown3  that  the  combination  of 
an  /’  =  2  stellarator  field  and  ordinary  weak  focusing  beta¬ 
tron  field  results  in  a  strong  focusing  high-current  betatron 
or,  “stellatron,”  with  a  large  energy  bandwidth.  Such  a  con¬ 
figuration  has  the  advantages  of  relaxing  the  vertical  field 
and  injector  tolerances.  In  addition,  the  strong  focusing  in¬ 
troduces  a  threshold  for  the  negative  mass  instability,  so  that 
this  instability  does  not  operate  at  injection  (though  other 
fast  growing  resistive  or  kink  modes  may  occur  below  the 
negative  mass  threshold).  In  this  brief  communication  we 
report  analytical  and  numerical  results  on  the  bandwidth 
and  stability  of  an  alternative  strong  focusing  scheme,  name¬ 
ly,  a  combination  “bumpy  torus”  and  betatron  field,  corre¬ 
sponding  to  the  /  =  0  stellatron. 

The  bumpy-torus  betatron  field  consists  of  a  superposi¬ 
tion  of  an  /  =  0  stellarator  field  and  the  field  of  a  convention¬ 
al  betatron.  Near  the  minor  axis  at  /■  =  /■<„  z  =  0,  this  field  has 
the  form 

B,  —  -  nyB#  +  \8Bemx  sin  mO, 

B9=B90[\+(8B9/B90)c(nm9),  (1) 

B ,  =  B, „(1  —  «)  +  J  8Bemy  sin  mO, 

where  jn|r  —  r^/r^ywa/r^  9  is  the  azimuthal  angle,  n  is 
the  vertical  field  index,  and  m  is  the  number  of  bumpy-torus 
field  periods  around  the  torus.  B, 0,  B0O,  and  8B9  are  con¬ 
stants. 

Treating  the  self-fields  of  the  beam  by  a  simple  cylindri¬ 
cal  model,  we  find  the  equation  of  motion  for  a  test  particle 


within  the  beam  is,  in  the  paraxial  approximation,  for  n  =  $, 

+  —  [2  -  An,  +  b 2(1  +  f  cos  29mf]^ 
d9  m  m 

-  -T  4r  «*P  [ {ib  /2mH20~  +  4  sin  29  m )  ] ,  (2) 

m  P0 

where 

9m  3=m9  /2, 

+  iy)  exp  [ (ib  /2m){29„  +<rsin  20 m)], 

b^B90/BI o,  €—8B9/B9a . 

Here  P0  is  the  momentum  of  a  particle  which  would  circulate 
on  the  minor  axis,  8P  is  the  “momentum  error,” 
n, &sa>\/(2  YoO]o)  where  toh ,  fi, 0  are  the  beam  plasma  fre¬ 
quency  and  the  vertical  field  cyclotron  frequency,  respec¬ 
tively,  and  y03s[l  +  (F„/mc)2]l/2.  We  are  interested  both  in 
the  solution  to  the  homogeneous  part  of  (2),  which  will  give 
orbital  stability  criteria,  as  well  as  in  the  solution  to  the  inho¬ 
mogeneous  problem  which  will  give  the  momentum  com¬ 
paction  of  the  machine. 

The  quantity  n,  appearing  in  Eq.  (2)  describes  the  (net 
defocusing)  effect  of  the  self-electric  and  magnetic  forces  of 
the  beam.  Since  it  depends  on  beam  density  and  therefore  on 
the  beam  minor  radius,  n,  will  in  general  vary  with  azi¬ 
muthal  angle  9  around  the  device  in  a  manner  governed  by 
the  standard  beam  envelope  equation.  Consequently,  when 
the  beam  envelope  is  stable,  we  expect  n,  to  behave  as 
n,(9)xnl0  -(-  n„  cos  m9  +  •  •  •  but  we  shall  assume  here, 
for  simplicity,  that  cb>nsl  so  that,  in  (2),  n,  may  be  ade¬ 
quately  approximated  by  its  average  value. 

Equation  (2)  is  a  Hill  equation,  which  has  characteristic 
bands  of  stability,  as  shown  in  Fig.  1.  The  boundaries  of  the 
stable  regions  have  been  obtained  numerically,  using  stan¬ 
dard  methods.6  The  shaded  regions  in  the  figure  are  unstable 
portions  of  the  plane,  e  vs  b  /m,  for  the  case  n,  =  30  and 
m  =  30.  The  intersections  of  the  unstable  regions  with  the 
abscissa  are  given  by 

{b 2  +  2  -  4/»,  )/m2  =  q2,  where  q  =  0, 1 ,2 . 

which  is  the  condition  that  the  transverse  rotation  frequency 
of  a  particle  within  the  beam  is  an  integer  multiple  of  the 
“focusing  frequency,"  mfl*, — a  condition  which  allows  res- 
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FIG.  1.  Stability  plane  for  the  bumpy-torus  betatron,  for  the  cue 
»,  »m*  30.  The  shaded  rejions  are  unstable  for  particle  motion. 


FIG.  I.  Stability  plane  for  bumpy-torus  betatron  with  the  single  particle 
resonance  lines  k  =  0,  5,  10,  IS,  20,  2S,  indicated  for  the  case  n,  =0, 
m  *  30. 


onant  transfer  of  energy  from  the  longitudinal  to  transverse 
degrees  of  freedom  and,  consequently,  exponential  growth 
of  the  betatron  oscillation  amplitude. 

As  Bx  is  increased  during  acceleration,  one  typically 
would  not  wish  to  increase  Be  simultaneously  since  this 
would  require  significant  additional  energy  storage.  The  re¬ 
sult  is  that  the  operating  point  of  the  accelerator  will  move 
right  to  left  in  Fig.  1.  Consequently,  the  accelerator  should 
be  run  in  the  left-most  stable  band  to  avoid  crossing  unstable 
bands.  These  considerations  require  m  >  b  at  injection  and 
force  the  use  of  a  large  number  of  field  periods  in  the  design 
of  the  focusing  system.  The  left-most  unstable  band,  corre¬ 
sponding  to  q  =  0,  is  due  to  beam  space-charge  and  rapidly 
disappears  during  acceleration  since  the  self-field  index  n,  is 
proportional  to  y0~  \  where  y0  is  the  relativistic  factor.  The 
left-most  stable  band,  therefore,  becomes  broader  during  ac¬ 
celeration;  the  first  stable  band  is  at  its  most  narrow  at  injec¬ 
tion,  when  Yo  is  smallest. 

We  next  consider  the  important  question  of  contain¬ 
ment  of  particles  whose  average  momentum  is  not  matched 


€ 


FIG.  2.  Single  panicle  bandwidth.  Data  points  indicate  the  maximum  value 
of  momentum  mismatch  tolerated  by  the  device  versus  the  bump  size  (  for 
particles  initialized  on  the  minor  axis,  for  the  specific  case  B#  -  1 18  G, 
B, o  -  2  kO,  r0  m  100  cm,  m  =  30. 


to  the  vertical  betatron  field,  i.e.,  the  question  of  the  momen¬ 
tum  compaction  of  this  configuration.  In  order  to  address 
this  question  we  have  examined  numerically  the  behavior  of 
single  particle  orbits,  neglecting  beam  self-fields  but  employ¬ 
ing  the  full  Bessel  function  representation  of  the  /  =  0  focus¬ 
ing  field.  Figure  2  shows  the  allowed  mismatch,  SP  //*„,  plot¬ 
ted  against  e^6B#/Bg  for  Bgo  =  2  kG,  BM  =  118  G, 
n  sb  r0  =  100  cm,  and  m  —  30.  This  plot  is  generated  nu¬ 
merically  by  launching  particles  on  the  minor  axis  in  the 
toroidal  direction  with  various  amounts  of  mismatch.  The 
figure  shows  the  largest  mismatch  for  which  the  calculated 
orbits  are  contained  in  a  10  cm  minor  radius  chamber.  Con¬ 
tainment  of  particles  with  a  mismatch  of  ±  20%  is  obtained 
for  e»0. 2.  We  stress  that  the  momentum  compaction  of  this 
configuration  is  due  to  the  alternating  gradient  field  of  the 
“bumps,”  though  the  phase  shift  per  period  is  dominated  by 
the  average  value  of  the  toroidal  field.  Using  Eq.  (2),  with 
n,  =  0,  a  perturbative  calculation  valid  for  small  values  of  f, 
of  the  momentum  compaction  factor,  gives 


Sr/r0  _,f.  (embV  1 
SP/P0  T  V  2  )  m2-b2  V 


(3) 


which  holds  only  for  m>b.  One  sees  in  (3)  the  helpful  effect 
of  a  bumpy  torus  field. 

In  conventional  betatrons,  resonances  are  automatical¬ 
ly  avoided  by  increasing  the  particle  momentum  and  the  ver¬ 
tical  magnetic  field  in  synchronism.  The  introduction  of 
nonsynchronous  fields  (a  fixed  toroidal  field,  for  example) 
makes  the  betatron  wavelengths  energy  dependent,  which 
can  lead  to  the  crossing  of  resonances  driven  by  field  errors 
during  acceleration.  As  in  all  strong  focusing  devices,  the 
occurrence  of  orbital  resonances  plays  an  important  role  in 
the  operation  of  the  bumpy-torus  betatron.  Using  the  Flo- 
quet  solutions  to  (2)  (for  n,  =  0)  it  is  possible  to  obtain  a 
condition  for  the  integer  resonances,  when  space-charge  ef¬ 
fects  may  be  neglected: 

t,M  =  cos  {ir[(b  4-  Ik  )/m]},  (4) 

where  tf,( 6m)  is  the  solution  to  (2)  with  SP s0  satisfying 
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=  1,  tl>\  (0)  =  0  and  where  k  is  an  integer,  the  Fourier 
component  number  of  the  dipole  field  error.  Equation  (4) 
provides  the  basis  for  a  numerical  calculation  of  contours  in 
the  stability  plane  on  which  (4)  is  satisfied  for  a  given  k;  an 
example  is  given  in  Fig.  3. 

If  all  the  fields  cannot  be  made  synchronous  with  the 
particle  energy,  the  effects  of  orbital  resonances  might  be 
minimized  by  making  the  energy  gain  per  pass  large.  Other 
possibilities  for  coping  with  resonance  crossings  are  current¬ 
ly  under  investigation. 

In  conclusion,  we  find  the  spatially  alternating  trans¬ 
verse  magnetic  field  gradient  associated  with  a  bumpy  torus 
leads  to  a  potentially  interesting  strongly  focused  accelerator 
configuration  which  is  seen  to  have  a  region  of  stable  orbits, 
and  to  have  a  significant  bandwidth  in  allowed  mismatch 
between  the  vertical  magnetic  field  and  the  particle  momen¬ 
tum. 
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Design  and  Operation  of  a  Collective 
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Abstract- A  new  free-electron  User  experiment  hu  been  designed  at 
NRL  to  operate  at  millimeter  wavelengths  using  a  collective  beam-wave 
interaction.  Critical  features  of  the  experiment  include  an  apertured 
diode  which  provides  a  low-emittance  electron  beam,  a  wiggles  magnet 
with  adiabatic  entrance  and  exit,  and  an  operational  domain  centered 
around  the  wig^er -guide  field  gyro  resonance.  With  the  experiment  con¬ 
figured  as  a  superradiant  amplifier,  the  effects  of  the  gyro  resonance  on 
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beam  dynamics  and  the  beam-wave  interaction  have  been  studied. 
Measurements  indicate  a  peak  power  production  of  35  MW  at  4  mm  with 
an  electronic  efficiency  of  2  J  percent.  Aspects  of  the  experimental  design 
art  discussed,  and  the  results  of  a  parametric  study  of  the  power  depen¬ 
dence  on  the  fields  are  presented.  Detailed  calculations  (both  analytic 
and  computational)  have  been  performed  to  analyze  the  linear  and  non¬ 
linear  effects  in  the  experiment.  The  results  of  these  calculations  ate 
shown  to  be  in  good  agreement  with  laboratory  measurements. 


I.  Introduction 

THE  free-electron  laser  has  become  the  subject  of  intensive 
research  because  of  its  potential  as  an  efficient,  high-power 
source  of  continuously  tunable  coherent  radiation.  Essentially, 
the  free-electron  laser  is  a  linear  fast-wave  device  in  which  a 
signal  wave  is  amplified  at  the  expense  of  the  axial  kinetic  energy 
of  a  codirectional  relativistic  electron  beam  through  interaction 
with  the  periodic  transverse  field  of  a  “wiggler"  or  pump 
magnet.  The  output  wavelength  is  related  to  the  wiggier  period 
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by  the  approximate  relationship  \0  =*  Xw/ly* ,  where  \a  and 
Xiv  are.  respectively,  the  output  wavelength  and  wiggler  period 
and  7  is  the  relativistic  mass  factor.  This  frequency  upshift 
provides  an  obvious  advantage  for  high-frequency  power  pro¬ 
duction. 

Within  the  range  of  available  electron  beam  and  wiggler  tech¬ 
nologies.  free-electron  lasers  can  be  designed  such  that  the 
beam-wave  interaction  can  be  dominated  by  either  single  par¬ 
ticle  or  collective  effects.  If  the  Debye  length  of  the  electron 
beam  is  less  than  the  wavelength,  collective  effects  dominate 
and  the  resultant  three-wave  parametric  interaction  is  described 
as  stimulated  Raman  scattering.  This  relationship  leads  to  a 
requirement  for  a  high  electron  density  and  a  small  spread  in 
the  axial  velocity  distribution  of  the  electron  beam.  More 
specifically,  the  axial  velocity  spread  must  be  much  less  than 
Xwcop  (7-  l)/4ir77j,  where  u>p  is  the  invariant  plasma  fre¬ 
quency,  7 = (i  -  0jri/i ,  0 *  v/c  7i 2 ( 1  -  0irn .  Hi = ojc. 
c  is  the  speed  of  light.  In  practical  terms,  this  constraint  means 
that  considerable  care  must  be  taken  to  control  the  beam  emit- 
tance  if  intense  beam  experiments  conducted  at  millimeter  and 
submillimeter  wavelengths  are  to  exhibit  wave-wave  scattering. 

When  collective  effects  are  dominant,  positive  gain  is  achieved 
when  the  pump-shifted,  negative-energy,  space-charge  wave  is 
synchronous  with  an  appropriate  waveguide  mode.  The  primary 
advantage  of  wave-wave  scattering  is  that  it  offers  significantly 
higher  gain  and  intrinsic  electronic  efficiency  than  can  be  ob¬ 
tained  with  wave-particle  (Compton)  scattering.  The  higher 
gain  of  the  collective  interaction  is  sufficient  to  make  amplifier 
operation  practical.  Calculations  based  on  an  idealized  model 
[  1  ]  indicate  that  electronic  efficiencies  in  excess  of  1 0  percent 
and  power  exponentiation  lengths  of  several  centimeters  are 
achievable  at  millimeter  wavelengths. 

Critical  performance  features  predicted  for  the  collective 
interaction  have  not  been  demonstrated  in  previous  experi¬ 
ments.  Although  exceptionally  high  peak  powers  have  been 
reported,  the  corresponding  gains  and  efficiencies  have  been 
comparatively  low.  In  an  early  stimulated  scattering  experiment 
conducted  at  NRL  [2] ,  a  superradiant  output  of  1  MW  at  0.4 
mm  was  generated  with  an  approximate  efficiency  of  10'3 
percent  using  an  electromagnetic  pump  wave.  A  subsequent 
oscillator  experiment  [3]  with  a  magnetostatic  pump  produced 
a  comparable  peak  power  at  the  same  frequency  with  an  effi¬ 
ciency  of  3  X  10-3  percent.  In  other  experiments,  peak  powers 
of  8  MW  at  l.S  mm  and  20  MW  at  1 1  mm  with  corresponding 
efficiencies  of  0.2  percent  and  0.3  percent  have  been  reported 
[4],  [51. 

Recent  computational  analysis  of  the  electron  flow  in  the 
cold-cathode  diodes  typically  used  in  these  experiments  has 
indicated  that  poor  beam  quality  likely  had  a  strong  influence 
on  observed  performance  [6j .  Recognition  of  the  constraints 
on  beam  quality  led  to  the  assembly  of  a  new  experimental 
configuration  designed  to  study  the  Raman  interaction  at 
millimeter  wavelengths  (7] .  With  this  apparatus,  the  combined 
effects  of  the  axial  guide  and  helical  wiggler  magnetic  fields  on 
the  electron  dynamics  and  the  beam-wave  interaction  have  been 
studied  in  initial  experiments.  These  effects  are  of  interest 
because  a  significant  gain  enhancement  can  be  obtained  near 
the  gyroresonance  which  occurs  when  the  electron  transit 


time  through  a  wiggler  period  corresponds  to  one  cyclotron 
period. 

II.  Experimental  Apparatus 

A.  Experimental  Configuration 

For  these  studies,  the  VEBA  pulse-line  accelerator  was  modi¬ 
fied  [8]  and  interaction  parameters  were  selected  to  ensure  a 
collective  interaction.  Computational  analysis  produced  an 
injection  diode  design  [9]  which  provided  significantly  improved 
beam  quality.  As  shown  in  Fig.  1 ,  the  diode  was  formed  by 
locating  a  cylindrical  graphite  cathode  with  hemispherical  tip 
at  a  distance  of  1  cm  from  a  shaped  graphite  anode.  A  6  mm 
diameter  aperture  in  the  anode  plate  was  used  to  collimate  the 
injected  beam.  Electrode  contours  were  derived  computationally 
to  provide  radial  force  balance  for  near-axis  electron  trajec¬ 
tories.  With  this  design,  the  axial  velocity  spread  of  the  beam 
injected  through  the  aperture  was  reduced  to  less  than  0.1 
percent,  which  corresponds  to  a  normalized  beam  emittance  of 
30ir  mrad  •  cm. 

The  pump  wave  was  a  right-hand  circularly  polarized  magne¬ 
tostatic  field  produced  by  a  63  cm  long  bifilar  helix  of  3  cm 
periodicity.  The  bifilar  helix  consisted  of  two  coils  of  copper 
magnet  wire  with  four  layers  per  coil  wound  on  a  grooved 
nylon  form.  To  prevent  perturbation  of  the  beam,  a  gradual 
transition  into  the  wiggler  field  was  necessary  A  21  cm  tran¬ 
sition  region  was  provided  by  flaring  the  radius  of  the  helical 
windings  along  a  circular  arc  while  keeping  the  period  of  the 
windings  constant.  The  windings  were  joined  at  the  end  of  the 
flare  by  wrapping  alternate  layers  in  opposite  directions  around 
the  nylon  form.  This  counter-winding  reduced  the  magnetic- 
field  perturbation  caused  by  the  termination  of  the  windings 
The  measured  and  calculated  [10]  fields  in  the  taper  are  shown 
in  Fig.  2.  With  the  exception  of  field  values  near  gyroresonance. 
the  adiabaticity  condition  was  well  satisfied  by  the  transition 
field  as  discussed  in  the  section  on  theory.  In  addition,  a  1 5  cm 
adiabatic  exit  from  the  wiggler  was  provided  to  reduce  possible 
RF  noise  production  resulting  from  unnecessary  perturbation 
of  the  beam. 

The  initial  experiments  were  conducted  with  the  device  con¬ 
figured  as  a  superradiant,  or  noise,  amplifier.  With  1.35  MV 
applied  to  the  diode,  a  1 .5  kA  electron  beam  of  60  ns  dura¬ 
tion  was  extracted  through  the  anode  aperture  and  propagated 
through  a  tapered-wall  transition  into  a  cylindrical  stain¬ 
less  steel  waveguide  of  1.1  cm  inner  diameter.  The  axial  mag¬ 
netic  field  was  held  constant  from  behind  the  cathode  to 
beyond  the  interaction  space  and  was  variable  up  to  20  kC. 
The  wiggler  field  was  variable  from  0.1  to  4  kG.  With  this 
selection  of  parameters,  the  beam  axial  velocity  spread  had  to 
be  much  less  than  0.5  percent  for  collective  effects  to  dominate 
the  interaction. 

To  provide  temporal  isolation  from  reflected  signals,  the 
radiation  diagnostics  were  separated  from  the  interaction  space 
by  a  5  m  length  of  waveguide.  The  principal  radiation  diagnostic 
was  a  Laser  Precision  KT  I540S  pyroelectric  detector  which 
provided  a  time  dependent  measure  of  radiated  power  Absolute 
integrated  power  measurements  were  made  using  a  pyramidal 
millimeter-wave  calorimeter  [II]  constructed  at  the  labora- 
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Fig.  1.  Experimental  letup  for  sipenadiant  millimeter-wave  Raman 
free-electron  laser. 


Fig.  2.  The  on-axis  wiggler  field  profile  in  the  21  cm  adiabatic  entrance 
of  the  bifilar  helix.  The  solid  curve  is  based  on  the  equations  in  ( 10| , 
and  the  squares  are  the  normalized  measurements. 

tory.  Spectral  information  was  obtained  by  sequentially  placing 
a  series  of  high-pass  filters  in  front  of  the  detector.  The  high- 
pass  filters  were  cutoff  waveguides  of  two  mechanical  designs, 
both  fabricated  from  aluminum  cylinders.  The  filter  designs 
used  either  a  single  axially  located  hole  with  tapered  entrance 
and  exit  or  symmetrical  arrays  of  constant  diameter  holes. 

For  these  experiments,  the  beam-wave  interaction  parameters 
were  chosen  such  that  the  pump-shifted  negative-energy  space- 
charge  wave  would  couple  with  the  fundamental  TE,,  mode 
of  the  cylindrical  waveguide.  An  overlay  of  the  uncoupled  beam 
and  waveguide  dispersion  curves  shows  that  two  intersections 
with  the  forward  wave  are  possible.  Primary  interest  is  centered 
on  the  upper  intersection,  which  produces  a  large  relativist; 
upshift.  In  the  limit  jJj.  *  0  (fil  a  ujc),  this  intersection  occurs 
at  about  180  GHz,  while  the  lower  intersection  is  about  20 
GHz.  The  effect  of  increasing  the  wiggler  field  is  to  increase 
while  simultaneously  decreasing  the  axial  velocity  (3. .  This 
shifts  the  upper  intersection  to  lower  frequencies  (and  the 
lower  intersection  upwards),  until  coupling  is  lost  at  =»60 
GHz  for  0!  0.34.  To  block  the  transmission  of  any  low- 

frequency  power  not  associated  with  the  upper  intersection, 
a  S  mm  (60  GHz)  high-pass  filter  was  inserted  near  the  detector. 


Theory  places  severe  constraints  on  the  quality  of  an  electron 
beam  for  collective  processes  to  dominate  the  beam- wave 
interaction.  Computational  analysis  of  the  toil-less  diodes  used 
in  previous  experiments  has  shown  that  the  beams  taken  as  a 
whole  did  not  satisfy  the  theoretical  quality  requirement, 
although  in  some  cases  layers  within  a  beam  were  cold  enough 
to  permit  marginal  collective  interaction  [6] .  Furthermore, 
the  analysis  indicated  that  there  are  inherent  problems  in 
obtaining  high-qualtiy  beams  in  foil-less  diode  geometries. 
Two  alternative  designs  were  considered:  injection  through  an 
anode  foil  and  a  collector  anode  with  a  beam  extraction  aper¬ 
ture.  The  use  of  an  anode  foil  was  considered  to  be  unattractive 
because  of  consequent  beam  scattering  in  the  foil,  the  necessity 
for  replacement  of  foils  after  every  shot,  and  resultant  beam 
pinching  in  the  diode.  Analytic  and  computational  analysis 
of  the  apertured  diode  indicated  that  this  approach  could  pro¬ 
vide  the  required  beam  quality. 

The  apertured  diode  was  designed  using  a  modified  version 
(11)  of  the  SLAC  Electron  Optics  Code  [12).  The  objective 
was  to  produce  paraxial  electron  flow  in  the  diode  near  the 
axis  by  shaping  the  electrode  surfaces  to  provide  a  radial  electric 
field  to  balance  the  pinching  effects  of  the  beam  self  B»  field. 
Since  the  cathodic  electric  fields  were  too  high  to  control  the 
emitting  surface,  it  was  necessary  to  collect  the  excess  current 
(»90  percent)  and  allow  only  the  cold,  near-axis  portion  of 
the  beam  to  propagate  into  the  interaction  region.  The  final 
diode  design,  along  with  the  computed  electron  trajectories,  is 
shown  in  Fig.  3.  In  this  design  the  cathode  was  a  graphite 
cylinder  with  a  hemispherical  tip.  To  keep  the  emitting  surface 
small  and  the  diode  impedance  high,  the  cathode  tip  had  a 
radius  of  curvature  of  2.5  cm  on  the  face  and  0.5  cm  on  the 
edge.  The  anode  was  a  graphite  disk  with  a  10®  conical  depres¬ 
sion  and  a  6  mm  diameter  aperture  on  axis.  The  aperture  was  ex¬ 
tended  1 5  cm  into  the  interaction  region  with  a  gradual  taper 
to  the  1 1  mm  diameter  of  the  cylindrical  waveguide.  Because 
the  1  cm  diode  gap  was  sensitive  to  voltage  prepulse  [13],  a 
dielectric  surface-flashover  switch  [11]  was  installed  in  the 
cathode  shank.  The  switch  eliminated  prepulse  problems  and. 
in  addition,  sharpened  the  voltage  rise  time.  The  reduced  rise 
time  enhanced  the  formation  of  a  homogeneous,  uniformly 
expanding  cathode  plasma,  and  thereby  acted  to  preserve  the 
basic  diode  geometry.  The  importance  of  eliminating  prepulse 
problems  was  illustrated  by  two  experimental  observations. 
First,  when  a  prepulse  current  occurred,  the  beam  noise  (no 
wiggler)  in  W-band  jumped  by  more  than  an  order  of  magnitude. 
Secondly,  with  the  wiggler  field,  power  output  was  greatly 
reduced  when  even  small  prepulse  currents  occurred.  These 
observations  indicate  a  reduced  beam  quality  when  the  cathode 
plasma  formation  is  not  rapid  and  uniform. 

The  calculated  trajectories  shown  in  Fig.  3  represent  the 
electron  flow  expected  fora  guide  field  of  10  kC  and  an  applied 
voltage  of  1.5  MV.  The  “grid"  in  the  figure  is  a  computational 
device  used  to  give  a  physically  meaningful  boundary  condition 
to  the  electron  emission  from  the  cathode  shank  while  avoiding 
the  problems  of  resolving  the  crossed-field  flow.  The  net  effect 
of  the  applied  and  self-generated  fields  is  to  produce  an  elec- 
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Fig.  3.  The  VESA  a  pc  mired  diode  with  the  calculated  electron  tra¬ 
jectories  (only  half  of  the  trajectories  are  shown).  Note  the  paraxial 
flow  close  to  the  axis  between  the  cathode  and  anode,  and  the 
defocusing  effect  of  the  aperture. 


Fig.  4.  Perveance  of  the  apertured  diode  as  a  function  of  axial  guide  field. 

tron  flow  near  the  axis  which  exhibits  little  radial  motion  until 
the  aperture  is  reached.  The  radial  electrostatic  fields  created 
by  the  aperture  then  act  to  defocus  the  beam  and  produce  a 
small,  coherent  radial  oscillation  in  the  extracted  beam.  Results 
from  these  calculations  indicated  that  beams  with  less  than  0.1 
percent  axial  velocity  spread  could  be  produced  with  the  aper¬ 
tured  diode  configuration. 

Where  possible,  code  results  were  compared  with  laboratory 
measurements  to  validate  the  calculations.  In  comparing  the 
calculated  and  experimental  values,  it  should  be  noted  that  the 
code  dealt  with  the  “cold”  geometry,  whereas  the  effective 
cathode  in  the  experiment  was  an  expanding  plasma.  The  initial 
comparisons  were  made  with  respect  to  two  parameters  which 
describe  the  macroscopic  properties  of  the  electron  flow  in  the 
diode.  These  parameters  are  the  diode  perveance  [I4j  and  the 
current  transmitted  through  the  aperture.  The  perveance  is 
calculated  from  the  total  diode  current  and  voltage  and  is 
shown  in  Fig.  4  as  a  function  of  the  axial  guide  field.  The 
decrease  in  perveance  with  increased  guide  field  indicates  a 
change  in  the  effective  diode  geometry.  The  observed  reduction 
results  from  the  restricted  radial  expansion  of  the  electron 
trajectories  and  the  cathode  plasma  at  the  higher  fields.  At 
low  guide  fields  where  the  entire  diode  gap  decreases,  the 
difference  between  the  computed  and  observed  perveance  can 
be  used  to  estimate  the  plasma  expansion  velocity.  For  the 
values  at  2  kG,  this  gives  an  expansion  velocity  of  2-3  cm/ps 
which  is  in  good  agreement  with  previous  measurements  (15). 


Fig.  5.  The  current  transmitted  through  the  diode  aperture  as  a  function 
of  axial  guide  field. 

As  the  magnetic  field  is  increased,  the  cathode  plasma  does 
not  continue  to  expand  at  the  same  rate  in  all  directions.  How¬ 
ever.  the  field  strength  should  have  no  effect  on  the  axial  ex¬ 
pansion  at  the  cathode  face.  The  effect  of  cathode  expansion 
on  extracted  current  is  apparent  in  Fig.  S.  At  the  higher  mag¬ 
netic  fields,  the  plasma  expansion  velocity  derived  from  these 
values  is  also  consistent  with  a  2-3  cm/jrs  expansion  velocity. 
Plasma  expansion  at  the  lower  field  levels  (<  8  kG)  does  not 
show  as  large  an  effect  because  the  current  is  limited  by  aper¬ 
ture  defocusing  and  not  by  the  available  current. 

C.  Beam  Quality  Measurements 

When  corrected  for  plasma  expansion,  the  predicted  values 
of  diode  perveance  and  transmitted  current  are  in  excellent 
agreement  with  experimental  measurements.  Although  the 
comparison  of  macroscopic  features  provides  a  tentative  ver¬ 
ification  of  the  computed  results,  the  more  critical  issue  is 
the  velocity  distribution  within  the  transmitted  beam.  In 
general,  experimental  measurement  of  the  velocity  distribution 
within  an  intense,  relativistic  electron  beam  is  extremely 
difficult.  However,  using  the  special  properties  of  the  apertured 
diode,  a  simple  method  was  devised  to  experimentally  verify 
the  code  results.  For  these  measurements,  the  6  mm  diameter 
anode  aperture  was  extended  by  IS  cm  with  a  uniform  dia¬ 
meter  drift  tube  which  terminated  in  a  Faraday  cup.  The 
perpendicular  velocity  of  electrons  at  the  beam  edge  was  then 
calculated  by  comparing  the  transmitted  current  at  a  given 
value  of  axial  magnetic  field  (Fig.  5)  with  that  estimated  for 
an  infinite  field.  The  axial  velocity  spread  was  then  derived 
from  the  beam-edge  transverse  velocity.  This  analysis  requires 
that  the  cathode  tip  emission  density  and  the  electron  guiding 
center  radius  be  independent  of  the  axial  field,  and  that  the 
beam  be  monoenergetic.  Analysis  of  results  computed  at 
several  values  of  the  guide  field  indicates  that  these  conditions 
were  well  satisfied.  In  addition,  a  uniform  beam  density  is 
assumed,  although  this  method  could  still  be  used  if  the 
density  profile  were  known.  Code  results  and  experimental 
damage  patterns  have  shown  that  the  assumption  of  a  uniform 
beam  was  a  good  approximation. 

The  relationship  between  transmitted  current  and  axial 
velocity  spread  was  derived  as  follows.  In  the  limit  of  an  in- 
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finite  field,  the  electron  Larinor  radius  is  zero.  As  the  field  is 
reduced,  the  electron  guiding  center  remains  unchanged,  but 
the  Larinor  radius  becomes  finite.  Only  those  electrons  for 
which  the  sum  of  the  Larmor  and  guiding  center  radii  is  less 
than  the  aperture  radius  can  be  propagated.  The  current  ratio 
is  therefore  given  by 

KB0)/H-)*(rw-rLflri  (1) 

where  rw  and  rL  are,  respectively,  the  drift  tube  wail  and 
Larmor  radii,  Ba  is  the  axial  guide  field,  and  /( °°)  is  the  trans¬ 
mitted  current  in  the  limit  of  infinite  magnetic  field.  When 
solved  for  the  perpendicular  velocity,  this  expression  becomes 

-  0  -  [/(*,)//(-)]  ,/J}e  B0rjmc'y.  (2) 

Numerical  analysis  of  electron  trajectories  in  the  diode  and 
drift  tube  verifies  this  prediction  of  the  electron  perpendicular 
velocity  at  the  beam  periphery.  The  axial  and  transverse  veloc¬ 
ity  spreads  are  related  as  follows: 

Afc/A  » ( Adi)2 /2d2  *•  ldi('w)]2 /402  •  (3) 

With  this  relationship,  the  transverse  velocity  at  the  beam 
periphery  can  be  used  to  estimate  the  axial  velocity  spread. 
As  seen  in  (2).  a  measure  of  /(<*)  is  required  to  complete  the 
estimate.  As  a  lower  bound,  the  transmitted  current  at  20  kG 
was  measured  to  be  l.S  kA.  The  Child-Langmuir  current, 
when  corrected  for  cathode  plasma  expansion,  serves  as  a 
reasonable  upper  bound  and  is  1.8  kA  for  this  diode  geometry. 
When  the  applied  axial  field  was  set  at  10  kG,  the  transmitted 
current  was  1.3  kA.  The  resultant  beam  onditions  are  esti¬ 
mated,  therefore,  to  be  within  the  followin  ange: 

0.033  <0L(rw)<  0.072 

and  (4) 

3  X  KT*  <  A 0J0X<  1.4  X  KT3. 

For  comparison,  the  computed  value  for  A 0Z/0Z  was  9.5  X 
10*4  at  10  kG.  Even  at  the  upper  limit,  the  beam  axial  velocity 
spread  is  well  below  that  required  for  collective  effects  to 
dominate  the  interaction.  To  place  this  achievement  in  proper 
perspective,  it  should  be  noted  that  these  velocity  spreads  are 
more  than  an  order  of  magnitude  less  than  those  typically 
associated  with  electron  beams  of  this  intensity. 

III.  Theory 

The  analysis  of  the  beam-wave  interaction  in  a  millimeter- 
wave  free-electron  laser  is  a  complex  endeavor  requiring  not 
only  a  linear  theory  to  illuminate  the  interaction  physics  and 
to  predict  gain  but  also  a  nonlinear  analysis  to  examine  satura¬ 
tion  effects  and  efficiency.  To  make  the  linear  analysis  more 
tractable,  several  simplifying  assumptions  are  usually  imposed 
on  the  model.  In  the  linear  theory  which  follows,  a  cold  elec¬ 
tron  beam  and  an  ideal  helical  wiggler  field  are  assumed. 
Because  of  the  complexity  of  the  saturation  phenomena,  the 
nonlinear  analysis  was  performed  using  a  fully  electromagnetic 
numerical  simulation  of  the  interaction.  Although  the  code  did 
provide  the  desired  nonlinear  capability,  the  provision  for  only 
one  spatial  dimension  limited  the  analysis  to  the  idealized 
wiggler  fields.  To  assess  ’he  consequences  of  this  limitation  in 
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Fig.  6.  The  two  types  of  stable  orbits  possible  in  an  ideal  wiggler  field. 
The  axial  velocities  are  shown  as  a  function  of  normalized  guide 
field.  Note  that  the  Type  1  orbits  become  unstable  at  n0/ckw  —0.765. 

the  linear  and  nonlinear  analysis,  the  effects  of  the  realistic 
wiggler  fields  were  investigated  with  a  multiparticle  trajectory 
code.  Using  this  code,  the  impact  of  the  wiggler  field  gradients 
on  the  velocity  spreads  of  an  initially  cold  beam  were  studied 
as  a  function  of  the  pump  strength  and  the  proximity  of  the 
guide  field  to  gyToresonance. 

A.  Linear  Analysts 

Recent  theoretical  work  [16],  [17],  [18]  has  shed  light  on 
the  collective  interaction  in  the  presence  of  an  axial  guide 
field  by  perturbation  methods  about  equilibrium  orbits.  For 
combined  axial  guide  and  helical  wiggler  magnetic  fields,  two 
classes  of  stable  helical  equilibrium  orbits  exist  [19],  [20] 
with  constant  velocity  vx  and  transverse  velocity  . 

31  ftw Otl(no  -  7*W »s)  (5) 

where  =  eBorjmc,  kw  -  2iri\w.  and  B0  and  Br  are  the 
axial  and  transverse  magnetic  fields  (see  Fig.  6).  Group  I  orbits 
occur  at  low  values  of  the  guide  field  (Sl0  <  ykwvz)  and  exhibit 
high  oz  which  decreases  monotonically  with  increasing  B0. 
Such  orbits  become  unstable  at  a  critical  value  of  axial  field 
given  by  no  =y(l  +(oJvt)*)~lkwoz.  Group  II  trajectories 
exist  for  all  B0  but  exhibit  high  axial  velocities  only  when 
f20  >  7 kwc.  The  growth  rate  in  the  limit  of  stimulated  Raman 
scattering  is  given  by 

(Im  *)m„  =  1/2  \0L  |  ^pk^'l'lo,)'!*  (6) 

where  up  is  the  invariant  plasma  frequency,  and 

♦  si-  I20tM/[(o|  +  *  7*  w  i'll  (7) 

Note  that  the  presence  of  the  axial  guide  field  leads  to  gain 
enhancement  both  by  increasing  the  transverse  velocity  and 
through  <t>,  which  comes  from  the  ponderomotive  potential. 
In  the  limit  of  zero  beam  temperature,  the  Raman  regime  is 
valid  as  long  as 

0blU*kw.  (8) 

o  c 


JACKSON  <rr  at.:  COLLECTIVE  MILLIMETER. WAVE  FEL 


35  I 


\ 


\  "00 


B0UG) 


Fig.  7.  Calculation  of  gain  (solid  lines)  and  emission  frequency  (dashed 
tines)  as  a  function  of  axial  magnetic  Held  tot  Br  =  0.63  kG.  The 
experimental  5  mm  cutoff  is  shown  os  a  horizontal  dashed  line.  Note 
that  below  gyroresonance  the  gain  curve  is  much  (latter  than  above 
the  resonance. 

Therefore,  the  Raman  regime,  in  this  limit,  is  accessible  even 
for  lower  beam  densities  when  an  axial  field  is  present  and  d> 
is  large.  The  strong  pump  regime  occurs  in  the  opposite  limit 
and  is  characterized  by  a  maximum  growth  rate  of  the  form 

(Im  k)mtx  (y-  S1  ~ (9) 

where  £  =  ojp/ckw  is  the  beam  strength  parameter. 

A  calculation  of  the  maximum  gain  as  a  function  of  Ba  for 
parameters  corresponding  to  the  experimentf-y  ~  3,5  ,Br~  0.63 
kG),  using  the  results  of  the  complete  stability  theory,  is  shown 
in  Fig.  7.  The  dashed  line  in  the  figure  represents  the  frequency 
corresponding  to  peak  gain,  and  the  calculation  has  been  per¬ 
formed  only  for  frequencies  greater  than  the  60  GHz  cutoff 
imposed  experimentally.  As  anticipated,  the  growth  rate  in¬ 
creases  as  the  gyroresonance  (no  ~  ykwVj)  is  approached 
from  above  or  below.  The  apparent  discontinuity  shown  in  the 
growth  rate  for  Group  1  orbits  at  B0  ~  9  kG  corresponds  to  a 
transition  from  a  Raman  to  a  strong  pump  interaction  [lj. 
For  guide  fields  below  this  value,  as  well  as  for  Group  11 
trajectories,  the  gain  is  given  predominantly  by  the  Raman- 
scattering  result’.  It  is  important  to  recognize,  however,  that 
nonlinear  (saturation),  finite  geometry,  and  nonideal  effects 
are  not  included  in  these  calculations.  As  a  result,  Fig.  7  cannot 
be  used  to  predict  the  detailed  variation  in  the  output  power 
with  B0,  and  can  only  be  used  to  obtain  the  parametric  limits 
of  radiation  production  and  to  estimate  the  small-signal  gain. 

B.  Nonlinear  Simulation 

The  effects  of  beam  temperature  on  the  saturated  efficiency 
of  the  experiment  were  studied  with  a  fully  electromagnetic, 
relativistic  particle  code  [21]  which  included  one  spatial  and 
three  velocity  components.  Although  the  electron  beam  was 
assumed  to  be  monoenergetic,  the  electrons  were  allowed  to 
have  random  velocities  in  the  directions  perpendicular  to  the 
beam  propagation.  Such  a  scattered  electron  beam  can  be 
modeled  according  to  the  momentum  distribution  function 

f(p)  =  50  -  p0)  exp  (-pJ/ApJVOoAPiFOoMpj.)]  ( 10) 

where  Fix)  =  exp  (-x3)  exp  ( t3)dt ,  p  is  the  particle  momen¬ 
tum,  pa  *  mc( y3  -  1  )1*3 ,  and  &Pi  is  the  FWHM  of  the  perpen¬ 


dicular  momentum  distribution.  For  this  distribution  the 
spread  in  axial  velocity  is  given  by 


The  velocity  spread  produced  by(  10)  represents  a  true,  random 
temperature,  unlike  the  experimental  value  which  represents 
the  radial  dependence  of  the  velocity  distribution.  The  exact 
correspondence  between  these  types  of  velocity  spread  is  un¬ 
clear;  however,  they  are  expected  to  have  similar  effects  on  the 
beam-wave  interaction. 

Electron  beams  with  a  momentum  distribution  given  by  ( 10) 
were  initialized  self-consistently  in  the  simulations.  The  simu¬ 
lations  had  an  immobile  ion  background  to  provide  the  neces¬ 
sary  electrostatic  neutralization  and  periodic  boundary  con¬ 
ditions  for  the  electromagnetic  fields  and  the  beam  particles. 
The  simulation  parameters  were  chosen  to  match  experimental 
values  to  the  degree  possible. 

The  dependence  of  the  efficiency  of  energy  transfer  from 
the  electron  beam  to  the  RF  wave  is  illustrated  in  Fig.  8. 
The  striking  result  is  that  the  efficiency  drops  dramatically 
when  the  momentum  spread  increases  slightly  from  0  to 
0.6S  percent.  However,  after  the  initial  sharp  drop,  it  becomes 
rather  insensitive  to  the  spread.  It  should  be  noted  that  the 
efficiency,  as  shown  in  Fig.  8,  takes  into  account  the  energy  of 
all  unstable  electromagnetic  modes.  This  rather  surprising  result 
from  the  simulations  shows  a  completely  different  nonlinear 
behavior  for  the  free-electron  laser  interaction  than  might  be 
expected  from  the  effects  of  momentum  spread  on  the  satura¬ 
tion  by  electron  trapping  of  the  relativistic  two-stream  insta¬ 
bility  [22] . 

The  simulations  are  considered  to  be  accurate  representations 
of  the  experiment  provided  that  three-dimensional  effects  are 
not  dominant,  and  that  the  code  electron  beam  adequately 
models  the  experimental  beam.  For  a  beam  with  the  velocity 
spread  observed  in  the  experiment  (**  0.1  percent),  simulations 
predict  an  efficiency  of  roughly  2  percent.  This  value  is  remark¬ 
ably  close  to  the  2.5  percent  peak  efficiency  observed  in  the 
experiment.  Because  of  the  previously  mentioned  differences 
between  the  simulations  and  the  experiment,  some  caution 
should  be  exercised  in  applying  the  code  results  to  interpret 
the  experiment.  Nonetheless,  the  good  agreement  between  the 
experiment  and  the  simulations  is  noteworthy,  and  supports 
the  beam  quality  calculations  and  measurements  discussed 
earlier. 

As  shown  in  the  experimental  results  section,  there  are  definite 
combinations  of  the  wiggler  and  guide  magnetic  fields  which 
determine  the  onset,  maximum,  and  cutoff  of  radiation  pro¬ 
duction.  The  spatial  evolution  of  the  electromagnetic  radiation 
for  three  sets  of  experimental  parameters  which  correspond  to 
these  conditions  is  shown  in  Fig.  9.  At  radiation  onset,  the 
simulation  shows  that  the  linear  growth  rate  of  the  instability 
was  so  small  that  the  electromagnetic  energy  could  not  achieve 
an  appreciable  amplitude  within  -the  length  of  the  wiggler. 
Thus,  a  change  of  magnitude  of  the  wiggler  field  and/or  the 
guide  field  to  enhance  the  transverse  velocity  of  the  electron 
beam  would  increase  the  output  of  radiation.  This  is  illustrated 
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Fig.  8.  Electron- beam-power  to  RF-power  conversion  efficiency  as  a 
function  of  momentum  spread.  The  0.1  percent  velocity  spread 
observed  in  the  experiment  corresponds  to  a  momentum  spread  of 
4.3  percent  {see  (ID). 


Fig.  9.  Spatial  growth  of  electromagnetic  energy  for  field  values 
corresponding  to  the  onset,  maximum,  and  cutoff  of  power  in  the 
experiment  The  axial  distance  is  normalized  by  the  wiggleT  period 
(2W  *  3  cm),  and  the  simulations  start  in  the  uniform  wiggler  section. 

in  the  second  case  in  Fig.  9.  The  electromagnetic  energy  satu¬ 
rated  at  a  high  level  at  about  two-thirds  of  the  wiggler  length. 
The  fact  that  the  electromagnetic  energy  did  not  decay  away 
as  the  electron  beam  continued  to  interact  with  the  wiggler 
field  indicates  that  the  coherence  of  the  electron  bunching 
was  not  destroyed.  Consequently,  the  electron  beam  could  still 
deposit  energy  into  other  unstable  electromagnetic  modes.  The 
third  case  shown  in  Fig.  9  had  the  highest  wiggler  field,  and 
showed  a  strong  linear  growth  of  the  instability.  However,  the 
instability  saturates  in  a  relatively  short  distance,  and  the  total 
electromagnetic  energy  decays  due  to  strong  wave-particle 
interaction.  As  a  result,  the  emitted  power  is  significantly 
reduced. 

C.  Realistic  Wiggler  Effec's 

Neither  the  linear  analysis  nor  the  nonlinear  simulations  took 
into  account  the  beam  transition  into  the  wiggler  and  the 


Bo(kG) 

Fig.  10.  Transmitted  current  at  the  wiggler  exit  as  a  function  of  axial 
guide  field. 

spatial  variation  of  the  actual  wiggler  field.  To  evaluate  these 
effects,  a  multiple-particle  trajectory  integration  code  was 
developed  and  used  to  study  beam  propagation  in  the  first- 
order  wiggler  fields  and  in  a  finite  geometry  waveguide  [23]. 
A  comparison  of  calculated  and  measured  current  transmitted 
through  the  wiggler  is  shown  in  Fig.  10  for  an  effective  wiggler 
field  of  0.7  kG.  Since  the  initial  current  in  the  code  is  normalized 
to  1  kA  and  diode  phenomena  which  affect  the  injected  current 
(see  Fig.  S)  are  not  included,  a  superficial  disagreement  exists 
for  fields  less  than  6  kG.  With  that  exception,  the  agreement  is 
excellent,  and  the  features  predicted  by  the  idealized  wiggler 
orbit  theory  are  clearly  present.  The  rapid  decrease  in  current 
at  9.5  kG  results  from  current  loss  to  the  waveguide  wall  as 
the  Group  l  orbits  become  unstable  at  the  critical  value  of 
axial  magnetic  field.  Increased  propagation  in  Group  II  orbits 
is  seen  above  1 1 .5  kG  as  the  wall  losses  progressively  decrease. 

The  wiggler  used  in  the  experiment  was  designed  to  provide 
an  adiabatic  entrance  for  the  beam  (see  Fig.  2).  Calculations 
incorporating  the  experimental  wiggler  profile  indicate  that 
the  transition  is  adequate,  but  not  perfect.  As  a  result,  the 
electrons  in  the  uniform  section  of  the  helix  oscillate  about 
the  ideal  equilibrium  orbits.  At  modest  pump  levels  and  for 
fields  far  from  resonance,  the  oscillations  are  small:  however, 
as  gyroresonance  is  approached  or  as  the  pump  level  is  increased, 
the  amplitudes  of  the  oscillations  increase  dramatically.  This 
velocity  oscillation  can  act  as  an  effective  temperature  because 
of  the  slippage  between  the  beam  and  the  RF  wave  as  the 
wiggler  is  traversed. 

The  spatial  variation  of  the  first-order  wiggler  field  induces  a 
cross-sectional  velocity  spread.  The  magnitude  of  this  spread 
depends  upon  the  beam  area,  wiggler  period,  pump  amplitude, 
proximity  to  gyroresonance.  and  whether  the  axial  field  is 
above  or  below  the  “transition"  field  of  the  wiggler.  The 
transition  field  is  given  by 

w(0J  +  0l),/2  (12) 

e 

and  represents  the  axiai  field  above  which  the  denominator  of 
(5)  cannot  be  driven  to  zero  for  any  value  of  pump  field.  The 
dependence  of  the  velocity  oscillation  and  (he  velocity  spread 
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WIGGLER  FIELD  ON  AXIS  (kG) 

Fig.  1 1.  The  two  types  of  velocity  spread  induced  by  the  actual  wiggler 
field.  The  solid  curves  show  the  ctoss-sectional  velocity  spread  due  to 
the  field  gradients  and  the  dashed  curves  ate  the  velocity  oscillations 
induced  by  the  adiabatic  entrance.  The  10  kG  curves  are  below,  and 
the  15  kG  curves  are  above  the  12  kG  transition  field  of  the  experi¬ 
ment.  The  cold  beam  limit  is  derived  from  the  theoretical  expression 
(7  -  \)>jjpl2n\ckw  » «dz. 


AXIAL  MAGNETIC  FIELD  (KG) 

Fig.  12.  Axial  velocity  spread  induced  by  first-order  wiggler  field  gradi¬ 
ents  near  gyroresonance.  The  wiggler  field  amplitude  is  the  same  as  in 
Fig.  10,  Br  »  0.70  kG. 

on  pump  strength  is  shown  in  Fig.  1 1  for  guide  fields  above 
(15  kG)  and  below  (10  kG)  the  transition  field.  Note  the 
striking  difference  in  the  behavior  between  the  two  cases  as 
the  pump  level  approaches  a  critical  value  at  which  the  orbits 
become  unstable.  The  open  circles  on  the  graph  indicate  field 
values  at  which  the  beams  have  the  same  average  velocity.  In 
general,  the  code  results  show  that  for  beams  with  the  same 
average  velocities,  operation  below  the  transition  field  or 
closer  to  gyroresonance  leads  to  larger  velocity  spreads. 

The  effects  of  operating  near  gyroresonance  are  shown  in 
Fig.  12.  Since  the  resonant  denominator  in  (5)  acts  to  enhance 
the  effects  of  field  differences,  the  beam  becomes  more  sen¬ 
sitive  to  field  variations  near  the  gyroresonance.  This  rapid 
beam  thermalization  near  gyroresonance  will  act  at  some  point 
to  offset  the  effects  of  increased  in  producing  an  enhanced 
gain.  The  cold-beam  limits  shown  in  Figs.  1 1  and  12  indicate 
the  ranges  of  field  strengths  where  this  is  likely  to  occur. 
Experimentally,  peak  RF  emission  occurs  in  the  regions  before 
the  cold-beam  limit  is  reached  (cf.  Fig.  13).  The  effect  of  these 
velocity  spreads  on  the  interaction  is  not  clear,  because  the 
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Fig.  13.  Measured  variation  in  output  power  (\  <  S  mm)  with  guide 
field  for  Br ■ 0.63  kG.  The  error  bars  represent  the  shot-to-shot 
reproducibility  of  the  experimental  parameters  and  are  based  on  five 
or  more  shots. 

spreads  are  not  random.  However,  at  some  level,  these  macro¬ 
scopic  spreads  are  expected  to  degrade  the  interaction  in  a 
manner  similar  to  a  true  temperature. 

IV.  Experimental  Results 
A  plot  of  radiated  power  as  a  function  of  axial  field  strength 
is  shown  in  Fig.  13  for  the  interaction  parameters  used  in  Fig. 
7.  This  radiated  power  profile  represents  a  complex  overlay  of 
interactive  phenomena  of  which  three  are  thought  to  dominate. 
The  primary  issues  are  the  quality  of  the  injected  beam  (Figs: 
5  and  10);  the  three-dimenskwal  effects  of  the  wiggler  fields 
on  the  electron  trajectories  (this  effect  is  most  pronounced 
near  gyroresonance.  Figs.  10  and  12);  and  the  variation  of  the 
gain  with  the  experimental  parameters  (Fig.  5).  The  onset  of 
measurable  power  at  low  guide  field  is  related  to  the  increase 
in  transmitted  current  with  increasing  B0 .  The  subsequent  drop 
in  power  at  10  kG  is  consistent  with  the  transition  to  unstable 
orbits  and  the  rapid  thermalization  of  the  beam.  Above 
gyroresonance  ( Ba  *>11.5  kG),  the  wavelength  of  the  radiation 
produced  by  Group  II  orbits  will  decrease  as  the  axial  velocity 
is  increased.  The  5  mm  cutoff  imposed  by  the  filter  corre¬ 
sponds  to  the  theoretically  predicted  value  of  B0  =  12.5  kG 
which  is  in  close  agreement  with  the  experimental  value.  The 
comparatively  slow  rise  in  radiated  power  from  12.5  kG  to 
15.0  kG  is  consistent  with  the  progressive  improvement  in 
beam  quality  shown  in  Fig.  12.  The  decrease  in  power  at 
higher  values  of  B„  corresponds  to  a  loss  of  gain  as  shown  in 
Fig.  7.  Note  that  the  power  production  below  gyroresonance  is 
not  as  peaked  in  guide  field  as  above  gyroresonance.  This 
result  is  in  agreement  with  the  flatter  gain  curve  in  Fig.  7  and 
the  more  rapid  beam  thermalization  shown  in  Fig.  12. 

Data  have  been  compiled  over  a  range  in  pump  field  extend¬ 
ing  from  0.2  to  2.4  kG.  The  salient  features  of  the  observed 
parametric  variation  can  be  summarized  by  identifying  ihe 
pump  strength  at  which  thresholds  for  measurable  power  and 
the  point  of  maximum  power  occur  as  a  function  of  the  guide 
field.  The  resultant  plot  is  <hown  in  Fig.  14. 

Rewriting  (5)  yields  the  following  relation  between  the 
transverse  and  longitudinal  electron  velocities  and  the  pump 
and  guide  fields. 
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Fig.  14.  Signal  variation  with  pump  and  guide  magnetic  fields.  Signal 
onset,  maximum,  and  cutoff  are  plotted  as  triangles,  circles,  and 
squares,  respectively.  The  lines  correspond  to  constant  values  of  0^. 

Br  =  (PjPzWo  -  (mc2kw/e)0Ly.  (13) 

From  this  equation,  it  is  evident  that  the  conditions  for  con¬ 
stant  transverse  and  axial  velocities  are  defined  by  pairs  of 
straight  lines  which  intersect  the  horizontal  axis  at  the  resonant 
guide  field.  The  free-electron  laser  interaction  is  much  more 
strongly  dependent  on  these  velocities  than  on  particular  values 
of  magnetic  field.  Specific  experimental  features  should  lie  on 
straight  lines  characterized  by  unique  values  of  transverse 
velocity.  Note  that  the  lines  in  Fig.  14  are  not  best  fits  to  the 
data,  but  are  calculated  using  (13)  assuming  particular  values 
of  transverse  velocity.  The  observed  agreement  between 
experimental  results  and  calculations  based  on  ideal  single¬ 
particle  trajectories  is  another  indication  that  the  electron 
beam  is  very  cold. 

The  magnitude  of  the  radiated  power  in  the  free-electron 
laser  interaction  is  related  through  the  gain  to  the  transverse 
velocity  and  has  only  a  weak  dependence  on  the  magnetic 
fields  which  occurs  though  <l>1/4  (see  (6)].  The  cyclotron 
maser  instability,  on  the  other  hand,  is  sensitive  to  particular 
values  of  the  guide  field  as  well  as  the  transverse  velocity. 
Previous  intense  beam  cyclotron  maser  experiments  [24]  -  (28) 
have  typically  shown  a  power  increase  of  two  to  three  orders 
of  magnitude  at  specific  axial  guide  fields.  In  light  of  this,  it 
is  worth  noting  that  the  peak  power  observed  along  the 
01  s*  0.21  lines  in  Fig.  14  is  constant  to  within  a  factor  of  two 
for  all  the  guide  fields  tested.  The  differences  in  peak  power 
appear  to  be  related  to  beam  quality  issues.  The  highest  powers 
are  observed  above  IS  kG  where  the  injected  beam  quality  is 
highest  and  the  thermalization  effects  of  the  gyroresonance 
are  minimized. 

The  measure  of  the  constancy  of  (3,  along  the  lines  defined 
by  (13)  is  the  radiated  wavelength.  To  examine  this  scaling, 
the  wavelength  of  power  generated  at  15  and  18  kG  was 
measured  at  the  power  threshold  conditions  of  ^  =  0.18 
and  0L  *  0.34.  The  frequency  was  determined  by  observing  the 
threshold  for  transmission  through  a  sequence  of  high-pass 
filters.  On  the  high  threshold,  the  break  in  transmitted 
power  occurred  between  cutoff  frequencies  of  63  and  68 
GHz  at  both  values  of  Ba.  The  corresponding  bounds  for  the 
low  0L  threshold  were  between  103  and  1 17  GHz.  An  analysis 
of  the  uncoupled  dispersion  curves  for  the  pump-shifted, 


negative-energy,  space-charge  wave  and  the  TEtl  waveguide 
mode  indicates  that  the  intersections  of  interest  occur  at 
60  and  117  GHz,  respectively.  Wavelength  measurements  at 
the  peak  power  points  using  both  cutoff  filters  and  a  grating 
spectrometer  indicate  a  frequency  of  80  GHz  which  is  also  in 
agreement  with  the  dispersion  analysis.  Independent  measure¬ 
ments  have  established  that  the  observed  radiation  pattern  is 
consistent  with  that  of  the  TEn  mode. 

Calculations  of  spontaneous  emission  suggest  that  the 
uncorrelated  noise  spectrum  corresponds  to  a  few  tens  of 
milliwatts  of  radiated  power.  Direct  measurement  of  the 
emission  in  the  absence  of  a  pump  field  shows  less  than  1 0  W 
of  total  power  in  the  range  of  a  W-band  detector  (60-110 
GHz).  Calorimetry  measurements  of  the  peak  observed  emission 
detect  0.68  J,  corresponding  to  ~35  MW  in  a  20  ns  output 
pulse  and  an  instantaneous  efficiency  of  2.5  percent.  This 
suggests  at  least  fifteen  power  e-foldings,  corresponding  to  a 
gain  length  of  approximately  4  cm.  Theory  (Fig.  7)  suggests 
a  gain  length  of  several  centimeters,  in  good  agreement  with 
this  value. 

V.  Summary 

Initial  measurements  on  a  new  high-power,  short-pulse, 
millimeter-wave  free-electron  laser  experiment  have  been 
completed.  These  measurements  have  demonstrated  high-power 
superradiant  emission,  corresponding  to  an  instantaneous  con¬ 
version  efficiency  of  electron  beam  energy  intomillimeter-wave 
radiation  of  2.5  percent.  This  efficiency  is  an  order  of  magnitude 
improvement  over  that  seen  in  other  millimeter-wave  free- 
electron  laser  devices.  Computer  simulations  and  experimental 
measurements  have  shown  that  the  quality  of  the  electron  beam 
extracted  from  the  apertured  diode  is  well  in  excess  of  that  re¬ 
quired  to  sustain  a  collective  beam-wave  interactiQn.  The 
experiment  has  shown  a  regular  parametric  dependence  on 
guide  and  pump  fields  both  above  and  below  gyroresonance. 
a  dependence  that  had  not  been  previously  reported.  Measure¬ 
ments  of  radiation  onsets  and  cutoffs  agiee  with  predictions 
based  on  single-particle  orbits  and  3  new  cold-beam  Raman 
theory.  The  observed  scaling  of  wavelength,  emitted  power, 
and  gain  are  in  excellent  agreement  with  the  assumption  of  a 
Raman  free-electron  laser  interaction.  Computer  simulations 
of  the  nonlinear  effects  in  the  experiment  show  good  agree¬ 
ment  with  the  power  scaling  and  efficiency  observed  in  the 
experiment.  The  simulation  results  taken  together  with  the 
realistic  wiggler  analysis  indicate  that  thermal  effects  are  limit¬ 
ing  the  experimental  efficiency.  It  is  not  yet  known  whether 
this  limit  is  imposed  by  the  injected  beam  quality,  the  wiggler 
gradients,  or  by  some  other  mechanism. 
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Frequency-resolved  measurements  of  the  emission  of  a  collective  free-electron  laser  operating  at 
millimeter  wavelengths  have  shown  emission  spectra  that  agree  well  with  theoretical  predictions 
for  the  collective  free-electron  laser  instability.  Broad  tunabiiity,  moderate  emission  linewidths, 
and  high  single-frequency  gain  have  been  observed.  In  addition,  adjusting  the  axial  field  in  the  end 
region  of  the  interaction  has  been  found  in  some  cases  to  cause  a  large  increase  in  measured  power 
and  efficiency. 


I.  INTRODUCTION 

The  free-electron  laser  (FEL)  uses  a  relativistic  electron 
beam  traversing  a  periodic  transverse  wiggler  magnetic  field 
to  amplify  radiation  at  a  wavelength  {X )  corresponding  ap¬ 
proximately  to  a  double  Doppler  upshift  of  the  wiggler  peri- 
od  (Xw).  The  radiation  and  wiggler  fields  combine  to  bunch 
and  decelerate  the  electrons,  and  thus  to  produce  gain  at  the 
radiation  wavelength  X  ~Xw/2y2,  where  y  is  the  relativistic 
mass  factor.  This  interaction  can  operate  at  any  wavelength, 
and  offers  the  potential  of  simple,  broadly  variable  tuning  of 
the  radiation  frequency  through  variation  of  the  axial  veloc¬ 
ity  of  the  electron  beam. 

In  the  millimeter-wave  regime,  the  FEL  interaction,  us¬ 
ing  intense  relativistic  electron  beams  of  energy  approxi¬ 
mately  1  MeV  and  very  low  velocity  spread,  can  proceed  via 
a  collective  process  that  offers  the  potential  of  high  power 
and  high  gain  at  moderately  high  intrinsic  efficiency. 1  These 
properties  of  the  collective  FEL  interaction  have  been  pre¬ 
viously  demonstrated  in  a  superradiant  amplifier  (35  MW  at 
—  75  GHz,  2.5%  efficiency,  —  1  dB/cm  gain),  and  were  re¬ 
ported  in  earlier  publications.23  On  other  experiments  at 
lower  powers  and  efficiencies,  Birkett  et  al*  have  reported 
the  measurement  of  five  discrete  emission  wavelengths  from 
experiments  operating  at  different  currents  and  voltages  on 
three  different  machines,  all  using  8  mm  wiggler  periods; 
these  wavelengths,  ranging  from  0.4  to  1.8  mm,  have  shown 
the  expected  l/y2  dependence  on  electron  energy.4 

We  report  here  on  new  measurements  using  frequency- 
resolved  diagnostics  that  have  for  the  first  time  explicitly 
demonstrated  the  predicted  broadband  tunabiiity  of  this  in¬ 
teraction  on  a  single  device.  Additionally,  these  measure¬ 
ments  have  demonstrated  both  broad  gain  bandwidth  and 
high  single-frequency  gain,  as  a  superradiant  amplifier  oper¬ 
ating  in  the  collective  regime.  We  also  report  on  measure¬ 
ments  that  give  evidence  of  an  improvement  in  the  previous¬ 
ly  reported  powers  and  efficiencies  by  tapering  the  end 
conditions  of  the  interaction. 
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II.  EXPERIMENTAL  APPARATUS 

The  basic  configuration  for  these  experiments  is  shown 
in  Fig.  1.  A  1.25  MeV  {y~  3.4),  1  kA,  6  mm  diameter  solid 
electron  beam  traverses  an  1 1  mm  i.d.  stainless  steel  drift 
tube  under  the  combined  influence  of  an  axial  magnetic  field 
and  a  transverse  wiggler  magnetic  field.  The  electron  beam  is 
provided  by  a  pulseline  accelerator  with  50  nsec  pulse  dura¬ 
tion  and  — 10~2  Hz  maximum  repetition  rate.  Through  use 
of  a  special  diode  design,  the  electron  beam  is  produced  with 
an  extremely  low  velocity  spread  {A0Z//3Z  50. 1%). 3  The  re¬ 
sults  of  a  trajectory  integration  code,3  which  includes  the 
variation  of  the  three-dimensional  wiggler  fields  over  the 
electron  beam  radius,  have  shown  that  low  velocity  spreads 
(<  1%)  are  preserved  into  the  interaction  region  through 
careful  tapering  of  the  strength  of  the  wiggler  magnetic  field 
over  an  entry  region  of  seven  wiggler  periods.  This  statement 
is  valid  provided  that  the  axial  guide  field  is  not  too  close  to 
its  gyroresonant  value  and  the  wiggler  field  is  not  too  large. 
For  some  of  the  larger  transverse  velocity  cases  discussed 
later  in  this  paper,  radial  wiggler  gradients  are  expected  to 
produce  an  axial  velocity  shear  in  the  range  of  1%  to  2%. 
Such  velocity  shear  is  not  the  same  as  a  true  beam  tempera¬ 
ture,  and  its  effects  are  not  completely  understood  theoreti¬ 
cally,  but  at  some  level  such  macroscopic  spreads  may  be 


FIG.  1  Diagram  of  the  free-electron  laser  experimental  configuration, 
showing  the  system  used  to  make  frequency-resolved  measurements. 
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expected  to  degrade  the  interaction. 

The  axial  field  (B. )  is  variable  up  to  20  kG  and  is  used 
both  to  confine  the  electrons  and  to  provide  gyroresonant 
enhancement  of  the  effects  of  the  wiggler  magnetic  field.  The 
wiggler  magnet  provides  a  helically  varying  transverse  mag¬ 
netic  field  (Br)  of  period  A.w  =  3cm  and  0-2  kG  amplitude 
over  a  uniform  interaction  region  of  63  cm,  with  adiabatic 
transition  regions  at  both  ends.  Special  care  was  taken  in  the 
calibration  of  Br,B,,  and  y  for  the  present  paper,  since  com¬ 
patibility  of  these  values  is  essential  to  produce  the  correct 
electron  dynamics,  and  because  of  the  great  sensitivity  of  the 
output  frequency  to  these  experimental  parameters. 

Spontaneous  emission  at  the  injection  end  of  the  inter¬ 
action  region  is  highly  amplified  by  the  FEL  interaction.  The 
amplified  radiation  is  then  radiated  into  an  anechoic 
chamber  by  means  of  a  large  (30  cm  i.d.)  microwave  horn. 
Small  fractions  of  this  radiation  are  sampled  by  a  pyroelec¬ 
tric  detector  with  a  high-pass  filter,  to  monitor  total  power  in 
the  band  of  interest,  and  by  a  millimeter-wave  grating  spec¬ 
trometer,5  in  order  to  perform  spectrally  resolved  measure¬ 
ments.  The  millimeter-wave  grating  spectrometer  is 
equipped  with  three  fF-band  crystal  detectors,  and  is  com¬ 
pletely  calibrated  over  the  range  60  to  103  GHz.  Its  resolu¬ 
tion  is  approximately  1  GHz.  The  use  of  three  simultaneous 
channels  in  the  spectrometer-permits  the  efficient  accumula¬ 
tion  of  spectra  with  a  limited  number  of  discharges.  It  also 
permits  simultaneous  observations  at  three  discrete  frequen¬ 
cies  of  the  effect  on  the  emission  of  any  variation  of  experi¬ 
mental  parameters. 

111.  THEORY 

The  operating  frequency  of  an  FEL  in  the  collective 
regime  is  determined  from  the  intersection  of  the  negative 
energy  electrostatic  beam  mode  dispersion  relation, 

co*=(k  +  kw)v,  -Kvlt  (1) 

and  the  electromagnetic  waveguide  mode  dispersion  rela¬ 
tion, 

<u2  =  c*-k 2  +  o>c0  •  (2) 

Here  eoca  is  the  cutoff  frequency  of  the  particular  mode  of 
interest,  km  (~2ir/Xm )  is  the  wiggler  wave  vector,  and  kv,  is 
an  effective  plasma  frequency,  where6 

K=m\cob/yUiY,v,)<P'n,  (3) 

<p**\-[aoyl0l/[{i+i3i)no-kwV']\,  <4> 

a>b  is  the  beam  plasma  frequency, 

ys(l -uVc2)-"2,  r.-II -v\/c2)-'l\ 
nos=eB,/ymc,  0l^v\/v\. 

Also  note  for  later  use  that  0Z  sd,  /c  and  0l  ssvl  /c.  Compu¬ 
tational  analysis  of  electron  orbits  in  the  equilibrium  fields5 
has  shown  that  the  electrons  may  be  assumed  to  be  executing 
steady-state  helical  trajectories.  For  such  trajectories,  the 
parallel  and  perpendicular  components  of  the  velocity  are 
given  by7  * 

ft  =firvt/\n0  -kwv,)  (5) 

and 


u:  +  u5  =  (1  -  y  V’,  l6j 

where  /2,  =eBr/ymc.  Equations  (51  and  I6|  give  rise  to  two 
separate  classes  of  orbits.  Figure  2(a)  shows  the  steady-state 
orbits  for  typical  experimental  parameters  for  an  ideal 
wiggler  (i.e.,  radial  gradients  neglected),  as  given  in  Eqs.  (5| 
and  (6),  as  well  as  the  steady-state  orbits  in  a  fully  realizable, 
three-dimensional  wiggler.910  Evidently,  for  these  param¬ 
eters,  the  discrepancy  between  the  ideal  and  realizable 
wiggler  models  is  small  for  axial  guide  fields  of  the  order  of 
1 2  kG  or  greater.  However,  such  a  conclusion  breaks  down 
for  axial  fields  below  the  10  kG  level.  A  one-dimensional 
theory  of  the  gain  is  thus  expected  to  be  adequate  for  suffi¬ 
ciently  large  values  of  the  axial  guide  field.  This  condition  is 
expected  to  apply  to  all  the  experimental  conditions  investi¬ 
gated  in  this  paper. 

It  should  also  be  noted  that  the  effects  of  the  dielectric 
polarization  of  the  beam  have  been  neglected  in  the  electro¬ 
magnetic  dispersion  relation  (2).  This  is  valid  as  long  as  co\/ 
(yo}l0)<\kwvz  —  120\/{ku,vl),  which  is  relevant  to  all  the 
cases  of  interest  in  this  paper.  It  is  clear  from  Eq.  1 1 )  that  the 
presence  of  the  wiggler  and  guide  fields  have  an  effect  on  the 
characteristics  of  the  space-charge  wave.  This  effect  is  mani¬ 
fested  through  the  presence  of  0,  which  reduces  to  unity  if 
either  Bw  or  B,  vanish.  The  combination  of  a  wiggler  and 
axial  guide  field,  however,  results  in  significant  deviations  of 
0  from  unity,  which  is  equivalent  to  substantial  changes  in 


(a) 


FIG,  2.  Plots  of  lal  0,  and  Ibl  <P  versus  axial  guide  field  for  B,  =  630  G. 
Y  —  3  4  The  axial  velocity  is  shown  for  both  ideal  and  realizable  wigglers. 
The  dashed  lines  describe  unstable  orbits.  <t>  is  calculated  for  an  ideal 
wiggler. 
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the  effective  plasma  frequency.  Typical  variation  of  <P  vs  B. 
is  shown  in  Fig.  2(b)  for  constant  y  and  Br ,  assuming  an  ideal 
wiggler.  Evidently,  <P>  1  for  group  I  trajectories  (i.e., 
kw  vz  >  /?0).  However,  the  situation  is  more  complex  for  the 
group  II  trajectories  (i.e.,  kw  vz  <  /20),  for  which  d><0  when¬ 
ever  ( 1  —  yi uf  /c2)fl0  <kwuz.  This  is  the  case  for  all  the  data 
presented  in  this  paper.  In  this  limit  the  effective  plasma 
frequency  (xvz  )  is  imaginary,  and  there  is  no  contribution  to 
the  real  part  of  the  frequency  of  the  electrostatic  beam  mode 
due  to  the  electric  polarization  of  the  beam.  Another  way  of 
stating  this  is  to  observe  that  in  the  beam  frame,  the  electro¬ 
static  mode  is  purely  growing  (i.e.,  zero  real  frequency).  This 
point  is  discussed  in  more  detail  by  Freund  et  al.6  As  a  conse¬ 
quence,  the  resonant  frequency  satisfies  Eq.  (2)  and 
co  =  (k  +  kw  )i>j .  This  yields 

co=  y2zkwvz  [1  ±(/?2 -(ol0/fzk2wc2)'n-],  (7) 

where  co  is  assumed  real.  For  the  parameters  discussed  in  this 
paper,  and  over  the  emission  frequencies  observed,  only  the 
upper  intersection  is  of  interest.  Note  that  in  the  limit  in 
which  the  waveguide  effects  are  negligible,  this  expression 
reduces  to  co  =  0,  ( 1  +  0Z  )yikw  c. 

It  should  be  stressed  that  while  the  plasma  frequency 
does  not  appear  in  the  resonant  frequency  (7)  for  <P  <  0,  the 
interaction  may  still  be  in  the  collective  regime.  In  order  to 
demonstrate  this  we  note  that  the  spatial  growth  rate  [Im(£ )] 
is  given  approximately  by  the  dispersion  equation6  " 

(6k 2  —  ^(Sk  —  k„  —  K+  +  co/vz  )(<5/c  —  kw  -  K_  +  co/uz ) 

at  -  ( 0  l/4)(o/c)K*(6k  -  kw  +  njoz ),  (8) 

where  6k  =k  +  kw  —  co/vz. 


2  \vz  vz  J 


,,2  n  \ 1/2 

A,  ] 
yc2  co0z  J 


and  AK  ==[/20  —  co{  1  —  0Z  )]/vz .  Note  that  Eq.  (8)  is  obtained 
in  the  limit  in  which  co>cok/yin,  and  describes  the  coupling 
between  the  electrostatic  beam  modes  (for  which  6k  =  ±  *j 
and  the  two  branches  of  the  electromagnetic  dispersion 
equation  given  by  6k  =  kw  +  K  ±  —  co/uz .  The  strong 
pump  regime  is  found  when  the  electrostatic  wave  does  not 
make  a  strong  contribution  to  the  growth  rate,  that  is,  when 
|5k  |  >  |* | .  In  this  limit,  Eq.  (8)  simplifies  to  a  cubic  dispersion 
relation,6  and  the  strong  pump  condition  can  be  shown  to  be 
equivalent  to  requiring  that  \*\<02wYizkw  0,/2.  The  collec¬ 
tive  regime  is  found  in  the  opposite  limit,  in  which  |  S  |xj 
and  the  interaction  proceeds  via  induced  scattering  between 
the  beam  mode  and  the  wiggler  field  to  produce  the  output 
radiation.  However,  it  is  difficult  to  obtain  an  analytical  so¬ 
lution  to  (8)  when  <P  <  0  and k  is  imaginary.  In  this  regime  the 
induced  scattering  process  involves  an  unstable  beam  mode 
and  numerical  solution  shows  the  collective  regime  to  occur 
for 


wiggler  or  the  radiation  fields)  and  describes  a  monoenerget- 
ic  electron  beam  executing  orbits  which  are  approximately 
helical.711  However,  good  qualitative  agreement  has  pre¬ 
viously  been  found  between  this  type  of  analysis  and  the  ex¬ 
perimental  results,2,3  and  all  cases  considered  in  this  work 
correspond  to  operation  in  the  collective  regime. 

IV.  EXPERIMENTAL  RESULTS 

Using  the  experimental  setup  described  previously, 
measurements  were  made  of  the  emission  spectrum.  Figure  3 
shows  three  spectra.  The  top  spectrum,  for  Bz  —  13.1  kG 
and  Br  =910  G,  corresponds  to/?!  ~0.34.  In  this  case,  only 
coupling  to  the  fundamental  TE,,  mode  of  the  11  mm  i.d. 
drift  tube  is  expected  from  Eq.  (7).  The  predicted  frequency, 
67  GHz,  is  in  good  agreement  with  the  observed  radiation. 
The  middle  spectrum,  with  B,  lowered  to  630  G,  corre- 


10  to  «»  wo 


kl*i  Pirl.kw0z.  do) 

It  should  be  remarked  that  the  theoretical  development  im¬ 
plicit  in  Eq.  (8)  is  based  upon  a  model  which  is  one  dimen¬ 
sional  (i.e.,  no  finite  radial  effects  are  included  in  either  the 


FREQUENCY  (OMlI 

FIG.  3.  Free -electron  laser  emission  spectra  for  (top)  B,  «  13.1  kG, 
Br  —  910  G;  (center)  B,  =  13.1  kG,  B,  »  630  G;  and  (bottom)  B,  *  16.0 
\cO,B,  m  1,4  kG.  Only  statistical  error  bars  are  shown.  The  estimated  syste¬ 
matic  error  is  ±  2  dB. 
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sponds  to  0,  ~0.27.  Equation  (7)  predicts  coupling  to  the 
two  lowest  waveguide  modes,  the  TEn  at  ~96  GHz  and  the 
TM0I  at  ~78  GHz.  The  spectrum  shows  two  main  peaks, 
centered  at  frequencies  that  are  in  good  agreement  with 
these  predictions.  Additionally,  the  lower-frequency  emis¬ 
sion  is  observed  to  be  predominantly  radially  polarized,  as 
would  be  expected  for  a  TM0,  mode  pattern,  while  the  high- 
frequency  peak  is  unpolarized,  as  expected  for  a  (circularly 
polarized)  TE,,  mode.  The  bottom  spectrum  has  Bz  in¬ 
creased  by  20%  to  16.0  kG,  with  Br  increased  to  1.4  kG  in 
order  to  keep  0L  approximately  unchanged  from  the  pre¬ 
vious  case.  This  spectrum  is  virtually  identical,  although  its 
amplitude  is  doubled.  Doubling  is  also  seen  in  the  pyroelec¬ 
tric  detector  signal.  This  doubling  can  occur  because  gain 
and  saturation  are  functions  of  Bz  as  well  as  of  0_  .<U2 

These  results  demonstrate  that  the  emission  spectrum  is 
strongly  affected  by  changes  \n0i  at  a  single  B1 ,  but  is  virtu¬ 
ally  unaffected  by  a  large  change  in  Bz  at  constant  0,_ .  This  is 
strong  evidence  for  FEL  emission  rather  than  the  cyclotron 
mechanism  seen  in  some  other  experiments. 1 5-15  In  addition, 
the  observed  emission  features  do  not  agree  with  calcula¬ 
tions  based  on  coupling  to  the  positive  energy  cyclotron  (gyr- 
otron)  modes. 

Tuning  of  the  spectrum  is  most  easily  demonstrated  by 
making  single  frequency  observations  of  the  output  power  as 
a  function  of  experimental  parameters.  This  procedure  fac¬ 
tors  out  calibration  errors  for  each  single  frequency  sweep  so 
that  the  only  residual  errors  are  because  of  discharge- to-dis- 
charge  nonreproducibility  of  the  experiment,  which  can  be 
dealt  with  statistically.  In  essence,  an  FEL  is  tuned  by  vary¬ 
ing  the  axial  velocity  of  the  electron  beam  through  the  inter¬ 
action  region.  Due  to  the  complicated  relationship  of  0Z  on 
both  Bz  and  y  [see  Eqs.  (5)  and  (6)],  this  was  most  easily  done 
experimentally  through  variation  of  Br. 

Figure  4  shows  power  at  six  frequencies  between  60  and 
95  GHz,  as  a  function  of  Br.  Each  curve  is  plotted  in  the 
same  power  units,  subject  to  the  estimated  ±  2  dB  accuracy 
of  the  separate  single-frequency  calibration  factors.  Typical 
statistical  error  bars  for  these  data  are  smaller  than  the  sym¬ 
bols  used  to  locate  the  points.  Bz  is  held  constant  at  1 3. 1  kG. 
It  is  seen  that  for  each  frequency,  the  output  power  is  maxi¬ 
mized  at  a  particular  value  of  B, .  The  data  display  a  mono¬ 
tonic  trend;  that  is,  the  lower  the  frequency  of  interest,  the 
higher  the  optimum  wiggler  field.  Through  variation  of  Br 
by  a  factor  of  2,  superradiant  emission  is  optimized  over  a 
50%  variation  of  frequencies.  The  pair  of  vertical  arrows 
associated  with  each  frequency  indicate  the  calculated 
wiggler  field  to  maximize  emission  for  the  TE, ,  mode  (right 
arrow)  and  the  TMg,  mode  (left  arrow).  In  most  cases,  the 
coupling  seems  to  be  strongest  for  the  TE, ,  mode,  as  would 
be  expected  for  a  circularly  polarized  wiggler  coupling  to  an 
axicentered  electron  beam.  Note  that  variation  of  B,  in  order 
to  tune  the  frequency  will  also  affect  the  total  FEL  emission 
through  its  effect  on  the  gain  and  possible  saturation  of  the 
FEL  interaction.  The  wiggler  fields  that  optimize  emission 
in  the  range  75-80  GHz  are  the  fields  that  maximize  total 
high-frequency  (/>  60  GHz)  emission,  as  measured  by  the 
pyroelectric  detector.  That  is,  the  larger  emission  seen  at 
75.2  and  79.5  GHz  is  believed  real. 
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FIG.  4.  FEL  tuning — emission  at  six  frequencies  as  a  function  of  B,,  for 
B,  =  13.1  kG.  The  predicted  position  of  peak  emission  at  each  frequency 
for  the  TE,  |  mode  (right  arrow)  and  TM,,,  mode  (left  arrow)  are  shown 

The  broad  single-frequency  tuning  peaks  shown  in  Fig. 
4  result  from  the  amplification  of  broadband  spontaneous 
emission  by  the  FEL  interaction.  For  an  FEL  operating  on 
group  II  orbits  with  <P  <  0,  theory  predicts  broad  gain  band- 
widths,  since  the  interaction  is  coupled  to  a  purely  growing 
electrostatic  beam  mode.6  This  broad  gain  bandwidth,  am¬ 
plifying  initially  broadband  spontaneous  emission,  results  in 
the  moderate  emission  linewidths  seen  in  Fig.  3,  even  after 
the  estimated  60  dB  of  amplification  of  the  original  sponta¬ 
neous  emission  level  has  taken  place. 

Another  presentation  of  the  frequency  tuning  is  shown 
in  Fig.  5.  Here,  the  six  frequencies  of  Fig.  4  are  plotted  versus 
the  calculated  value  of0z  ( 1  +  0Z  )y1zc/Aw  at  the  peak  of  each 
curve  in  Fig.  4.  For  a  coupling  at  the  light  line,  the  points 
should  lie  along  the  top  curve.  The  lower  lines  indicate  the 
calculated  couplings  to  waveguide  modes.  The  line  corre- 
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FIG.  5.  Emission  frequencies  plotted  against  1 1  +  0,  lyicAi.,  calculated 
from  the  best  measured  value  of  B,  at  each  frequency  The  calculated  fre¬ 
quencies  of  TE,,  and  TM„,  modes  are  shown 
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sponding  to  the  TE, ,  mode  fits  most  of  the  points  fairly  well. 

The  only  direct  means  to  measure  the  gain  of  a  superra¬ 
diant  amplifier  is  to  vary  the  length  of  the  interaction  region, 
and  to  observe  the  change  in  frequency-resolved  output  pow¬ 
er  as  a  function  of  interaction  length.  Since  the  wiggler  mag¬ 
net  is  one  continuous  coil,  the  length  of  wiggler  magnet  tra¬ 
versed  by  the  electron  beam  was  varied  by  changing  the 
length  of  the  axial  magnetic  field.  Since  /2„  is  initially  greater 
than  ku,  v.  for  the  cases  discussed  in  this  paper,  the  falloff  in 
B.  associated  with  the  end  of  the  axial  magnetic  field  sends 
the  electron  beam  to  the  drift  tube  walls  [see  Eqs.  (5)  and  (6) 
and  Fig.  2(a),  and  note  that  the  electron  orbital  radius  is 
given  by  0L  /(0.kw )]. 

Figure  6  shows  the  emission  at  a  single  frequency,  66 
GHz,  as  a  function  of  the  length  of  the  axial  field  for 
B.  =  12. 1  kG  and  Br  =  630  G.  The  lower  axis  corresponds 
to  the  distance  of  the  last  connected  axial  field  coil  from  the 
end  of  the  wiggler  exit  taper.  As  the  axial  magnetic  field  is 
lengthened  (last  energized  magnet  coil  changed  progressive¬ 
ly  from  —  40  to  —  20  cm),  the  output  power  at  66  GHz  is 
seen  to  exponentiate.  The  rate  of  growth  is  approximately 
0.5  dB/cm.  This  is  about  10%  of  the  maximum  spatial 
growth  rate  calculated  from  a  numerical  solution  of  the  dis¬ 
persion  equation  given  in  Eq.  (8).  The  discrepancy  can  be  due 
to  the  fact  that  effects  such  as  the  fill  factor,  finite  geometry, 
finite  temperature,  wiggler  gradients,  and  mode  competition 
have  been  emitted  from  18).  Also,  note  that  the  gain  measure¬ 
ment  was  not  performed  at  the  peak  of  the  experimental 
emission  spectrum. 

The  interpretation  of  the  experimental  gain  measure¬ 
ment  is  complicated  by  a  very  gradual  decrease  in  axial  field 
that  begins  tens  of  centimeters  upstream  from  the  end  of 
magnet.  This  results  in  a  gradual  increase  in/91  and  decrease 
in  &z  that  modifies  the  interaction  parameters  over  this  end 
region,  increasing  the  gain,  but  lowering  its  frequency.  The 
length  of  this  nonuniform  end  region  of  constant  Br  but  de¬ 
creasing  Bz  is  constant,  provided  that  the  beam  is  disposed  of 
within  the  uniform  portion  of  the  wiggler  magnet.  This  will 
be  true  when  the  last  energized  axial  magnet  coil  is  within  the 


uniform  region  of  the  wiggler.  Thus,  the  exponential  growth 
seen  as  the  system  is  lengthened  is  believed  to  characterize 
the  gain  in  the  uniform  region  of  the  interaction. 

The  data  in  Fig.  6  display  a  second  interesting  effect, 
which  is  believed  due  to  the  nonuniform  end  region  affected 
by  the  gradual  decrease  in  axial  field.  The  peak  power  at  66 
GHz  appears  to  occur  when  the  end  of  the  axial  field  magnet 
is  located  near  the  end  of  the  uniform  wiggler  section  I  —  10 
cm),  rather  than  when  the  axial  field  is  held  constant 
throughout  the  wiggler.  This  increase  in  measured  single¬ 
frequency  emission  is  accompanied  by  a  comparable  in¬ 
crease  in  total  high-frequency  emission.  A  similar  enhance¬ 
ment  in  emission  as  the  length  of  uniform  axial  field  is 
decreased  (last  axial  field  coil  at  —  10  cm)  is  found  at  several 
other  combinations  of  axial  and  wiggler  fields.  A  particular¬ 
ly  interesting  case  is  illustrated  in  Fig.  7,  which  shows  a  com¬ 
parison  of  the  emission  spectrum  at  Bz  —  16.0  kG  and 
if,  =  1 .4  kG  for  the  uniform  axial  field  case,  with  a  partial 
spectrum  for  the  case  of  B ,  shortened  to  the  length  produc¬ 
ing  the  maximum  effect  in  Fig.  6.  For  these  experimental 
parameters  the  total  power  in  the  emission  spectrum  appears 
to  have  increased  by  a  factor  of  2,  accompanied  by  a  small 
shift  to  lower  frequencies.  The  pyroelectric  detector  data 
agrees  with  this  factor  of  2  increase  in  frequency-integrated 
power.  For  this  case,  shortening  the  region  of  uniform  Bz 
and  creating  the  nonuniform  end  region  increases  the  total 
high-frequency  emission  (/>  60  GHz)  measured  by  the  py¬ 
roelectric  detector  by  approximately  50%  over  that  pro¬ 
duced  by  any  combination  of  wiggler  field  and  uniform  axial 
field.  Based  bn  a  comparison  with  pyroelectric  detector  mea¬ 
surements  performed  at  slightly  higher  currents  and  differ¬ 
ent  axial  and  wiggler  magnetic  fields,  whose  total  powers 
and  efficiencies  were  determined  calorimetrically,2-3  this  in¬ 
creases  the  estimated  overall  experimental  power  to  near  50 
MW  at  5%  efficiency.  It  should  be  noted  that  this  results  in 
larger  experimental  efficiencies  than  those  predicted  for  the 
experiment,  at  lower  axial  fields  and  without  an  axial  field 
end  taper,  by  a  particle-in-cell  computer  code  that  includes 


finite  electron  velocity  spread.  ’16  However,  saturation  is  ex¬ 
pected  to  be  a  function  of  axial  guide  field, 1 2  and  the  effects  of 
the  axial  end  taper  are  not  yet  fully  understood.  These  effects 
are  under  study. 

V.  CONCLUSIONS 

Initial  spectral  measurements  have  been  completed  on  a 
high-power  superradiant  millimeter-wave  free-electron  la¬ 
ser  experiment.  These  measurements  have  produced  emis¬ 
sion  spectra  that  agree  well  with  predictions.  Coupling  has 
been  observed  to  the  two  lowest-order  modes  of  the  over- 
moded  circular  waveguide.  Moderate  linewidths  in  the 
range  of  6%  to  15%  have  been  measured,  demonstrating  the 
broad  gain  bandwidth  of  the  interaction.  Additionally,  in 
this  experiment  there  was  observed  for  the  first  time  the  pre¬ 
dicted  simple  broadband  tuning  of  the  FEL  interaction,  with 
tuning  demonstrated  over  a  50%  range  of  frequencies 
through  variation  of  the  axial  electron  velocity  by  means  of 
changing  the  strength  of  the  wiggler  field. 

Direct  gain  measurements  have  demonstrated  a  single¬ 
frequency  gain  of  approximately  0.5  dB/cm,  through  vari¬ 
ation  in  the  interaction  length  for  the  super-radiant  emis¬ 
sion.  Additionally,  a  frequency  shift,  accompanied  in  some 
cases  by  a  large  increase  in  total  power  and  efficiency,  has 
been  observed  through  shortening  the  region  of  uniform  axi¬ 
al  field  and  tapering  the  strength  of  the  axial  magnetic  field 
at  the  end  of  the  uniform  wiggler  region.  The  highest  power 
produced  in  this  way  is  estimated  to  be  2: 50  MW  at  approxi¬ 
mately  5%  efficiency. 
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The  nonlinear  evolution  of  free-electron  lasers  in  the  presence  of  an  axial  guide  Held  is  in¬ 
vestigated  numerically.  A  set  of  coupled  nonlinear  differential  equations  is  derived  which 
governs  the  self-consistent  evolution  of  the  wave  fields  and  particle  trajectories  in  an  ampli¬ 
fier  configuration.  The  nonlinear  currents  which  mediate  the  interaction  are  computed  by 
means  of  an  average  over  particle  phases,  and  the  inclusion  of  fluctuating  space-charge 
fields  in  the  formulation  permits  the  investigation  of  both  the  stimulated  Raman  and  Comp¬ 
ton  scattering  regimes.  The  initial  conditions  are  chosen  to  describe  the  injection  of  a  cold, 
axially  propagating  electron  beam  into  the  interaction  region  which  consists  of  a  uniform 
axial  guide  field  and  a  helical  wiggler  field  which  increases  to  a  constant  level  adiabatically 
over  a  distance  of  ten  wiggler  periods.  After  an  initial  transient  phase,  the  results  show  a  re¬ 
gion  of  exponential  growth  of  the  radiation  field  which  is  in  excellent  agreement  with  linear 
theory.  Saturation  occurs  by  means  of  panicle  trapping.  The  efficiency  of  the  interaction 
has  been  studied  for  a  wide  range  of  axial  guide  fields,  and  substantial  enhancements  have 
been  found  relative  to  the  zero-guide-field  limit. 


I.  INTRODUCTION 

The  use  of  axial  guide  magnetic  fields  in  free- 
electron-laser  (FEL)  experiments  has  generally  been 
restricted  to  low-energy  ( ~  1  MeV)  and  high-current 
( —  1  kA)  devices  in  which  the  axial  field  is  necessary 
in  order  to  confine  the  electron  beam.  As  a  conse¬ 
quence,  a  great  deal  of  theoretical  work  has  been  de¬ 
voted  to  the  calculation  of  electron  orbits,1,2  spon¬ 
taneous  radiation  (i.e.,  noise)  spectra,3  and  the  linear 
growth  rate3-’  in  the  presence  of  an  axial  guide 
field.  As  shown  in  these  works,  a  fortuitous  conse¬ 
quence  of  the  presence  of  the  guide  field  is  that  both 
the  noise  spectrum  and  the  linear  growth  rate  are 
enhanced.  Such  enhancements  are  due  to  an  in¬ 
crease  in  the  transverse  electron  velocities  and  a  de¬ 
crease  in  the  natural  response  frequency  of  the  elec¬ 
trons.  In  the  latter  case,  the  natural  frequency  can 
become  comparable  to  the  frequency  of  the  ponder- 
motive  force  which  results  Lorn  the  beating  of  the 
radiation  and  wiggler  fields.  When  this  occurs  the 
linear  gain  can  become  very  large,  and  the  interac¬ 
tion  is  analogous  to  that  of  driving  an  oscillator  at 
its  natural  frequency.  In  view  of  the  possible 
enhancements  in  the  gain,  the  study  of  the  nonlinear 
phase  of  the  interaction  assumes  an  added  impor¬ 
tance  with  a  primary  focus  on  possible  enhance¬ 
ments  in  the  saturation  levels  of  the  instability  and 
the  efficiency  of  the  interaction. 
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The  motivation  for  the  present  work  is  to  investi¬ 
gate  the  effects  of  the  guide  field  on  the  nonlinear 
.  regime  of  both  the  stimulated  Raman  and  stimulat¬ 
ed  Compton  scattering  regimes  of  FEL  operation. 
To  this  end,  a  set  of  coupled  nonlinear  differential 
equations  is  derived  which  describes  the  evolution  of 
both  particle  orbits  and  the  electrostatic  and  elec¬ 
tromagnetic  fields.  The  nonlinear  currents  which 
mediate  the  interaction  are  computed  from  the  mi¬ 
croscopic  behavior  of  an  ensemble  of  electrons  by 
means  of  an  average  of  the  electron  phases  relative 
to  the  ponderomotive  wave.  This  is  equivalent  to  a 
time  average  over  the  electron  orbits  which,  in  turn, 
is  equivalent  to  an  ensemble  average  over  the  micro¬ 
scopic  electron  distribution.  Thus  although  the 
macroscopic  electron  distribution  does  not  explicitly 
appear,  the  formulation  is  equivalent  to  a  fully  ki¬ 
netic  treatment  of  the  interaction  and  is  capable  of 
describing  effects  such  as  particle  trapping  in  the 
ponderomotive  wave.  This  is  in  contrast  to  the  non¬ 
linear  analysis  described  recently  by  Fricdland  and 
Bernstein10  which  is  based  on  the  cold-fluid  model. 

These  equations  are  solved  numerically  for  a  con¬ 
figuration  in  which  a  uniform,  monoenergetic  elec¬ 
tron  beam  is  injected  with  purely  axial  velocities  into 
the  interaction  region  which  consists  of  a  uniform 
axial  guide  field  and  a  helical  wiggler  field  which  in¬ 
creases  adiabatically  from  zero  in  ten  wiggler 
periods.  The  analysis  is  performed  in  one  spatial  di- 
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mension,  although  the  electron  trajectories  are  in¬ 
tegrated  for  three  dimensions  in  the  velocity.  In  ad¬ 
dition,  since  the  problem  of  interest  is  that  of  an 
FEL  amplifier,  only  a  single  electromagnetic  and 
electrostatic  wave  is  included  corresponding  to  the 
choice  of  the  fastest  growing  mode.  Thus  the 
analysis  self-consistently  describes  the  linear  and 
nonlinear  phases  of  the  interaction  of  a  uniform 
electron  bom  with  a  helical  wiggler  field  in  one  di¬ 
mension.  The  results  of  the  simulation  show,  after 
an  initial  transient  phase,  a  region  of  exponential 
growth  of  the  radiation  and  space-charge  Helds 
which  is  in  excellent  agreement  with  the  linear 
theory3-’  over  the  entire  range  of  parameters  stud¬ 
ied.  The  onset  of  the  nonlinear  phase  of  the  interac¬ 
tion  appears  quite  suddenly,  and  saturation  occurs 
by  means  of  particle  trapping.  Most  significantly, 
substantial  enhancements  in  the  interaction  efficien¬ 
cy  are  found  to  occur. 

The  organization  of  the  paper  is  as  follows.  The 
general  equations  are  derived  in  Sec.  II.  Since  the 
actual  adiabatic  entry  of  the  electron  beam  into  the 
wiggler  is  included  in  the  analysis,  we  digress  in  Sec. 
Ill  to  describe  the  types  of  orbit  which  result  in  the 
absence  of  a  radiation  field.  The  numerical  solu¬ 
tions  to  the  complete  set  of  coupled  particle-field 


equations  are  given  in  Sec.  IV,  and  the  conditions 
under  which  efficiency  enhancements  occur  are 
described.  A  summary  and  discussion  is  given  in 
Sec.  V. 

II.  GENERAL  EQUATIONS 

The  physical  configuration  we  employ  is  one  di¬ 
mensional  in  that  spatial  variations  are  restricted  to 
the  z  direction.  The  static  magnetic  field  is  taken  to 
be  of  the  form 

B(z)=Bset+Bw{z)[eIcos(kwz)+eysiiHkulz)]  , 

(1) 

where  B0  and  Bw  are  the  amplitudes  of  the  axial 
guide  field  and  the  wiggler  field,  respectively,  kw 
(  =  2 ir/\w,  where  kw  is  the  wiggler  period)  denotes 
the  wiggler  wave  vector,  and  it  is  assumed  that 
d  In Bw/dz  «kw.  Thus  we  allow  the  wiggler  ampli¬ 
tude  to  vary  slowly  in  z  while  holding  the  period 
constant.  In  practice,  we  shall  allow  Bw(z)  to  vary 
only  over  0<z<  10A.m,  after  which  it  shall  be  held 
constant,  so  that  dlnBw/dz^0.  lk„,.  The  variable 
amplitudes  and  periods  of  the  radiation  and  space- 
charge  fields  are  included  by  means  of  the  vector 
and  scalar  potentials 


5A(z,f)=&4(z)  e,cos  [  dz'k +  (z')-ot  -e,sin{  f'dz'k +(z')-aH 


(2  r 


6<t»(z,r)=6<t>(z)cos 


(3) 


where  a>  is  the  wave  frequency,  5 A(z)  and  5<t>(z>  are 
the  amplitudes  of  the  vector  and  scalar  potentials, 
and  k  +  (z)  and  kiz)  are  the  wave  vectors.  Note  that 
by  the  choice  of  parameters  (i.e.,  primarily  the  pump 
strength,  beam  density,  and  axial  field)  the  ampli¬ 
tudes  and  wave  vectors  will  be  slowly  varying  func¬ 
tions  of  r,  however,  no  such  assumption  is  made 
a  priori. 

The  microscopic  current  density  can  be  written  as 
the  following  sum  over  individual  particle  trajec¬ 
tories: 


L  T 

8J (z,t)=— enfc—  2  '?/(z>W 

i- 1 


5(t -T,(z,tl0)) 
I  <tj I 


r,<Mit>»«+  /0‘ 


(5) 


The  system  is  assumed  to  be  quasistatic  (i.e.,  in  a 
temporal  steady  state)  so  that  panicles  which  enter 
the  interaction  region  at  times  r0  separated  by  in¬ 
tegral  multiples  of  a  wave  period  will  execute  identi¬ 
cal  orbits."  As  a  result  v,(z,/,0)  =vy(z,//0),  where 
t(o  =  tJ0+  2 mV  /a  for  integer  N. 

Substitution  of  the  microscopic  fields  and  current 
density  into  Maxwell's  equation  yields 


ba 


(4) 

where  Nr  is  the  total  number  of  electrons  within  the 
interaction  region  of  length  L,  nb  is  the  average  elec¬ 
tron  density,  v,(z,rl0)  is  the  velocity  of  the  ith  elec¬ 
tron  at  position  z  which  entered  the  interaction  re¬ 
gion  (i.e.,  crossed  the  z  =  0  plane)  at  time  fl0,  and 
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where  an  average  over  a  wave  period  has  been  per¬ 
formed.  In  Eqs.  (6)— (9),  col  s4ire1nt,/m,  ut0  is  the 
initial  axial  velocity  of  the  electrons,  6a  =e  6/4  /me2, 
6 <b  =  e  8<t>/ me2, 


dz'(k  +  +kw—a)/V})  ,  (10) 

^  =  i/'o+  JQ  dz'{k  —  Gj/uj)  ,  (11) 


^Qs—oit0  is  the  initial  phase,  and  (ut,u2,U})  are  the 
components  of  the  electron  velocity  in  the  wiggler 
frame  defined  by  the  basis  vectors  e  i 
=*excos(kwz)+eysin(kwz),  e2  =  —  exsin(kaz) 

+eycos(kwz),  e j  =et.  Observe  that  it  has  been  im¬ 
plicitly  assumed  that  the  electron  beam  is  monoener- 
getic  and  that  all  electrons  have  the  same  initial  axi¬ 
al  velocity.  In  addition, 


(12) 

i-i 

represents  a  phase  average  where  denotes  the 
number  of  electrons  in  a  single  wave  period.  Thus 
following  Sprangie  et  al.u  the  quasistatic  assump¬ 
tion  has  permitted  the  reduction  of  the  problem  to 
the  consideration  of  the  initial  beam  segments  for 
which  steady-state  orbits  of  the  beam  electrons  are 
described  by  particles  which  enter  the  wiggler  region 
within  a  wave  period.  The  actual  length  of  these 
segments  is  2irvz0/cn  so  that  Xa  =  2irNTuZQ/coL.  For 
sufficiently  large  Nu,  the  discrete  nature  of  the 
phase  average  (12)  can  be  replaced  by  an  integral 
over  the  initial  phases  \1>0  as  follows: 

(sr)  =  ~  fr  dtl>oy  .  (13) 

2ir  J  — 

In  this  form  the  field  equations  are  identical  to  those 
derived  by  Sprangie  et  al. 1 1 

In  order  to  complete  the  formulation,  the  electron 
orbit  equations  in  the  presence  of  the  static  and  fluc¬ 
tuating  fields  must  be  specified.  These  equations  are 
of  the  form 
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(14) 

(15) 


(16) 


and  yjs(  1  —  v\/c2)~\  Both  the  linear  and  non¬ 
linear  evolution  of  the  FEL  amplifier,  therefore,  are 
included  in  Eqs.  (6)— (9)  for  the  field  quantities  and 
(14)— (16)  for  the  orbits  of  an  ensemble  of  electrons 
having  initial  phases  —tr<,ilr0<ir. 

III.  SINGLE-PARTICLE  ORBITS 

Since  an  adiabatic  entry  region  into  the  wiggler  is 
included  in  the  analysis,  it  is  useful  to  consider  the 
form  which  the  single-particle  orbits  take  as  they 
emerge  into  the  constant-B^  region  as  a  function  of 
Bo-  It  should  be  remarked  here  that  the  radially 


I 

homogeneous  wiggler  under  consideration  is  neither 
curl  nor  divergence  free  and  is  a  reasonable  approxi¬ 
mation  for  a  realizable  wiggler  field  only  as  long  as 
kwr  «  1  and  d  In Bw(z)/dz  «kw,  where  r  measures 
the  radial  displacement  of  the  electron  trajectories 
from  the  axis  of  symmetry.  The  question  we  exam¬ 
ine  in  this  section,  therefore,  is  the  effect  of  the  adia¬ 
batic  increase  in  Bw(z )  on  the  trajectories  of  elec¬ 
trons  which  enter  the  wiggler  with  purely  axial 
motion. 

The  appropriate  equations  of  motion  follow  im¬ 
mediately  from  (14)— (16)  in  the  absence  of  fluctuat- 
.g  fields. 
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d  %  v1 

— ui  =  -  — —  * 
dz  y  v3 

d_  _  «o_Jt  Qi  _  A* 
<&yj~  y  u'1’3  u3  y 


^W3  =  - 


y^ 


where  y  is  now  a  constant  of  the  motion,  and  flu  is 
a  function  of  z.  The  steady-state  (or  helical)  orbits1,2 
are  obtained  by  requiring  the  derivatives  to  vanish  in 
the  constant-5^  region  and  results  in  solutions 
y,  =yu,sntt,y||/(fl0— ykwV\\),  v2  =0,  and  W3  =  W|| » 
where  y||  is  a  constant  determined  by  conservation 
of  energy,  i.e.,  yf+yfi  =(1— y_2)c2.  This  equation 
is  quartic  in  y  n  and  describes  at  most  four  distinct 
classes  of  trajectory,  of  which  one  is  characterized 
by  motion  antiparallel  to  Bg  and  will  be  ignored.  Of 
the  remaining  three  classes  of  trajectory,  one  is  un¬ 
stable.  It  is,  therefore,  difficult  to  propagate  a 
coherent  beam  on  these  orbits,  and  it  is  of  interest  to 
determine  whether,  by  adiabatic  tapering  of  Ba, 
these  orbits  can  be  avoided.  The  three  types  of  orbit 
propagating  parallel  to  Bg  are  shown  in  Fig.  1,  in 
which  we  plot  uti  vs  Q^/ykwc  (i.e.,  the  axial  field 
strength)  for  y—3.5  and  Slw/ykwc  =0.05.  Observe 
that  of  the  two  classes  of  stable  orbits,  one  is  charac¬ 
terized  by  high  axial  velocities  (denoted  by  group  I) 
for  low  50  and  decreases  monotonically  with  the  ax¬ 
ial  field  up  to  a  critical  50  (Cl0/ykwc  —0.76  for  the 


FIG.  2.  Plot  of  the  single-particle  trajectories  vs  axial 
position  of  Clo/yk^c  =0.0,  Clw/ykwc  =0.05,  and  y=  3.5. 

case  illustrated)  at  which  point  there  is  a  transition 
to  the  unstable  orbits.  The  second  class  of  stable 
trajectory  (denoted  by  group  II)  is  characterized  by  a 
monotonically  increasing  axial  velocity  with  50. 

In  the  integration  of  the  orbit  equations  it  shall  be 
assumed  that 


Bw(z)  = 


y5,JI  —  cosl^z/20)]  ,  O^Z^IOAu, 
5„  ,  z  >  10A.„,  (20) 


which  provides  for  a  smooth,  adiabatic  transition  to 
the  constant-5,,,  region  over  ten  wiggler  periods. 
The  results  of  the  integration  of  the  orbits  with 
5„(z)  characterized  by  (20)  are  shown  in  Figs.  2  and 
3,  where  we  plot  the  components  of  the  velocity 
versus  kwz  for  y=3.5  and  Clw/ykwc  =0.05.  Note 
that  the  initial  conditions  on  the  velocity  were 
chosen  to  be  y,  =y2  =0  and  y3  =(  1  —  y~2),/2c.  Fig¬ 
ure  2  corresponds  to  parameters  consistent  with 
group- 1  steady-state  orbits,  and  we  find  that  the  tra¬ 
jectories  in  the  constant-5^  region  differ  only  slight¬ 
ly  from  the  steady-state  case.  As  is  evident  in  the 
figures,  the  bulk  values  for  the  magnitude  of  y,  in¬ 
crease  with  the  adiabatic  rise  in  BWI  after  which 
small  oscillations  about  mean  values  corresponding 
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to  the  group-I  trajectories  are  found  in  the  constant¬ 
ly  region.  Note  that  ykwuj  >  fl0  for  these  orbits 
and,  hence,  U|  <0.  In  addition,  im=0  for  the 
steady-state  orbits,  and  the  electron  trajectories  in 
the  constant-flu,  region  exhibit  small  oscillations 
about  this  value.  The  behavior  of  u5,  while  not 
shown  explicitly,  also  exhibits  small  oscillations  (of 
less  than  1%  of  the  mean  value)  about  the  appropri¬ 
ate  value  for  the  group-I  orbit.  Thus  we  conclude 
that  it  is  possible  to  adiabatically  inject  electrons 
into  the  interaction  region  on  near-steady-state  or¬ 
bits.  However,  it  should  be  observed  that  as 
fto/ykwc  increases  from  0  to  0.76  (corresponding  to 
an  increase  in  fl0),  the  magnitude  of  the  fluctuation 
relative  to  the  steady-state  bulk  value  increases. 
This  trend  is  characteristic  of  group-I-type  injection 
and  is  indicative  of  the  fact  that  it  becomes  increas¬ 
ingly  difficult  to  obtain  near-steady-state  trajectories 
as  the  transition  to  orbital  instability  is  approached, 
at  which  point  (Cl^/ykwc^0.16)  the  orbits  differ 
widely  from  the  steady-state  trajectories  and  exhibit 
large  fluctuations  in  the  velocity.  As  a  result,  it  be¬ 
comes  impossible  to  either  inject  or  propagate  a 
coherent  beam  through  the  system. 

Injection  corresponding  to  near-steady-state  orbits 
of  the  group-II  type  is  illustrated  in  Fig.  3  for 
Oo/yk^c  =  1.0.  Observe  that  ykwu}  <  fl0  for  these 
-orbits  and  ox>  0  in  this  regime.  Although  orbital 
instability  does  not  occur  for  group-II  trajectories  in 
one  dimension,  the  orbits  are  characterized  by  low 
axial  velocities  for  sufficiently  small  B0.  As  a 
consequence,  it  is  possible  for  axially  injected  elec¬ 
trons  with  relativistic  energies  to  be  characterized  by 
initial  axial  velocities  much  greater  than  that  of  the 
steady-state  orbit.  This  is  the  case  which  corre¬ 
sponds  to  the  orbit  shown  in  Fig.  3,  which  is  charac¬ 
teristic  of  the  resulting  trajectories  for  Cl0/ykwc  <,  1. 
The  orbits  in  this  regime  may  still  be  described  as  a 
perturbation  about  the  steady-state  orbits,  but  the 
perturbations  are  large.  It  is  only  when  A0  has  in¬ 
creased  along  with  the  steady-state  axial  velocity 
that  the  perturbations  about  the  helical  orbits  again 
become  small  (i.e.,  Q0/ykwc  >  1.3).  As  in  the  case 
of  injection  into  near-group-I  type  of  orbits  in  the 
vicinity  of  the  orbital  stability  transition,  large  fluc¬ 
tuations  in  the  equilibrium  electron  velocity  results 
in  a  degradation  of  the  FEL  interaction. 

In  view  of  the  preceding  results  regarding  the  adi¬ 
abatic  injection  of  relativistic  electron  beams  into  a 
combined  axial  guide  field  and  helical  wiggler  field, 
we  conclude  that  large-scale  fluctuations  in  the  elec¬ 
tron  velocity  may  be  expected  whenever 
0.76 £ n0/ykwc  <,  1.0  for  y=3.5  and  flw/ykwc 
=0.5.  Within  this  range,  the  transverse  components 
of  the  electron  velocity  may  become  sufficiently 
large  that  the  radial  excursions  of  the  electron  beam 


make  it  difficult  for  the  beam  to  propagate.  In  ad¬ 
dition,  the  fluctuations  in  the  axial  velocity  can 
cause  a  breakdown  in  the  FEL  wave  particle  reso¬ 
nance  condition  which,  even  if  beam  propagation  is 
possible,  will  result  in  a  substantial  decrease  in  the 
gain. 


IV.  NUMERICAL  SOLUTION 

The  set  of  coupled  differential  equations  derived 
in  Sec.  II  is  solved  numerically  for  an  amplifier  con¬ 
figuration  in  which  a  wave  (cj,k  +  )  of  arbitrary  am¬ 
plitude  is  injected  into  the  system  in  concert  with  a 
monoenergetic  electron  beam.  The  initial  conditions 
(at  z  =0)  imposed  on  the  electron  beam  are  chosen 
such  that  the  particles  are  uniformly  distributed  in 
phase  for  —ir<r//0<ir  in  order  to  model  the  case  of 
a  continuous  beam  (i.e.,  the  beam  is  not  pre¬ 
bunched).  Difficulties  which  arise  from  the  in¬ 
clusion  of  a  necessarily  finite  number  of  electrons  in 
the  phase  averages  (12)  were  found  to  be  overcome 
by  the  use  of  a  Simpson’s  rule  integrator  for  61  par¬ 
ticles  per  wave  period.  The  use  of  larger  numbers  of 
electrons  was  found  to  result  in  discrepancies  of 
considerably  less  than  1%.  As  in  the  integration  of 
single-particle  orbits  in  Sec.  Ill,  the  wiggler  field  is 
assumed  to  increase  adiabatically  to  a  constant  level 
over  ten  wiggler  periods  (20).  The  electromagnetic 
mode  was  chosen  to  correspond  to  the  wave  charac¬ 
terized  by  the  highest  linear  growth  rate.  Thus  if 
the  equilibrium  orbits  are  characterized  by  the 
steady-state  trajectories  described  in  Sec.  Ill  in  the 
constant-flu,  region,  then  the  frequency  and  wave 
vector  are  determined  by  the  intersection  of  the  elec¬ 
trostatic  beam  mode 


<u  =  (k  —  k)i>h 

and  the  transverse  electromagnetic  mode 


<u2  —  k2+c2  — 


a>\{(i)  —  k  +  v  || 


yi<o—Clo/y—k  +  v\\ ) 


=0. 


(21) 


(22) 


where 


k=k++kw  ,  K=cob<t>xn/y'nytv „  , 

no 


<t>=  1  — 


( 1 +fl^)fl0-yk„uii 


(23) 


and  Qw=vw/v\\.  Finally,  the  initial  level  of  fluctua¬ 
tions  in  the  space-charge  field  is  assumed  to  be  zero. 

Insofar  as  the  electron  orbits  approximate  the 
steady-state  trajectories,  it  can  be  expected  that  the 
radiation  field  will  experience  a  period  of  exponen- 
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tial  growth  (at  a  rate  consistent  with  the  linear 
theory)  prior  to  saturation.  As  a  consequence,  a 
brief  discussion  of  the  linear  dispersion  equation  is 


of  interest.  The  linear  dispersion  equation  can  be  re¬ 
duced  to  the  following  quartic  equation  in  k  +  ( >  0) 
(Ref.  9): 


[(<w— -km—K+)(k  -kw  —K_ ) 


where  §sa^/yl/2kwc  is  the  beam  strength  parame¬ 
ter,  K1  =  (or—o)\  /y)/c2. 


+  i 
~  2 


K  + 


«-n0/y 


(aa-)2-i-24-2*, 


2  Qq 

r*»n 


1/2 


(25) 


-and  AX sK  —  (<u— flo/y)/»||.  If  the  beam  strength 
parameter  is  sufficiently  small  that  £«ys 
X(Ba/B0)2/2  and  yiBu/B0)2/3^l/2,  then  (24) 
reduces  still  further  to  a  more  familiar  cubic  disper¬ 
sion  equation9 

g2 

Sk(Sk+2/c)(6k-Ak)~--^£2fc;017,<l>-^  , 

4  r£»|| 


(26) 


where  &k=k  —u/v^—k,  (}\\sv\\/c,  and  b.k=kw 
+K  — <i»/U||  —k  is  the  frequency  mismatch  parame¬ 
ter. 

The  “strong-pump"  (or  Compton  scattering)  re¬ 
gime  is  obtained  when  |  8k  |  »  |  2k  | .  In  this  limit, 
(26)  can  be  approximated  as 
qL 

(Sk)2(6k-Ak)~--j!(-f2kj3l7l<t>-£- ,  (27) 

4  r;»n 

and  peak  growth  occurs  when  Ak  ~0  at  which  point 

( 8k y ( 1  ± i  \/3 )( \0^,S,20^ 1  <l> ) 1  /3kw  .  (28) 

As  a  consequence,  the  requirement  for  Compton 
scattering  to  be  valid  becomes 

*  «  T»  PbfiPukw  ■  (29) 

The  opposite  (Raman  scattering)  regime  occurs 
when  |  2*  |  »  1 8k  | ,  and  (26)  can  be  represented  in 
the  form 

ft 

(6k)2  — Ak  5k  +  -?-y20UKkU)~O  .  (30) 

4 


I - 

Therefore  the  Raman  regime  is  found  when 

K»jtfl,y$0\lkw  .  (32) 

It  should  be  observed  that  the  criterion  defining 
the  Raman  and  Compton  scattering  regimes  is 
dependent  upon  B0  as  well  as  on  the  beam  and 
pump  strengths.  As  a  result,  it  is  possible  to  make  a 
transition  from  one  to  the  other  regime  as  a  function 
solely  of  axial  guide  field.  Since  the  principal  objec¬ 
tive  of  this  paper  is  to  examine  the  efficiency 
enhancement  of  an  FEL  amplifier  .in  the  presence  of 
an  axial  guide  field,  the  results  of  the  simulation  will 
be  compared  with  the  more  complete  form  of  the 
dispersion  given  by  Eq.  (24),  and  not  by  the  idealized 
Raman  and  Compton  regime  approximations.  It 
will  be  shown  at  a  later  stage  of  the  discussion  that 
the  agreement  between  the  linear  theory  as 
represented  by  Eq.  (24)  and  the  numerical  simula¬ 
tion  is  excellent. 

An  example  of  the  simulation  results  is  shown  in 
Fig.  4  in  which  the  radiation-field  amplitude  5a  (z) 
and  the  growth  rate  Hz)  (=d\nba/dz)  are  plotted 
as  functions  of  axial  position  for  flo /ykwc  =0.0 


Peak  growth  is  again  found  for  A k  ~0,  where 

{i0wy,ku>(0UK/kw)'/2  . 


FIG.  4.  Graphs  of  (a)  the  radiation-field  strength  and 
(b)  growth  rate,  vs  axial  position  for  Cl<,/ykwc  =0.0. 
f lv/ykwc  =0.05,  y—i.5,  and  £=0. 1. 
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(i.e.,  no  axial  guide  field),  Clw/ykwc  =0.05,  y—  3.5, 
and  8 a(z  =0)=  10~7.  As  such,  the  illustrated  calcu¬ 
lation  corresponds  to  the  orbit  calculation  shown  in 
Fig.  2.  It  is  evident  from  the  figure  that,  after  an  in¬ 
itial  transient  phase  (z/A.w  ^29. 1),  an  extended  re¬ 
gion  of  linear  (or  exponential)  growth  occurs  as  evi¬ 
denced  by  the  constancy  of  the  growth  rate.  During 
this  phase  of  the  interaction,  the  growth  rate  as 
computed  by  the  simulation  is  r/ka  ~0.0146, 
which  is  in  good  agreement  with  the  linear  theory 
(24)  which  predicts  a  growth  rate  of 
rlln/fc„^0.0145.  Note  that  this  corresponds  to 
peak  growth  at  a  frequency  co/ckw~ 21.6. 

Fluctuations  in  the  growth  rate  found  in  the 
simulation  are  Ar/fc„  ^  ±0.0002,  which  is  to  be  ex¬ 
pected  on  the  basis  of  the  orbit  calculation  (Fig.  2) 
due  to  the  relatively  small  fluctuation  about  the 
steady-state  trajectory.  Saturation  begins  to  occur  at 
z/kwis.  114.1,  after  which  the  growth  rate  rapidly 
decreases  to  zero  at  z/kw^  127.3.  At  saturation,  the 
radiation-field  amplitude  is  (5a)MI=:2.56x  10“3 
which  corresponds  to  an  efficiency  of  3.65%.  Sa¬ 
turation  occurs  by  means  of  particle  trapping,  and 
this  will  be  discussed  in  detail  later  in  this  section. 

As  shown  in  Sec.  II,  increases  in  the  axial  guide 
field  initially  result  in  increasing  fluctuations  in  the 
electron  orbits  about  the  steady-state  trajectories.  In 
addition,  it  has  been  shown  that  the  linear  growth 
rate  also  increases  with  B0  for  the  group-I  class  of 
orbits. 8-9  Therefore  in  order  to  determine  the  non¬ 
linear  effects  the  axial  guide  field  and  the  adiabatic 
increase  in  the  wiggler  field,  a  series  of  calculations 
has  been  performed  over  a  wide  range' of  B0.  The 
results  of  the  simulation  for  CL^/yk^  =0.5  show 
the  average  growth  rate  during  the  linear  phase  of 
the  interaction  to  be  r/k„,~0.030  with  a  fluctua¬ 
tion  of  AT/kmCs ±0.003,  which  remains  in  good 
agreement  with  the  linear-theory  result  (24)  of 
T|,n/lctt,~0.029.  The  increased  growth  rate  leads  to 
a  decrease  in  the  distance  to  saturation,  which  now 
occurs  at  zM  /A.„~67.5  at  a  field  level  of 
(8a)„,=s3.30x  10~  .  The  wave  frequency  for  this 
case  (at  peak  growth)  was  co/ckw ~  19.4,  and  the  ef¬ 
ficiency  at  saturation  has  increased  to  4.92%.  The 
decrease  in  frequency  for  this  case  resulted  from  a 
decrease  in  the  axial  velocity  of  the  beam  (see  Fig. 
1). 

Increases  in  the  axial  guide  field  above  this  level 
(but  still  corresponding  to  group-I  orbits)  lead  to 
larger  fluctuations  in  both  the  orbits  and  the  growth 
rate  in  the  linear  regime  which  culminates  in  a 
chaotic  interaction  at  the  transition  to  orbital  insta¬ 
bility  at  a0/yk„c=r0.76.  A  transitional  case  is  illus¬ 
trated  in  Fig.  5  for  which  Ci^/yk^c  =0.7  and  a  fre¬ 
quency  corresponding  to  peak  growth  <?f 
<u/k„c~  14.2,  in  which  the  magnitude  of  the  flue- 
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FIG.  5.  Graphs  of  (a)  the  radiation-field  strength  and 
(b)  growth  rate,  vs  axial  position  for  Cl0/ykuc  =0.7, 
(lw/ykwc  =0.05,  y= 3.5,  and  s=0. 1. 

tuations  in  the  growth  rate  is  apparent.  It  should  be 
noted,  though,  that  for  20^z/A.u,<30  the  growth 
rate  is  relatively  constant  and  has  an  average  value 
of  r/kie~0.063,  which  is  comparable  to  the  result 
of  the  linear  theory  of  Tlm/I:u~0.060.  The  increase 
in  the  growth  rate  results  in  a  still  further  decline  in 
the  distance  to  saturation  which  now  occurs  at 
zu,/A.w~32.6;  however,  while  (5a)M,~4.09x  10-5 
represents  a  continuing  increase  in  the  radiation 
field,  the  efficiency  at  saturation  has  decreased  to 
4.02%.  The  decline  in  the  efficiency  is  attributable 
to  the  decrease  in  the  wave  frequency. 
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FIG.  6.  Graphs  of  (a)  the  radiation-field  strength  and 
tb)  growth  rate,  vs  axial  position  for  Cla/ykmc  =  1.1, 
Clv/yk„c  =0.05,  y=  3.5,  and  5  =0. 1. 
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For  levels  of  B0  such  that  &Q/ykwc  >0.76  the 
electron  trajectories  correspond  to  perturbations 
about  group- Il-type  orbits.  However,  as  seen  in  Fig. 
3,  large  divergences  from  the  steady-state  orbits 
occur  for  Q^/ykwc  =  1.0  and  are  characteristic  of 
the  low-bulk  axial  velocities  in  this  regime.  The  im¬ 
plication  of  such  orbit  behavior  is  that  since  (1)  the 
growth  rate  must  also  exhibit  large-scale  oscillations 
and  (2)  the  resonant  frequency  is  relatively  low,  the 
interaction  efficiency  can  be  expected  to  be  small. 
Such  an  expectation  is  borne  out  by  the  simulation 
results  as  shown  in  Fig.  6  for  il^/yk^c^i.  1  and  a 
frequency  at  peak  growth  of  co/ckw  =  11.4.  The  sys¬ 
tem  evidently  shows  the  expected  large-scale  fluc¬ 
tuations  in  the  growth  rate  (AT /kw~± 0.036)  about 
a  mean  value  of  r /kw  caO.072  after  the  transients 
have  decayed  (z/X*  >  20).  Note  that  the  linear 
theory  predicts  a  growth  rate  of  r^/k^^O.OSb  on 
the  basis  of  the  steady-state  orbits,  which  is  well 
within  this  range.  Saturation  occurs  at 
zMt /X* ~41. 1  for  (8a >*,=4. 91  x  10-3;  however, 
while  the  field  amplitude  is  relatively  high,  the  low 
frequency  of  the  mode  results  in  an  efficiency  of 
3.88%  which  is  comparable  to  the  zero-axial-field 
limit.  It  should  be  remarked  here  that  the  case  in 
which  flo/yk,»c  =  1.0  (corresponding  to- Fig.  3)  is 
not  shown  here  since  it  represents  a  still  more  ex¬ 
treme  example  of  the  results  of  the  large  oscillations 
in  the  single-particle  orbits  and  has  a  still  lower  effi¬ 
ciency. 

Further  increases  in  the  axial  guide  field  corre¬ 
spond  with  increases  in  the  resonant  frequency  and 
decreases  in  the  departure  from  the  steady-state 
single-particle  trajectories.  As  a  consequence,  the 
evolution  of  the  radiation  fields  becomes  more  regu¬ 
lar  as  well.  For  ilg/yk^c  =  1.5  and  a  frequency  at 
peak  growth  of  <u/ckB,=20.3,  the  simulation  gives 
r/k„~0.021  with  a  variation  in  the  growth  rate  of 
less  than  1%.  It  should  be  noted  here  that  we  also 
recover  a  growth  rate  of  rhn//cu,~0.021  from 
the  linear  theory  (24).  Saturation  occurs  at 
2»«/^w  =  93. 1  for  a  field  level  of  (5a),., 
=3. 19X 10-J  and  an  efficiency  of  5.02%. 

A  summary  of  the  frequencies  and  growth  rates 
for  the  various  simulations  is  given  in  Fig.  7  in 
which  we  plot  a>/ckw  and  T /kw  vs  n^/ykwc.  The 
curves  for  the  frequency  represent  the  variation  in 
the  resonant  frequency  at  peak  growth  found  from 
the  intersection  of  the  dispersion  relations  in  Eqs. 
(21)  and  (22)  for  the  appropriate  value  of  U||  from 
the  steady-state  trajectory.  These  values  represent 
the  frequencies  used  in  the  simulations.  The  solid 
line  in  the  plot  of  1~  /kw  represents  the  results  of  the 
linear  theory  (24),  again,  for  the  appropriate  steady- 
state  trajectory  while  circles  are  used  to  denote  the 
results  found  from  the  simulation  in  the  linear  re- 
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FIG.  7.  Plots  of  (a)  the  peak  growth  rate  and  .(b)  the 
corresponding  resonant  frequency,  vs  axial  field  strength. 
Circles  indicate  the  growth  rates  obtained  from  the  nu¬ 
merical  simulation. 


gime.  As  seen  in  the  figure,  the  agreement  between 
the  simulation  and  the  linear  theory  is  excellent. 
For  the  cases  shown,  it  is  only  when  Q0/ykwc  =  1.1 
that  the  growth  rates  differ  by  more  than  about  2%, 
and  this  is  due  to  the  relatively  large  divergence  of 
the  single-particle  orbits  from  the  steady  state. 
However,  this  problem  no  longer  appears  for 
flo/ykwc  =  1.2,  and  we  conclude  that  (for  the 
parameters  under  study)  difficulties  resulting  from 
nonsteady-state  single-particle  orbits  are  important 
only  for  0.76  <,  0^/ykwc  ^  1. 1,  where  both  the  fre¬ 
quency  and  efficiency  are  low.  Consequently,  this 
regime  will  be  ignored  in  the  discussion  of  the 
overall  radiation  efficiency  and  saturation  mecha¬ 
nism. 

The  energy-conversion  efficiency  and  the  distance 
to  saturation  are  shown  in  Fig.  8  as  functions  of  the 
axial  magnetic  field.  The  efficiency  is  defined  to  be 
the  ratio  of  the  total  energy  lost  by  the  electrons 
through  the  interaction  to  the  initial  energy  and  may 
be  shown  by  computation  of  the  Poynting  flux  to  be 
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FIG.  8.  Graphs  of  (a)  the  distance  to  saturation  and  (b) 
saturation  efficiency,  vs  axial  field  strength: 

It  is  evident  from  the  figure  that  substantial 
enhancements  of  the  efficiency  are  possible  over  that 
found  in  the  absence  of  an  axial  guide  field.  For 
parameters  corresponding  to  the  group-I  orbits,  the 
peak  efficiency  is  approximately  5%  and  occurs  at 
£l$/ykvc  ~0. 5  for  the  chosen  parameters  and  consti¬ 
tutes  a  37%  enhancement  over  the  efficiency  found 
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FIG.  9.  Plot  of  the  phase-space  distribution  for 
Qo/yfc„c  *0.5  and  z/X,  =47.7  in  the  linear  regime. 


when  no  guide  field  is  present.  Note  also  that  sa¬ 
turation  occurs  over  a  much  shorter  interaction 
length.  However,  the  greatest  enhancements  in  the 
efficiency  are  found  for  the  group-11  class  of  trajec¬ 
tories,  for  which  a  peak  efficiency  of  approximately 
8.09%  is  found  for  il^/yk^^.l  and  corresponds 
to  an  efficiency  enhancement  of  122%  relative  to 
the  B0—0  limit.  It  is  important  to  bear  in  mind, 
however,  that  these  enhancements  in  the  efficiency 
occur  at  the  expense  of  decreases  in  the  resonant  fre¬ 
quency  of  the  interaction  (see  Fig.  7).  Finally,  the 
low  efficiency  found  for  Cl0/ykwc~  1.25  corre¬ 
sponds  to  parameters  for  which  |  <I>  |  « 1 .  In  this 
regime  (which  is  discussed  in  detail  in  Refs.  3  and  91 
the  ponderomotive  potential  and,  hence,  the  linear 
growth  rate  vanish  (Fig.  7). 

As  mentioned  previously,  saturation  occurs  by 
means  of  particle  trapping  in  the  ponderomotive  po¬ 
tential  which  results  from  the  beating  of  the  wiggler 
and  radiation  fields.  An  example  of  this  is  shown  in 
Figs.  9  and  10  in  which  the  positions  of  the  particles 
(represented  by  the  dots)  in  phase  space  W.dib/dz) 
are  plotted  for  ilo/ykwc^0.5  (i.e.,  group-I  type  of 
orbits)  and  rAw  =  47.7  and  67.5,  respectively.  The 
solid  lines  in  the  figures  represent  the  separatrix 
which  encloses  trapped  (i.e.,  bounded)  phase-space 
trajectories.  It  should  be  noted,  however,  that  while 
the  positions  of  the  particles  represent  the  results  of 
the  simulation,  the  separatrix  represents  an  approxi¬ 
mation  as  it  is  derived  from  a  perturbation  about  the 
exact  steady-state  orbits  described  in  Sec.  II.  As 
such  the  separatrix  is  strictly  valid  only  insofar  as 
the  particle  velocities  are  close  to  those  for  the  heli¬ 
cal  trajectories,  for  which12 


cHk  +  kul)*  Vw 

Yr*a2  c 


<t>6 a  sinil'  . 


(34) 


E- 11 


1986 


H.  P.  FREUND 


27 


The  separatnx,  therefore,  is  given  by 


d  ,  .^cik+kv)1 

— <£=  ±2 - 

dz  y,a 


when  uw<h  >  0,  and 


7-0*  ±2 
dz 
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yto> 


in 
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yc 
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— <t»8c 

cos 
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yc 

2 

(36) 


when  t;,,^  <0.  Because  of  this,  the  phase-space  evo¬ 
lution  of  the  particle  distribution  is  dependent  upon 
the  signs  of  both  vw  and  4>.  For  the  group-I  class  of 
orbits  (which  includes  the  zero-guide-field  limit) 
ow  <  0  and  <t>  >  0  and  the  separatrix  is  determined  by 
Eq.  (36).  However,  the  situation  is  more  complicat¬ 
ed  for  the  group-II  class  of  trajectories.  In  this  case, 
while  u„>0  for  ail  the  trajectories,  <t>  is  less  than 
zero  for  (l0/ykwc  5 1.23  (for  the  parameters 
chosen),  and  greater  than  zero  for  axial  field 
strengths  above  this  critical  value.  Thus  one  must 
distinguish  between  these  two  regimes  in  the 
analysis  of  the  phase-space  structure  of  the  interac¬ 
tion.  Since  the  single-particle  trajectories  are  seen  to 
be  close  to  the  steady-state  orbits,  it  is  expected  that 
the  separatrix  shown  in  the  figures  [given  by  Eq. 
(36)]  is  a  reasonable  approximation. 

The  initial  phase-space  electron  distribution  (at 
z  =0)  is  uniform  in  that  dii/dz  =/c  +kw—co/u,0 
over  for  all  the  particles.  Figure  9 

represents  the  phase-space  distribution  at  a  relatively 
late  point  in  the  linear  phase  of  the  interaction.  It  is 
evident,  therefore,  that  the  phase-space  bunching  of 
the  particles  has  begun  but  that  the  trapping  of  the 
electrons  has  not  yet.  occurred  as  the  trajectories 


FIG.  11.  Plot  of  the  phase-space  distribution  for 
tto/ykwc  *  1. 1  and  z/A.„  =  31. 8  in  the  linear  regime. 


FIG.  12.  Graph  of  the  phase-space  distribution  for 
(lo/ykwc  =  1. 1  and  z /A..  =  39.8  at  saturation. 


remain  unbounded.  In  contrast.  Fig.  10  represents 
the  phase-space  distribution  at  saturation,  and  it  is 
clear  that  while  two  particles  remain  on  unbounded 
orbits  outside  the  separatrix,  the  bulk  of  the  elec¬ 
trons  has  been  trapped.  The  results  shown  here  are 
in  agreement  with  those  found  by  Sprangle  et  al. 1 1 

It  was  pointed  out  previously  that  the  phase-space 
behavior  of  the  electron  beam  is  somewhat  different 
when  <&<0.  This  discrepancy  arises  from  the  fact 
that  the  electron  velocity  is  greater  than  the  phase 
velocity  of  the  ponderomotive  wave  [equal  to 
«/(fc ++£„)]  at  peak  growth  (dxl>/dz> 0)  when 
«b>0,  but  less  than  the  phase  velocity  of  the  pon¬ 
deromotive  wave  when  <('  <0.  This  can  be  illustrat¬ 
ed  by  consideration  of  the  small-signal  gain  in  the 
single-particle  regime,3- 12 


G,  =  ^  L  }k2k<t>— 
L  160?, 


sinfl 

e 


(37) 


where  9=  —  jL  dxl>/dz.  Therefore  when  d>  >  0  peak 
gain  occurs  for  0~— 1.3  and  dip/dz  >  0.  However, 
in  the  opposite  case  when  <£<0,  the  peak  gain 
occurs  at  6~1.3  and  d\b/dz<  0.  This  type  of 
phase-space  behavior  is,  indeed,  found  in  the  simula¬ 
tion  and  is  evident  in  Figs.  11  and  12  in  which  we 
plot  the  phase-space  distributions  for  Clo/ykvc  =  1.1 
and  z /A.,  =  3 1.8  (in  the  linear  regime)  and 
z/X„  =  39.8  (at  saturation).  The  separatrix  in  these 
figures  was  calculated  from  Eq.  (36).  Note  that 
while  the  bulk  of  the  particles  is  trapped  on  bounded 
phase-space  trajectories  at  saturation  (and  that  ex¬ 
treme  phase  bunching  has  occurred),  a  greater  pro¬ 
portion  of  the  particles  appears  to  be  outside  the 
separatrix  on  unbounded  orbits  than  in  the  other 
cases  shown.  However,  this  observation  must  be 
made  in  view  of  the  fact  that  the  single-particle  or¬ 
bits  resemble  those  shown  in  Fig.  3,  and  the  orbits 
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are  widely  divergent  from  the  steady-state  case. 
Thus  the  separatrix  is  difficult  to  determine  precise¬ 
ly,  and  may  differ  greatly  from  that  shown. 

V.  SUMMARY  AND  DISCUSSION 

The  principal  objective  of  the  study  described  in 
this  paper  is  to  examine  the  effect  of  an  axial  guide 
field  on  the  nonlinear  stage  of  the  FEL  interaction. 
Previous  studies  of  the  linear  regime3-9  have  re¬ 
vealed  that  large  enhancements  in  the  growth  rate 
are  possible,  and  the  primary  focus  of  this  work  is 
directed  toward  the  question  of  whether  enhance¬ 
ments  in  the  nonlinear  efficiency  are  possible  as 
well.  To  this  end,  a  self-consistent  set  of  field  and 
particle  orbit  equations  is  derived  for  a  FEL  ampli¬ 
fier  which  describes  the  evolution  of  both  the  wave 
amplitudes  and  trajectories  for  an  ensemble  of  parti¬ 
cles.  It  is  important  to  observe  that  although  no 
panicle  distribution  function  is  explicitly  included 
in  the  analysis,  the  source  currents  used  in 
Maxwell’s  equations  constitute  time  averages  over 
the  microscopic  electron  currents,  and  the  level  of 
the  formulation  is  kinetic.  The  equations  are  then 
integrated  numerically  as  functions  of  axial  position 
subject  to  initial  conditions  which  describe  the  in¬ 
teraction  of  a  uniform  electron  beam  with  the  guide 
and  wiggler  system.  In  fact,  entry  of  the  beam  into 
the  interaction  region  is  effected  by  means  of  an  adi- 
abatically  increasing  wiggler  amplitude  which 
reaches  a  constant  level  after  ten  wiggler  periods. 
Finally,  inclusion  of  fluctuating  space-charge  fields 
in  the  formulation  permits  analysis  of  both  the 
single-particle  (Compton)  and  collective  (Raman)  re¬ 
gimes  of  operation. 

The  effect  of  the  initial  adiabatic  increase  of  the 
wiggler  field  on  the  single-particle  orbits  was  con¬ 
sidered  by  numerical  integration  of  the  orbit  equa¬ 
tions  in  the  absence  of  electromagnetic  and  electro¬ 
static  fields.  The  purpose  of  this  phase  of  the 
analysis  is  the  determination  of  the  types  of  orbit 
which  result;  in  particular,  whether  the  electron  or¬ 
bits  resemble  the  steady-state  (helical)  trajectories 
upon  which  the  linear  theories  of  the  interaction  are 
based.  As  such,  the  question  of  the  relevance  of  the 
linear  theories  to  both  the  simulation  and  to  actual 
experiments13  is  addressed.  On  the  basis  of  this 


work  it  was  concluded  that,  for  the  configuration 
used,  the  electron  orbits  deviate  only  slightly  from 
the  helical  trajectories  except  when  ilo~-ykwc,  where 
the  orbits  are  seen  to  execute  large-scale  oscillations 
about  the  steady  state  trajectories.  As  a  result,  the 
linear  theories  are  expected  to  be  relevant  over  a 
wide  range  of  parameters. 

In  fact,  the  numerical  integration  of  the  coupled 
particle-field  equations  bears  out  this  conjecture. 
The  results  shown  in  Figs.  4—6  show  that  (except 
when  fl0~  ykwc),  after  an  initial  transient  phase,  an 
extended  region  of  linear  (i.e.,  exponential)  growth 
occurs  with  growth  rates  which  are  in  excellent 
agreement  with  the  linear  theory  (see  Fig.  7).  Even 
in  cases  where  substantial  deviations  from  the 
steady-state  trajectories  occur,  the  growth  rate  is 
seen  to  oscillate  about  the  predicted  linear  result 
(Fig.  6).  Saturation  is  found  to  occur  by  means  of 
particle  trapping  in  the  ponderomotive  potential, 
and  substantial  enhancements  of  more  than  100% 
are  observed  over  the  efficiency  in  the  absence  of  an 
axial  guide  field.  The  greatest  enhancements  occur 
for  parameters  consistent  with  the  group-II  type  of 
orbit  and  relatively  large  axial  guide  fields 
(flo—  1.2yAc„,<r)  which  is  consistent  with  the  results 
found  in  the  experiment  at  the  Naval  Research  Lab¬ 
oratory  using  the  VEBA  accelerator.13  It  should  be 
noted,  however,  that  such  enhancements  in  the  effi¬ 
ciency  correspond  to  decreases  in  the  axial  velocity 
of  the  electrons  (and  to  increases  in  the  transverse 
velocity)  due  to  the  presence  of  the  axial  guide  field 
and,  therefore,  also  correspond  to  decreases  in  the 
resonant  frequency  of  the  interaction. 

Finally,  it  should  also  be  remarked  that  these  re¬ 
sults  have  been  obtained  for  a  monoenergetic  elec¬ 
tron  beam.  Introduction  of  a  finite  energy  spread 
can  have  important  consequences  on  the  growth 
rates  and  saturation  levels.  In  fact,  recent  results14 
using  a  full-scale  particle  simulation  indicate  that 
decreases  in  the  efficiency  are  to  be  expected  when  a 
finite  energy  spread  occurs. 
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The  electrostatic  stability  o(  the  Tree-electron  laser  is  studied  Tor  a  configuration  in  which  a  relativistic 
electron  beam  propagates  through  combined  helical  wiggter  and  axial  guide  fields.  Instability  is  found  for 
certain  specific  parameter  regimes  which,  in  the  beam  frame,  is  shown  to  be  purely  growing  and  to  require 
the  presence  of  both  the  wiggler  and  axial  guide  fields.  The  electrostatic  stability  is  also  studied  for  a  con- 
fuguration  which  consists  of  a  linearly  polarized  wiggler  and  an  axial  guide  Held,  for  which  analogous 
results  are  found. 


The  stability  properties  of  a  free-electron-laser  (FEL)  con¬ 
figuration  in  which  a  relativistic  electron  beam  propagates 
through  a  combined  helical  wiggler  and  axial  guide  field  was 
investigated  by  many  authors.'"*  It  was  pointed  out  by 
Freund  era/.*  that,  in  addition  to  the  coherent  radiation 
process,  the  electrostatic  beam  modes  are  intrinsically  un¬ 
stable  for  a  specific  class  of  operating  parameters.  It  is  our 
purpose  here  to  expand  upon  the  discussion  in  Ref.  1  and  to 
discuss  the  underlying  physical  mechanism  behind  such  an 
instability.  To  this  end.  we  choose  to  analyze  an  idealized 
model  which  consists  of  a  cold  relativistic  fluid  described  by 

(1) 
(2) 


where  n  and  v  describe  the  electron  density  and  velocity, 
respectively ,  y  ■  ( 1  -  u2/  c2 )  * 1  /2 , 

B~Boe,  -t-fl„(e,cos*„r  -i-e,sin/r„z) 

is  the  static  magnetic  field.  8 £  is  the  electrostatic  field 
(which  is  assumed  to  constitute  a  small  perturbation),  and 
<//dr*3/dr +v  ■  ^  is  a  convective  derivative.  The  equili¬ 
brium  state  to  zeroth  order  in  8 E  is  assumed  to  be  homo¬ 
geneous  (i.e.,  77  o0  -  0 ),  and  is  characterized  by  a  veloci¬ 
ty1011  v0-v.ei  +une),  where  is  a  constant.  v„«  Cl.v,,/ 
( Qo-/cwun),  ft<j,»«|«Bo.»/'ymcl,  and 


~n  +■  ^  •  ( n  v )  > 
dr 


— v  -  - 
dt 


e 

ym 


(T — tvv)-5E  +  !v  xff 


i\ +  e,sin/c.z  , 
-e,sin kwz  +  ercos k.t 


form  S£  -  8£ exp(  ikz  -  nut),  Eqs.  (2)  and  (3)  can  be  re¬ 
duced  to  the  form 


—  r ( &*  —  Ac uii ) 5«>t  +(  —  .  (4) 

yo  m  c1 

(  n«  —  k„vn)hv\  +  /( a*  —  k ■/ ii )8uj  +  Qo/J.SO) 

- ^.4-^-S/f  ,<5) 


Tom 


c*  u>  -  k  v  h 


fl.Si/i  +  i(cu  —  k  u  n  )8v}  - - — 5 £ 

yoyiim 


i6) 


to  first  order  in  the  electric  field,  where  (3,«u,/uii  and 
y»«(l  -vi/c1)-'".  The  stability  properties,  therefore,  are 
determined  by  Eqs.  (4)-(6)  in  conjunction  with  the  follow¬ 
ing  combination  of  the  continuity  equations  and  Poisson  s 
equation; 

—8 £  —  — — 8 vi  .  (7) 

m  in-tv, 

where  u>*«(4ire2n0/m)l/2  is  the  beam  plasma  frequency. 

It  is  clear  from  the  ;  component  of  the  momentum 
transfer  Eq.  (6)  that  in  the  absence  of  a  wiggler  field  there 
is  no  coupling  between  the  axial  and  transverse  components 
of  the  velocity,  and  the  dispersion  relation  reduces  to  the 
well-known  positive  and  negative  energy  beam  modes 
tu-kvii  ±tv»/yi/2yii.  However,  the  parallel-transverse  cou¬ 
pling  in  the  presence  of  the  static  fields  can  alter  the  dielec¬ 
tric  properties  of  the  medium.  Elimination  of  Svi  from  Eqs. 
(4)  and  (5)  shows  that 


[(w  —  kvii)2  —  (  fto  —  fc.vii)2]8vj 
-fio/3 


i  ( oi  —  k  v«  )8ii}  —  - rS£| 

yo  m  c * 


.  (8) 


and 

define  an  orthogonal  coordinate  frame  rotating  with  the 
wiggler  field.  Observe  that  conservation  of  energy  imposes 
the  requirement  that  ui  +•  vl,  -  ( 1  -  yo"2)c2. 

Under  the  assumption  of  -plane-wave  solutions  of  the 

- 1 


and  8v:  is  nonzero  only  if  both  the  axial  guide  and  wiggler 
fields  are  present.  Thus,  the  modification  to  the  dispersion 
properties  of  the  electrostatic  beam  modes  which  is  of  in¬ 
terest  here  is  possible  only  through  the  combination  of  both 
magnetic  fields.  The  instability  can  be  readily  demonstrated 
by  combination  of  Eqs.  (6) —(8)  to  obtain  the  following 
dispersion  equation: 


( m  —  k  v  n ) 2 


ylffiCloi  Ho  -  k„V’i) 

(( 1  +0i)  Ho- *„i/„  1<  Qo  —  kmun)  —  ( <i*  —  A u I, ) 2 


(9) 
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The  regime  considered  m  Ref.  1.  and  which  is  most  relevant 
to  current  FEL  experiments,  is  that  m  which  lu»  —  fcuul 
x<  i  fl0 -  kmu„\  As  a  result,  the  dispersion  equation  is  of 
the  form 


(<u  —  ft  t/i|) 2  —  ■  — ^-<t> 

yoy « 


where 

<J> 


yii^w-’flo 
<  I  +  Bi)(lQ-k„u,\ 


(10) 

(11) 


It  is  evident  that  instability  results  when  d>  <  0.  Further¬ 
more.  the  instability  is  purely  growing  li.e..  the  real  part  of 
the  frequency  is  zero)  in  the  beam  frame.  Additional  infor¬ 
mation  on  the  parameters  necessary  for  instability  is  given 
in  Ref.  1.  Finally,  solution  of  the  complete  dispersion  equa¬ 
tion  (Eq.  (9)1  does  not  qualitatively  affect  this  conclusion. 

In  order  to  understand  the  underlying  physics  we  consider 
motion  in  the  absence  of  an  axial  guide  field.  It  is  clear 
from  (6)  that  the  modification  of  the  dielectric  properties 
results  from  the  presence  of  a  Svjejxff.  force  in  the 
momentum-transfer  equation.  Hence,  the  essential  point  is 
to  determine  a  source  for  an  oscillatory  velocity  in  the  direc¬ 
tion  of  The  possible  sources  for  such  a  motion  are  evi¬ 
dent  from  the  two-component  of  the  momentum-transfer 
equation  (Eq.  (2)1  and  includes  a  vxS  force 

T  - —  (8vx5»)-ej--n.8vj  .  (12) 

yofftc 

convection  (note  that  due  to  the  centripetal 

force  arising  from  the  rotation  (or  gradient)  of  the  wiggler 
field, 

Foot-  — (8v  v0)  ij- -kwvwSv3  ,  (13) 


as  well  as  a  relativistic  contribution  which  arises  from  the 
variation  in  the  total  energy.  When  no  axial  field  is  present, 
v. -  - Cljk.  and  the  convection  exactly  balances  the  vxS 
force  with  the  result  that  no  net  velocity  in  the  e j  direction 
occurs.  The  relativistic  contribution  is  the  sole  remaining 
source,  but  it  can  be  shown  to  drive  oscillatory  motion  only 
in  the  «i  direction.  However,  the  axial  guide  field  tends  to 
increase  the  transverse  velocity  (i.e.,  v„),  and  results  in 
enhanced  convection  as  well  as  a  net  source  which  drives  an 
oscillation  in  the  «j  direction.  As  mentioned  previously,  the 
finite  8vj  causes  a  5v  x5„  force  in  the  axial  direction  which 
afreets  partial  bunching  and  modifies  the  dispersive  proper¬ 
ties  of  the  medium.  As  long  as  k9u»  >  Ho  the  convection 
acts  to  oppose  the  v  xf  force  (12),  in  part,  and  causes  an 
effective  enhancement  in  the  plasma  frequency  (10).  In 
contrast,  when  Jc.un  <  fl«  the  direction  of  the  et  com¬ 
ponent  of  the  zeroth-order  transverse  velocity  is  reversed 
(i.e.,  v.  >0),  and  convection  tends  to  enhance  the  effect  of 
the  force.  It  is  in  this  regime  that  instability  is  found. 

The  actual  motion  in  the  case  in  which  instability  occurs 
may  be  summarized  as  follows.  The  electric  field  drives  a 
fluctuation  in  the  axial  velocity  which,  in  turn,  causes  a  net 
velocity  fluctuation  m  the  e;  direction  by  the  combined  ac¬ 
tion  of  the  Lorentz  force  and  convention.  This  velocity 
then  feeds  back  upon  the  axial  velocity  via  the  Lorentz 
force  (Svjejxff.).  The  feedback  provides  the  dominant 
contribution  to  the  axial  velocity  when 

( I -ylui/c2)  do  <  k.un  <  Qo  .  (14) 


(i.e.,  d>  <0)  and  the  net  effect  of  the  electric  field  is  to 
drive  axial  velocity  fluctuations  counter  to  that  produced  by 
the  "direct”  action  of  the  electric  field.  The  combined  ac¬ 
tion  of  the  axial  guide  and  wiggler  fields  results  m  a  pnase 
shift  in  the  axial  motion  which  causes  electron  bunching  to 
occur  in  such  a  way  that  the  electric  field  is  enhanced. 
Thus,  although  this  is  a  nonrelativistic  effect,  the  system 
acts  as  though  the  electrons  had  a  negative  mass. 

It  is  also  of  interest  to  determine  whether  an  analogous 
instability  exists  for  a  configuration  in  which  the  static  mag¬ 
netic  fields  consist  of  a  linearly  polarized  wiggler  in  com¬ 
bination  with  an  axiai  guide  field.  In  this  case  we  represent 
the  magnetic  field  in  the  form  8  -  Boe.  B„smk„:e  The 
equilibrium  orbits  in  this  field  geometry  are 

v„  av«  cos/c„z  , 

v,  —  aflo(  fc.vn)  _lvn  sin£»;  . 
and 


ur 


Vll 


where  a“  Clwkmu„/{  (ll  —  kiv\)  and  oscillatory  terms  in 
2k„z  (and  higher)  have  been  neglected.  Conservation  of 
energy, .  therefore,  imposes  the  constraint  (1  ■*-  0 1: )  v 
“(1— V<f2)c2,  where  “yaJ(  1  +  (li/kiv{ ).  Perturba¬ 
tion  analysis  of  Eqs.  (D— (3)  about  this  equilibrium  state  to 
first  order  in  5 £,  and  combination  of  the  result  with  Eq. 
(7),  therefore,  yields  the  following  dispersion  equation: 


(<u  — kvn); 

yoy],  (1  +Bi)f7o-*ivi(kiv7,  ~}0\rir>) 


(15) 

in  the  limit  in  which  lea  — ku„|  «  I  n0-lc.vi,|.  This  is 
analogous  to  the  dispersion  equation  for  the  helical  wiggler 
field  (10),  and  instability  is  found  when 

05-;9l(>?lM)ft$(n$+3*juil)  <  k.V,  <  fl,4  (16) 

As  in  the  case  of  the  helical  wiggler.  the  instability  is  purely 
growing  in  the  beam  frame,  and  arises  from  the  same  pnysi- 
cal  mechanism. 

The  central  question  raised  by  this  analysis  is  how  the  ins¬ 
tability  will  affect  the  performance  of  the  FEL.  On  the  basis 
of  a  linearized  theory  it  has  been  shown  that  the  growth 
rates  for  the  amplification  of  radiation  are  large  (and  exceed 
those  found  in  the  limit  as  flo~*0),  and  the  bandwidth  is 
enhanced  for  the  range  of  parameters  leading  to  the  electro¬ 
static  beam  instability.  However,  since  it  might  be  expected 
that  the  electrostatic  instability  will  lead  to  degradation  of 
beam  quality  in  the  nonlinear  regime,  the  effects  of  this  in¬ 
stability  on  the  saturation  of  the  FEL  are  of  prime  impor¬ 
tance.  This  question  has  been  addressed  by  means  of  a  par¬ 
ticle  simulation  of  a  cold  beam  in  an  FEL  amplifier. IJ  and  it 
was  found  that  (for  the  parameters  considered),  the  satura¬ 
tion  efficiency  is  greatest  when  the  electrostatic  instability  is 
present.  It  should  be  remarked  that  this  conclusion  is  rein¬ 
forced  by  experimental  results11 14  in  which  maximum 
power  was  observed  for  parameters  corresponding  to  the 
electrostatic  instability  Thus,  while  the  question  of  the  ef¬ 
fects  of  the  electrostatic  beam  instability  on  the  FEL  has  not 
been  conclusively  answered  (i.e..  a  more  complete  parame- 
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Three-Dimensional  Theory  of  Free  Electron 
Lasers  with  an  Axial  Guide  Field 

HENRY  P.  FREUND,  SHAYNE  JOHNSTON,  and  PHILLIP  SPRANGLE 


Abstract— The  collective  interaction  in  a  free  electron  laser  with  a 
combined  helical  wiggler  and  uniform  axial  guide  field  is  presented  in 
the  low-gain  regime.  The  wiggicr  model  we  employ  is  fully  seif-consis¬ 
tent  and  includes  all  tranatersc  inhomogeneities.  The  analysis  is  per¬ 
formed  for  a  free  electron  laser  (FEL)  amplifier  in  which  the  radial 
dependence  of  the  radiation  is  treated  using  both  the  TE  and  TM  wave¬ 
guide  modes.  Substantial  discrepancies  are  found  to  exist  between  the 
results  for  the  realizable  and  ideal  wigglets,  and  a  selection  rule  relating 
the  TEjn  and  TM)„  modes  with  resonant  amplification  at  the  fth  har¬ 
monic  of  the  FEL  Doppler  upshift. 

A  GREAT  deal  of  activity  has  been  directed  toward  the 
analysis  of  free  electron  laser  (FEL)  configurations  which 
consist  of  an  axial  guide  field  as  well  as  a  transverse,  axially 
periodic  wiggler  field  [1]  — (5  J .  The  principal  (but  by  no 
means  only)  application  of  such  analyses  is  to  millimeter  wave 
FEL  experiments  which  make  use  of  relatively  high  current 
(1  kA)  and  low-energy  (1  MeV)  electron  beams,  in  which  the 
guide  field  is  required  in  order  to  confine  the  beam  [6] .  How¬ 
ever,  it  is  of  particular  significance  that  one  effect  of  the  guide 
field  is  to  strengthen  the  FEL  interaction,  and  large  enhance¬ 
ments  in  the  gain  are  found  to  result  when  the  Larmor  period 
associated  with  the  axial  field  is  close  to  the  wiggler  period. 

The  fundamental  difficulty  with  each  of  these  analyses,  how¬ 
ever,  has  been  the  assumption  that  radial  inhomogeneities  in 
the  wiggler  field  can  be  neglected  when  kwrb  «  1  (where  kw 
is  the  wiggler  wavenumber,  and  rb  is  the  beam  radius).  In  such 
a  case,  the  radial  variations  in  the  wiggler  are  of  the  order  of 
(,kwrb)1 ,  and  were  ignored.  As  pointed  out  by  Diament  (7), 
however,  when  radial  inhomogeneities  are  included  in  a  self- 
consistent  analysis  of  the  equilibrium  orbits,  the  transverse 
velocity  associated  with  the  wiggler  field  (Which  we  denoted 
vw )  scales  as  |uw/u,  \~~  kwrb.  Since  vw/v,  measures  the 
strength  of  the  oscillatory  current  which  mediates  the  FEL 
interaction  and  the  gain  is  found  to  scale  approximately  as 
(uw/°r)J .  the  assumption  of  such  an  ideal  radially  homoge¬ 
neous  wiggler  constitutes  a  basic  inconsistency. 

It  is  our  purpose  in  this  work  to  develop  a  self-consistent 
theory  of  the  FEL  interaction  in  the  low-gain  regime  in  which 
the  effects  of  radial  inhomogeneities  are  included.  Our  results 
indicate  that  while  the  radial  variations  in  a  self-consistent 
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wiggler  are  generally  unimportant  in  the  absence  of  an  axial 
field  as  long  as  kwrb  «  1,  this  is  not  the  case  when  a  guide 
field  is  present.  In  this  case  radial  inhomogeneities  introduce 
fundamental  differences,  and  the  problem  must  be  treated  in 
full  generality.  To  this  end  we  employ  a  realizable  wiggler 
field  which  is  generated  by  a  bifilar  helix  [7],  [8]  and  write 
the  static  magnetic  field  as 


,(/;< 


B  =  fl0«i  +  2BW  [J\  (X)  cos  \er-  T  f  i  (X)  sin  x«9 


+  /i(X)sin  x«rj 


(1) 


in  cylindrical  coordinates,  where  30  and  Bw  are  the  amplitudes 
of  the  axial  and  wiggler  magnetic  fields,  X  s  kwr,  kw  =  2-/Xw 
(where  Xw  denotes  the  wiggler  period),  x  =  9  -  kwz ,  and  /, 
and  /[  are  the  modified  Bessel  function  of  the  first  kind  and 
its  derivative,  respectively.  Since  our  intention  is  to  treat  radial 
inhomogeneities  in  a  self-consistent  manner,  these  effects  must 
also  be  included  on  the  coherently  amplified  radiation  fields. 
As  a  result,  the  radiation  fields  are  modeled  by  the  well-known 
TE  and  TM  modes  in  a  cylindrical  waveguide  of  radius  R.  The 
vector  potentials  for  these  modes  are  of  the  form 

5A,(x,  r)  -  £  M,„  |-r-./,(Pi'n)  er  sin  or,(r,  9,  r) 

*- 1  LPln 

+  -A'(Pt'n)  =os  <*/(-.  9,  t)  (2) 

for  the  TE  mode,  and 

£  5AIn  |  //(Pi,,)?,  cos  a,  (z,9,t) 

n  »  l  L 

-(““««  -  iin  a,(z.  9.  t)  t?) 

for  the  TM  mode.  In  (2)  and  (3)  Jt  and  J\  are  the  regular  Brs-r 
function  of  the  first  kind  and  its  derivative,  k  is  the  wavenu- 
ber  ot  the  modes,  p,n  =xinr/R,  p\n  =x\nr'R.  xXn  and  »  ., 
the  nth  zeros  of  the./)  and  //,  respectively,  and  a  <;  - 
the  phase  of  the  wave.  Observe  that  the  sum  n  -  . 
the  complete  radial  mode  structure  Coherenr 
included  by  allowing  both  6.4  ln  and  »  to  -<• 

Z  (such  that  dr  In  5A,„  «  k  and  R.  ns 
a,(z,  9,  t)  =  fgdz'k  +  19  -  tor  In 
result,  it  is  important  to  noie  t‘-j-  - 
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00 

Fig.  1.  Graph  of  tho  axial  velocity  versus  axial  guide  for  both  the  ideal 
and  unrealizable  wigglers. 


modes  will  predominantly  couple  to  resonant  amplification  at 
frequencies  w  —  (k  +  /kw)u,  (i.e.,  to  the  Ith.  harmonic  of  the 
FEL  Doppler  upshift).  It  should  also  be  remarked  that  this 
choice  of  the  radiation  field  allows  for  the  self-consistent 
inclusion  of  the  filling  factor  in  the  calculation  of  the  gain. 

In  addition  to  these  field  structures,  the  physical  configura¬ 
tion  is  assumed  to  consist  of  an  electron  beam  in  which  the 
individual  electrons  are  initially  characterized  by'helical  orbits 
with  constant  radius  and  constant  axial  velocity.  Since  the 
stability  analysis  for  the  gain  involves  a  calculation  of  the  per¬ 
turbations  of  these  orbits  due  to  the  radiation  fields,  it  will 
prove  useful  to  review  the  properties  of  this  class  of  orbit  [7J . 
The  basic  equations  governing  the  single-particle  trajectories  in 
the  static  magnetic  fields  given  by  (1 )  are 

yo,  =  -(£20  -  7*w«t  +  2fiw/,  (X)  sin  x)«j 
+  f2wOj/,(X)sin2x, 
yiij  ■  (fl0  -  7*w  “i  +  2i2w/,(X)  sin  x)o, 

-  nw »3(/0(X)  +  h (X)  cos  2x), 

763  =  nw»j(/o(X)  +/j(X)cos  2x)  -  Dwo,/3(X)sin  2x, 

X  =  kw(ut  cosx  +  »2  sinx), 

X*kwX*‘(-o,  sinx+»2  cosx- Xoj)  (4) 

whereto,*  s|*if0  w/otc|,730  -  v2/c2)'112, and (o,, 03,03) 
denote  the  components  of  the  velocity  in  a  frame  rotating  with 
the  wiggler  and  specified  by  the  basis  vectors  e ,  =  er  cos  x  ' 
e9  sin  x.  *1  *  e,  sin  x  +  cos  x.  and  e}  =«,.  Within  the  con¬ 
text  of  (4),  7  and  the  total  energy  are  constants  of  the  motion. 

The  helical  orbits  are  obtained  by  requiring  steady-state  solu¬ 
tions  in  which  0, ,  o} ,  o3,  X,  and  x  are  constants.  As  a  result, 
we  must  have  0,  ai/w,o2  =0,os  =P(,x  =  ±ir/2,  and \  =+ow/u9, 
where  og  (>0)  is  a  constant,  and 

2fIwo,|/,(X)/X 

,'wm  no  -7*w*n*2nw/,(X)-  (s) 


Equation  (S)  reduces  to  the  result  for  an  ideal  wiggler  in  the 
limit  as  X  ■*  0;  however,  since  consistency  requires  that  |\1  * 
|ow/og  |  this  limit  is  not  strictly  valid.  Final  specification  of 
the  orbit  requires  knowledge  of  either  ow,  ua,  or  X  (a  value  for 
any  one  of  which  is  sufficient  to  calculate  the  remaining  two). 
We  choose  to  determine  X,  and  write 

X2  [(1  -  7~2)  (1  *  XJ )-*  ]  ^  «  0o X2  ±  2(3W(]  ♦  X1)/,  (X) 

(6) 

on  the  basis  of  the  energy  constraint,  where  Q0w  =  Q0,wlykwc. 
Evidently,  (6)  determines  two  distinct  branches  which  may 
be  obtained  numerically.  The  solution  for  Uj/c  corresponding 
to  the  two  classes  of  orbit  implied  by  (6)  are  plotted  versus 
0o  (for  0W  =  0.05  and  7  *  3.5)  in  Fig.  1 .  Also,  shown  in  the 
figure  are  the  corresponding  solutions  in  the  case  of  an  ideal 
wiggler. 

There  are  two  principal  differences  between  the  orbits  for 
the  real  and  ideal  wigglers.  The  first  is  that  the  discrepancies 
in  the  velocities  increase  as  approaches  0oc (3 f20 /7*w ).  and 
the  second  is  that  an  additional  class  of  unstable  orbits  exists 
for  the  real  wiggler.  The  unstable  orbits  are  denoted  in  the 
figure  by  the  dotted  lines,  and  the  points  .4,  B,  and  C  represent 
the  orbital  stability  boundaries  for  the  real  and  idealized  wig¬ 
glers.  The  case  of  the  ideal  wiggler  model  has  been  amply 
treated  in  the  literature  and  will  not  be  discussed  here;  how¬ 
ever,  a  brief  analysis  of  the  stability  of  the  helical  orbits  in  a 
realizable  wiggler  is  necessary.  A  linear  perturbation  analysis 
of  (4)  about  the  helical  trajectories  shows  that  5i>, ,  5uj,  and 
5X  can  be  expressed  in  terms  of  5x  and  Su7  (where  the  “8” 
denotes  the  perturbed  quantities),  which  satisfy  the  equation 


where 


Dj,  j  =  j  (a)2  +ui;)t  }  V(co?  ■  Wj)1  +  4/1  jfij 
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and 


Evidently  12^,  must  be  computed  separately  for  each  class  of 
orbit  (denoted  by  group  I  for  f2«  <  ykw  o,,  and  II  for  f2o  > 
ykwut  in  Fig.  1),  and  orbital  instability  occurs  whenever  either 
a\  or  Hi  are  less  than  zero.  The  orbital  stability  boundaries, 
therefore,  occur  when  either  of  these  characteristic  frequencies 
vanishes.  Evaluation  of  I2itl  for  the  group  I  and  II  orbits  re¬ 
veals  the  stability  behavior  shown  in  Fig.  1.  Since  it  is  expected 
to  be  difficult  to  propagate  an  electron  beam  on  the  unstable 
orbits,  we  shall  restrict  the  radiation  analysis  to  cases  in  which 
the  unperturbed  electron  trajectories  are  the  stable  solutions 
to  (6). 

In  order  to  determine  the  gain,  we  make  use  of  Maxwell’s 
equations  under  the  assumption  that  the  beam  density  is  suffi¬ 
ciently  low  that  space-charge  effects  can  be  ignored.  It  should 
be  remarked  here  that  our  initial  use  of  the  waveguide  modes 
in  (2)  and  (3)  implicitly  assumed  that  the  invariant  beam 
plasma  frequency  was  much  lower  than  the  waveguide  cutoff, 
otherwise  the  model  must  be  extended  to  include  the  normal 
modes  in  a  dielectric-filled  waveguide  Under  these  assump¬ 
tions,  the  vector  potential  satisfies 


we  implicitly  assume  here  that  all  electrons  located  a  distance 
r  from  the  axis  have  the  same  initial  axial  velocity,  and  that 
the  initial  bear.i  profile  is  fixed.  Equation  (11)  represents  an 
extension  of  a  model  current  used  previously  by  Sprangle  er  al. 
[9]  to  include  a  nonuniform  radial  profile  and  radial  inhomog¬ 
eneities  in  the  orbits.  Under  the  assumptions  that  the  beam 
electrons  enter  the  interaction  region  on  the  helical  orbits,  and 
that  the  beam  density  is  sufficiently  low  that  operation  is  in 
the  low-gain  regime,  the  current  may  be  written  to  lowest 
order  as 

5/(r,  r)  as  -enb(r)  dt0 [uw(r)  (cos  x‘r  ~  X«e) 

"  ot(r)  e,l  5 (r  -  r(r,r,  r0)).  (13) 

Before  proceding  with  the  derivation,  it  should  be  pointed  out 
that  for  given  values  of  3a,  Bw,  \w,  and  y  there  is  a  unique 
stable  helical  orbit.  More  specifically,  if  the  parameters  which 
characterize  the  axial  and  wiggler  fields  are  fixed,  then  a  shift 
in  energy  implies  a  shift  in  radial  position  (and  vice  versa),  and 
a  finite  spread  in  radial  displacements  is  associated  with  a 
finite  beam  energy  spread  (i.e.,  dy/dr  =£  0). 

For  the  sake  of  simplicity,  we  shall  now  assume  that  kR  »  1 , 
which  is  equivalent  to  the  requirement  that  resonance  occurs 
far  from  the  waveguide  cutoffs.  Thus,  the  principal  character¬ 
istic  of  the  waveguide  structure  included  is  the  radial  localiza¬ 
tion  of  the  modes.  A  more  complete  analysis  valid  for  arbitrary 
values  of  kR  is  currently  in  preparation:  As  a  consequence, 
for  the  low  gain,  tenuous  beam  regime  the  dispersion  relation 
for  both  the  TE  and  TM  modes  is  given  approximately  by  the 
free  space  limit 

wsick  (14) 

where  variations  in  the  wavenumber  can  be  neglected.  In  addi¬ 
tion,  the  diagonalization  of  the  radial  mode  structure  can  be 
accomplished  in  (10)  by  use  of  the  orthogonality  properties 
of  the  Bessel  functions,  and  we  can  show  that 


(r-m 


SAi(x,  f)  ■  — “  SJ(x,  t) 
c 


(10) 


±Sa 

dz  te3*3#  ,(*;„) 


where  the  source  current  is  given  as 

&J(x,t)*‘-enb(r)on(r)  f  dt0  ■—}'/— S(r  -  r(t0,r,  t)), 

Vz{t,r,r0) 


•J  drr3  (r) 

•'o 

for  the  TE  mode,  and 


»w(f)/r(Ptr»)<cos  4>,) 


(15) 


(11) 

where  n„(r)  «  the  beam  density  profile,  q(r,  r,  r0)  is  the  mo¬ 
mentum  of  a  particle  at  radius  r  and  time  t  which  crossed  the 
2  *0  plane  at  time  r0. 


rU0.r,  z ) 


dz 


1 

ot(t0,r,  z’Y 


(12) 


r,  z)  ij  the  axial  velocity  of  a  particle  at  (r,  z )  which 
entered  the  interaction  region  at  time  t0,  and  vn(r)  is  the 
initial  *xwl  velocity  of  the  beam  as  a  function  r.  Observe  that 


-  _ _ 

dz  fl|n  /(/+l)te3RV,iM(xln) 


•r 


drt*ul (r)  ow(r)  Jj(pin)  (sin  ^/>,  (16) 


for  the  TM  mode.  In  (15)  and  (16),  wj  s4ire2nft//n,  5alB  = 
eSAxJmc1, 


+  lkw  -  ~J 


(17) 
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is  the  relative  phase  of  the  electrons  in  the  ponderomotive 
frame,  and  <(-  *  •)>  ■  (2 »)"*/'.  '  )  represents  an  average 

over  the  initial  phase  ^/0. 

In  order  to  compute  the  gains  for  the  waveguide  modes,  we 
must  now  derive  an  expression  for  the  phase,  ij//,  to  first  order 
in  the  amplitudes  5a,  „.  Because  /dr2  *cjuj2  dojdz,  this 
may  be  accomplished  by  means  of  a  linear  perturbation  theory 
of  the  orbit  equations  in  the  presence  of  the  radiation  fields. 
The  unperturbed  trajectories  in  this  analysis  are  assumed  to 
be  the  helical  orbits  discussed  previously.  However,  it  is  evi¬ 
dent  that  the  phase  will  depend  linearly  upon  the  amplitudes 
of  each  of  the  TM  and  TE  modes  present  in  the  system.  Hence, 
all  of  the  radial  modes  will  be  coupled  through  (IS)  and  (16), 
and  the  strength  of  the  coupling  will  depend  upon  the  ampli¬ 
tudes  as  well  as  the  overlap  of  the  each  specific  radial  eigen¬ 
mode  with  the  current.  In  order  to  simplify  the  analysis,  we 
restrict  consideration  to  the  treatment  of  an  FEL  amplifier  in 
which  the  initial  conditions  can  be  tailored  by  means  of  the 
injection  of  radiation  which  results  in  the  presence  of  a  specific 
TE|„  or  TMi„  radial  eigenmode.  Within  the  context  of  these 
approximations  it  can  be  shown  that 
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for  the  TE  mode,  and  • 
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for  the  TM  mode.  In  addition. 


For  operation  in  the  linear  regime  prior  to  electron  trapping 
in  the  ponderomotive  potential,  we  write  =  ^i0  +  A k,z  +  5  <£, 
and  expand  (18)  and  (19)  to  first  order  in  5^,,  where  AAr,  s 
k  +  lkw  -  u/u|.  Using  the  solutions  which  result,  we  find  the 
small-signal  gain  for  a  system  of  length  L  to  be 
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for  the  TEtn  mode,  and 
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for  the  TM|n  mode.  Observe  that  the  radial  integral  in  (23) 
describes  the  overlap  between  the  electron  current  and  the 
radial  profile  of  the  waveguide  eigenmode  and,  hence,  includes 
the  effects  modeled  in  the  past  by  a  filling  factor  in  a  self- 
consistent  way.  It  also  follows  that  the  radial  mode  structure 
imposes  a  selection  rule  in  that  the  TE|„  or  TM,n  modes  undergo 
resonant  amplification  at  frequencies  w  =s  (fr  +  lkw)o ,.  This 
result  becomes  clear  when  we  consider  that  to  lowest  order 
0  ~  kw D|  (i.e.,  x  —  kir/ 2),  so  that  a,(z,B,t)~  Ak,z  to  within 
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where  Aw,  s  w  -  (k  +  lkw) Og  denotes  the  frequency  mismatch, 
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Equations  (18)  and  (19)  describe  the  effect  of  the  pondero¬ 
motive  potential  which  results  from  the  beating  of  the  radial 
and  wiggler  fields.  The  presence  of  the  axial  guide  field  acts  to 
enhance  the  ponderomotive  potential.  Examination  of  (20) 
clearly  shows  that  since  Aw/csO  near  resonance,  <fc,(X)  be¬ 
comes  large  whenever  I22it  vanishes.  This  occurs  for  f20  ~ 
ykw  «n  and  denotes  the  transition  to  orbital  instability  (7). 
As  a  consequence,  both  the  ponderomotive  potential  and  the 
gain  are  expected  to  be  significantly  enhanced  for  orbits  in 
this  regime. 


(fl2  -  Aoi2  )  (fl2  -  Ato2 ) _ _ 

a  multiple  of  n/2.  In  addition,  since  each  radial  eigenmode 
obeys  this  selection  rule,  inclusion  of  a  multiplicity  of  such 
modes  in  the  formulation  would  not  alter  this  property. 
Finally,  the  gain  exhibits  large  enhancements  for  frequencies 
near  resonance  as  the  single-particle  orbits  approach  the  transi¬ 
tion  to  orbital  instability  (12? i2  ■  0).  The  essential  differences 
between  this  aspect  of  (23)  and  the  results  of  the  theories  [2] , 
[3]  based  on  an  ideal  wiggler  are  that  1)  for  group  I  orbits 
(£20<7fewt>#)  the  value  of  B0  at  which  orbital  instability 
occurs  is  shifted  downward,  and  2)  a  new  class  of  unstable 
orbits  has  appeared  for  trajectories  in  group  11  (ft0  >  7*wuu)- 
It  is  illustrative  to  consider  the  gain  for  the  case  of  a  thin 
annular  beam  in  which  the  electron  density  is  assumed  to  be 
constant  («<>)  within  R0  *  A R  <r<R0.  As  a  result,  in  the 
limit  in  which  A R  « R0  the  beam  density  is  given  approxi¬ 
mately  by  nb(r)=zn<)AR6(r  -  R0)  and  the  maximum  gain 
becomes 
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Fig.  2.  Graph  of  the  maxim  uni  gain  versus  the  axial  guide  field  for  both 
group  I  and  II  orbits  and  the  TEu  and  TMlt  mode*. 

where  Z3  Ut>olyl/1ckw  «  the  beam  strength  parameter, 
Nw  sL/\w  is  the  number  of  wiggler  periods  within  the  inter¬ 
action  region,  \oskwR0,  and  the  frequency  is  given  by 
w-/(l  +  Vj/c)tJ  Arw»|,.  As  mentioned  previously,  specifica¬ 
tion  of  B0,  Bw,  X,  and  y  defines  a  unique  beam  radius  for 
orbits  in  groups  1  or  11.  Hence,  if  the  magnetic  field.param- 
eters  are  fixed  then  finite  AR  implies  a  finite  beam  energy 
spread  Ay;  and  we  estimate  from  (6)  that  AR  ~  kwRlAy/y0w 
fot  Xo  <  1.  Since  our  analysis  is  based  upon  the  assumption 
of  a  nearly  monoenergetic  beam  which  is  valid  only  for  Ay  < 
(4yNw)~l ,  we  must  also  require  that 

AR  ^  Xo 

*o  4(3wTX,  •  1  } 

It  should  be  noted  that  this  requirement  is  quite  stringent; 
hence  this  example  is  meant  for  illustrative  purposes  only. 
The  description  of  an  actual  experiment  requires  a  numerical 
integration  of  (23)  over  a  beam  profile.  Within  the  context 
of  (27),  we  plot  the  peak  gain  (26)  versus  aJtiai  magnetic  field 
0o  in  Fig.  2  for  both  the  TEU  and  TMn  modes  and  0W  •  .OS, 
7  *  3.5,  Aw  »  3  cm,  and  R  *  1  cm.  As  expected,  the  gain  of 
both  the  TE  and  TM  modes  is  singular  as  the  transition  to 
orbital  instability  is  approached  for  both  the  group  I  and 
group  II  orbits  and  substantial  enhancements  are  found  in 
comparison  with  the  gain  in  the  absence  of  an  axial  guide  field 
(0o  *  0).  In  addition,  it  is  evident  that  amplification  of  the 
TMn  mode  is  favored  over  that  for  the  TE|t  mode  over  the 
range  of  parameters  studied.  It  should  be  remarked  at  this 
point  that  the  gain  for  the  TE  mode  becomes  dominant  only 
in  the  limit  as  the  singularity  is  approached;  however,  as  the 
linearized  low-gain  theory  breaks  down  in  this  regime  it  has 
been  excluded  from  consideration  here.  Finally,  it  should  not 
be  concluded  that  such  a  relationship  should  hold  between 
arbitrary  TE,„  and  TM)n  modes.  Each  case  must  be  examined 
individually,  and  will  be  discussed  in  more  detail  in  a  forth¬ 
coming  work. 


The  gain  bandwidth  described  by  (23)  arises  from  two  ef¬ 
fects.  The  first  is  the  weil-known  frequency  mismatch  arising 
from  the  form  function  d(sin  d[/B,)2  /d8t,  which  for  a  thin 
annulus  yields  a  frequency  spread 
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where  ut*lkwfitc/(l  -  0X)  is  the  resonant  frequency  of  the 
fth  FEL  Doppler  resonance.  The  second  source  of  spectral . 
broadening  stems  from  the  variations  of  the  axial  velocity  with 
radial  position  which  results  in  a  radial  variation  in  of  the 
form 


Au-t  __  20w  AR 
ui  fit  Wo 


(29) 


for  a  thin  annulus.  Further,  in  order  for  the  former  spectral 
broadening  effect  to  be  dominant,  condition  (27)  must  be 
satisfied.  Since  this  condition  is  stringent,  it  is  expected  that 
the  latter  broadening  process  will  be  dominant  (i.e.,  Au,  > 
Aw, )  in  most  cases  of  practical  interest. 

In  conclusion,  we  find  that  the  analysis  of  the  FEL  gain  with 
a  realizable  wiggler  introduces  fundamental  differences  in 
comparison  with  the  usual  one- dimensional  analyses  with  an 
ideal  wiggler,  such  as  in  [2]-[5).  The  three-dimensional 
analysis  presented  here  describes  the  effects  of  1)  the  orbital 
instability  for  both  classes  of  equilibrium  trajectory,  2)  the 
overlap  of  the  radiation  and  electron  beams,  usually  included 
by  means  of  a  phenomenological  filling  factor,  and  3)  the 
selection  rule  that  requires  the  resonant  amplification  of  the 
TEIn  and  TM|„  modes  at  the  / th  FEL  Doppler  upshift. 
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A  fully  seif -consistent  theory  of  the  free-electron  laser  is  derived  in  the  collective  regime  which  in¬ 
cludes  all  transverse  variations  in  the  wigglcr  field  as  well  as  the  effects  of  a  finite  waveguide 
geometry.  A  general  orbit  theory  is  derived  by  perturbation  about  the  steady-state  trajectories  in  a 
configuration  which  consists  of  an  axial  guide  field  in  addition  to  the  helical  wigglcr  field,  and  used 
to  obtain  the  source  currant  and  charge  density  for  the  Maxwell-Poisson  equations.  By  this  means, 
a  set  of  coupled  differential  equations  is  found  which  describes  an  arbitrary  radial  beam  profile.  A 
dispersion  equation  is  obtained  under  the  assumption  of  a  thin  moooeaergetic  beam,  and  solved  nu¬ 
merically  for  the  growth  rates  of  the  TEu  and  TMt|  modes  in  a  cylindrical  waveguide.  A  selection 
rule  is  found  by  which  the  TE*.  or  TM*,  modes  are  resonant  at  the  /th  free-ekctron-lascr  Doppler 
upshift. 


* 


L  INTRODUCTION 

Interest  in  the  free-electron  laser  (FEL)  as  a  source  of 
coherent  radiation  with  wavelengths  in  the  millimeter 
range  and  below  has  been  maintained  by  both  experimen¬ 
tal1  -*  and  theoretical9-24  studies.  Experiments  designed 
to  operate  in  the  infrared  have,  of  late,  concentrated  on 
the  use  of  a  linearly  polarized  wigglcr  field  composed  of 
permanent  magnets.9’*  In  contrast,  experiments  at  longer 
wavelengths  (  —  1—5  mm)  generally  make  use  of  helical 
wigglcr  fields  in  concert  with  an  axial  guide  fidd.  The  in¬ 
clusion  of  an  axial -guide  field  is  necessitated  by  the  high 
currents  ( —  1  kA)  employed,  and  such  experiments  can  be 
made  to  operate  in  the  collective  regime.7, 1  Theoretical 
analyses  of  the  helical  wiggler  FEL  experiments  have, 
hitherto,  been  able  to  treat  the  collective  regime  only  in 
the  limit  of  an  idealized  one-dimensional  wiggler  field 
which  is  valid  only  as  long  as  the  electron-beam  radius  is 
much  shorter  than  the  wiggler  period.9’12-14’17”21,23  A 
fully  self-consistent,  three-dimensional  theory  which  in¬ 
cludes  all  transverse  variations  of  the  wiggler  fidd  as  well 
as  the  effects  of  a  finite  waveguide  geometry  has  recently 
appeared24;  however,  it  is  restricted  to  the  low-gain, 
single-particle  regime  It  is  our  purpose  in  this  work  to 
extend  the  three-dimensional  theory  to  the  collective  re¬ 
gime  In  contrast,  a  nonlinear  theory  has  been  developed 
by  Colson  and  Richardson23  for  a  helical  wiggler/pulsed 
electron-beam  configuration.  The  radiation  mode  struc¬ 
ture  is  assumed  to  be  that  of  an  optical  resonator  and  is 
described  in  a  three-dimensional  manner;  however,  the 
wiggler  field  and  single-particle  orbits  are  described  in  the 
idealized  limit  in  which  transverse  gradients  are  ignored. 
In  addition,  no  axial  guide  field  is  included  in  the  treat¬ 
ment. 

To  this  end,  we  first  derive  the  single-particle  trajec¬ 
tories  of  electrons  in  the  self-consistent  static  magnetic 
fields  by  perturbation  about  the  steady-state,  helical  or- 
bits.24,24  -  2*  These  orbits  are  then  used  to  obtain  expres¬ 
sions  for  the  source  current  and  charge  density  which 
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drive  the  FEL  interaction  by  solution  of  the  Vlasov  equa¬ 
tion.  The  source  current  and  charge  density  are  then  used 
to  obtain  Maxwell's  equations  subject  to  boundary  condi¬ 
tions  suitable  to  describe  a  loss-free  cylindrical  waveguide. 
In  this  manner,  a  set  of  differential  equations  result  which 
model  the  presence  of  an  arbitrary  radial  beam  profile  of 
electrons  which  to  lowest  order  execute  the  steady-state 
trajectories.  In  order  to  obtain  analytic  solutions  to  these 
differential  equations,  the  approximation  of  a  thin  beam 
.  (i.e.,  small  radial  profile)  is  imposed  which  is  consistent 
with  the  assumption  of  a  nearly  monoenergetic  beam. 

The  organization  of  the  paper  is  as  follows.  The  orbit 
theory  is  presented  in  Sec.  II,  and  applied  to  obtain  the 
source  current  and  charge  density  in  Sec.  III.  The  coupled 
field  equations  are  derived  in  Sec.  IV  for  an  arbitrary  radi¬ 
al  profile.  The  assumption  of  a  thin,  monoenergetic  beam 
is  imposed  in  Sec.  V  and  used  to  obtain  and  solve  the 
dispersion  equation.  A  summary  and  discussion  is 
presented  in  Sec.  VI. 


IL  SINGLE-PARTICLE  ORBITS 

The  physical  configuration  we  employ  is  that  of  a  rela¬ 
tivistic  electron  beam  propagating  through  an  ambient 
magnetic  field  composed  of  a  periodic  helical  wiggler  field 
and  a  uniform  guide  fidd 

B(x)»F0«*+Bw(x)  ,  (I) 

where  B0  denotes  the  magnitude  of  the  guide  field,  and 
the  wiggler  fidd  is  taken  to  be  that  generated  by  a  bifilar 
helix27: 

B«(  x  )~2BW[I\  (L)coaX  «, — A.-1/,  ( DsiiUf  ?  - 

+/,(A.)sin*?,]  -  (2) 

In  Eq.  (2),  Bm  is  the  amplitude  of  the  wiggler  fidd, 
k a kwr,  Tat 9—k^,  kws2i r/L*  (where  defines  the 
wiggler  period),  and  /,  and  /»  are  the  modified  Bessel 
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function  of  the  first  kind  of  order  n  and  its  derivative, 
respectively. 

The  basic  equations  governing  the  single-particle  orbits 
in  the  static  magnetic  field  are 


yt/i  * — [flo— Yk»«i  I (X)sinY]»2 

+nwu3/2(X)sin2Y  , 

r«2=»[flo— yfc„»3+2Qw/,(A.)suUf]ui 
—  nt,i»3[/0(X)+/2(X)coa2Y] , 
yuJ»n»B1t/0(L)+/j(A.)coe23:]-flw»,/2(A.)sin2Y ,  (3) 

X»X.,(0|CoeY+o2sinY) , 

X=*kmk~H—  u,sinY4-i>2coaY  — Xo3) , 


where  {l0>mrn\tB0tm/rnc \,  y  *(1— u2/e2)-l/2,  and 
(0ia>2>U])  denote  the  components  of  the  velocity  in  a 
frame  rotating  with  the  wiggler  and  specified  by  the  basis 
vectors  *\  =-/,coaT — frsinY  -rt^cotX,  and 
It  is  clear  that  y  (i.e_  the  total  energy)  is  a  con¬ 
stant  of  the  motion.  The  class  of  helical  orbits  is  found  by 
requiring  steady-state  solutions  in  which  vt,  u2,  Uj,  X,  and 
Y  are  constants.2*'27  In  this  work,  the  orbits  we  employ 
are  obtained  by  expansion  about  the  steady-state  trajec¬ 
tories,  and  a  review  of  the  properties  of  the  helical  orbits 
is  useful. 

The  steady-state  requirement  in  (3)  results  in  trajectories 
in  which  i»2*0,  »3»U||,  Y~±ir/2,  and 

A.**?i;a/P||,  where  U||(>0)  is  a  constant  and 

2n„i/,|/,(X)/X 

°“~n0-yfcu,»1|±2n»/la)  *  (4) 


Observe  that  (4)  reduces  to  the  result  for  an  ideal 
wiggler23,27  in  the  limit  as  X-*0.  Final  determination  of 
the  orbit  requires  knowledge  of  either  uw,  o |(,  or  X  (specifi¬ 
cation  of  any  one  of  these  is  sufficient  to  determine  the 
other  two)  which,  in  turn,  requires  an  additional  equation 
relating  these  quantities: 

XJ[(l_y-*Ml+X2rM'*»A*2±2ft,(l+X2)/1<X) ,  (3) 


where  Ai.i»sIlo,w/ykwc.  Solution  of  these  equations  pro¬ 
duces  two  distinct  classes  of  trajectory  as  shown  in  Fig.  1 
in  which  we  plot  un/c  vs  fa  (for  0.— 0.05  and  y— 3.5). 
Also  shown  in  the  figure  are  the  corresponding  solutions 
in  the  limit  of  an  ideal  wiggler. 

We. now  consider  the  characteristics  of  particle  trajec¬ 
tories  which  are  close  to  these  steady-state  trajectories.  To 
this  end  we  write  U|wua+&V|,  i>2»8t>2,  U]»i>j|+8t/j, 
Y~±ir/2  +  8Y,  and  Xw¥u„/i;||  +5X.  To  first  order  in 
the  perturbed  quantities,  therefore,  we  find  that  Eq.  (3) 
implies 


FIG.  1.  Graph  of  the  axial  velocity  of  the  steady-state  orbits 
vs  guide-field  strength  for  ideal  and  realizable  wiggler  models. 


y6»i  *  —  {Do“ yfc»u||  ±20*/ 1  ( Xo)]Sv2  —  2nwU||/2( kg)6X  , 
y&»2  »[no-yk»U||  ±2ft»/l(A<>)]6oI 
-[yk»i»„ +2n^,(X0)]5uJ 
— 212^11X0  '5X(/2(Xo)  +  Xq/o(Xo) — ^of|(Xo)J  , 
y8i3-2n.D^r2(X0)5Y+2Vlni,/1(X0)&»2  .  (6) 

5Y=-*.(5»,±Ao-,8u,TX^2o„5X)  , 

5X*±Ar„(5»2  — oJSY) , 

where  we  denote  Ao»Tow/ii||.  The  system  of  first-order 
differential  equations  represented  by  (6)  can  be  simplified 
to  a  pair  of  fourth-order  equations 


5u2 

&Y 


-0, 


where 


(7) 


nt.i»T<<“i+o»i)±Tl<«t-®|)2+4A2E2],/2 ,  (8) 


and 


<u23ik»o2| T2y~ lflwXB0||Xo  '( 1  +Xo)/2(^o)  t 

»  y  "  2(  n®  -  yk,U||  )[no±  2D*/,  ( Xo)  -  y  fc.J»n  ] 

±2y-,n»X.o„Ao-,(H-4)/2(Xo) , 

A2a±c*.Vly-|(n0-2yX1,U||) , 

Bj  m  -2y-2n^,|[(  l  +X3)[n0±2n»/1(Ao>]/2<*o> 

+Aoyfc-»||[/o(A<j)— ^'filXo)]!  , 

and  0i|SU|j/c.  Observe  that  fl2  and  ft2  must  be  comput¬ 
ed  separately  for  each  class  of  steady-state  orbit,  and  that 
an  orbital  instability  occurs  whenever  either  ft2  or  H2  be¬ 
comes  negative  These  frequencies  are  plotted  in  Fig.  2 
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FIG.  2.  Graphs  of  (dashed  line)  and  (solid  line)  vs  Cld/ytkw  for  group  I  and  group  II  orbits. 


venus  0„  (for  0a,  =0.05  and  y=3.5)  for  stable  trajectories 
(i.e.,  n?,n|>0).  Note  that  the  unstable  trajectories  are 
represented  in  Fig.  1  by  the  dashed  lines.  It  is  evident 
from  Fig.  2  that  fi?  »fl|  and  fl|~/c„U||  except  for  a  nar¬ 
row  range  of  axial  fields  corresponding  to  group  Q  orbits 
in  the  neighborhood  of  n^—yk„u^.  Also,  fl2  varies  wide¬ 
ly  and  the  orbital  instability  occurs  when  <0. 

The  solutions  to  Eq.  (7)  are  of  the  form 

5u2=»  —  a,sin(n,r  —  ^l— a2sin(fl2r  — 02) 


ST=*  —  p,sin(fl,f  —  )—  p^indty  —  02)  , 

where  ai,  a2,  p\,  pi,  <b\,  tfo,  9U  and  d2  are  the  integration 
constants.  Using  these  solutions  we  can  derive  the  ap¬ 
propriate  forms  for  6ut  and  from  Eqs.  (6).  However, 
we  note  that  since  0|  <£aD||,  such  terms  will  provide  for 
interactions  at  higher  harmonics  of  the  free-electron-laser 
Doppler  upshift.  Thus,  since  we  confine  ourselves  to 
treatment  of  the  interaction  at  the  fundamental  Doppler 
upshift,  we  are  justified  in  neglecting  oscillatory  terms  in 
fl|  (which  is  equivalent  to  the  requirement  that 
a,apia«0).  Within  this  context,  the  other  components  of 


the  velocity  are 

,  2n- 

&, — — 


5iii  =  —  - ~ — [TXq  J/| ( Xfl)a2cos( n,r  —  fa) 


+p2U||/2(Ao)cos(n2r  — ^)] 


2/|(A<j)a2cos(fi2r  — ^2) 

-*2 

Tp2i>l|/2(A<))cos(n2r  — ^2)J  •  (10) 

Observe  that  8ut  TA^Syn  =  const.  The  further  constraint 
imposed  by  energy  conservation  implies  that  9i=<bi,  and 


a2= ~ ~j”(  1 +Xo)  +T2'fi(^o)+t;||p2/2(A0)  •  (11) 

fl2 

As  a  consequence,  the  orbits  can  be  written  in  the  follow¬ 
ing  form  in  rectangular  coordinates: 


px  a-p.cosA^z  +( 1  +A2)-l/2a+[F,cos(lcu,2  —  Q.lt)—P/s,\n(kwz  —  Ity)] 

+( 1  +A.1)-1/,a_[FJcos(lcwz  +Clit)+Pysm(kuz  +n2r)]  , 
py=pm%inku2  +( 1  +  A2)-1/2a+[?J,sin(fcwr  —  n2t)+Pycos(kwz  —  fl2<)] 

+  (l+A.2)*l/Ja_[P,sin(lcu,r +n2f)— F^cosUcaT +n2f)]  ,  (12) 

p,*»Pll  —  ~( 1  +Ao)“1/2(Fj,cosn2f  -‘-/,/sinn2r)  , 

P  li 

where  a**[l  ±(1  +  Ao)1/2]/2,  pwmymvu,  p(|  symuy,  Px  syma2cosd2,  and  Py  syma2sin^2  are  analogs  of  the  canoni¬ 
cal  momenta.  Observe  that  Iim2tJ_^jfl2=fcu,U||  —  Cl^/y,  Iim^j_0a+  =  1-  and  lim^^a, =0;  hence,  (12)  reduces  to  the  or¬ 
bit  equations  used  by  Freund  tt  a/.16  in  the  one-dimensional  limit  and  [PxJPy)  are  the  usual  canonical  momenta  in  the 
limit  Bq-*0. 
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Before  closing  this  section,  some  discussion  is  in  order  in  regard  to  the  transition  to  orbital  instability  at  fl2=0.  The 
gain  exhibits  large  enhancements  in  this  region  since  the  natural  response  frequency  of  electron  motion  (ft2  'n  the 
wiggler  frame)  is  small  and  can  be  comparable  to  the  frequency  of  the  ponderomotive  wave  which  drives  the  stimulated 
radiation  process  in  free-eiectron  lasers.  For  simplicity,  we  consider  the  product  Llf rather  than  Cl\  independently 
(since  Cl t  —k^u n  this  cannot  affect  the  orbital  instability  criterion),  and  find  that 

|(l+X|)[Q0i2nw/1(Ao)]-y*wu„!Z(Ao)-yA4l:1,t;1|Y(A<))=0  (13) 

at  the  transition  to  orbital  instability,  where 

ZlAoJaU+A!)/',^)-^-/,^)  (14) 


Y(Ao)3i(l+A4)/', (A<))— -r— /^Lo) .  (15) 

Ao 

In  the  limit  in  which  Xo«l  and  3W  «30,  Eq.  (13)  reduces  to  (1  -+■  A^JQo— ylc„0||  =0,  which  is  the  orbital  instability 
threshold  found  using  an  idealized  one-dimensional  wiggler  field.16,20 

HI.  THE  SOURCE  CURRENT  AND  CHARGE  DENSITY 
The  source  current  and  charge  density  are  obtained  from  the  moments  of  the  perturbed  distribution  function 

5/*(rTzUp,riz))-e  f* - ^ -  5E(nz'),z',riz'))-f-V(nz').z')x5B(r(z'),z',riz'))  ,  (16) 

0  ur(rlz'),z')  c  3p' 


where  Fb  is  the  equilibrium  distribution,  8E  and  SB  are  the  fluctuating  electromagnetic  fields,  rtz')  is  the  position  of  the 
electron  relative  to  the  axis  of  symmetry  at  z',  riz')^t0  +  f*dz’/vt(riz'),z')  is  the  sum  of  the  time  required  for  an  elec¬ 
tron  to  travel  from  ( rTz  =0),z  =0)  at  the  start  of  the  interaction  region  to  (rtz  —2')+  m-z')  and  the  entry  time  r„.  The 
equilibrium  distribution  must  be  a  function  of  the  constants  of  the  motion  (PxJ>/,p),  where  small  Px  and  P,  are  required. 
As  a  consequence,  we  choose  a  distribution  of  the  form 

Fb(Px,Py,p)=nb8(Px)8(P,)Gb(p)  , .  (17) 

where  nb  is  the  average  beam  density,  and  Gb(p)  is  an  arbitrary  function  of  the  total  momentum.  In  addition,  we  work 
with  vector  and  scalar  potentials  of  the  form 

(6A(7,r),5d<x,r))=»7(&d(x),S0<x))exp<—  iat)+c.c.  (18) 

With  respect  to  the  basis  e±  —  -fie*  +iey),  integration  of  (16)  yields 

S/.IFUU)- k  +Z>-U-+,.i  +D  ±  Ft,P„P„,K  <19, 


a  rx  gitnizj')  A  A  A  A 

D,s—  Jo  -c (ptVt  +  7/7 _  V+  +  jp  +  7_ )8<6 +io(ptSA,  +p_ 8A  +  +p  +  84 _ )]  , 


0  )  Tjd  /•  A  A  >  A  Pi  A  A 

D+s~  fdz'— -  a+e  ~  -$V*8t+(i6>-oIVt)8A*  +  roI'V*5A,±—{V_8A  +  -V+8A_) 

"  v,(r\z'),z')  2  2 

-ct_eti9+  -^■7£8^  +  Ua-v,7,)8A±  +  jutV±8A,  +  ^-[7_8A+-'7i.8A_)  ,  (21) 

where  iiz,z')sr{z)  —  iiz’),  p  t  =p,  +ipy,  8 A  t  =8Ax  +i8Ay,  V±=dx  +id,,  Vz  =3Z,  and  dts  kwztCliriz). 

The  current  and  charge  density  are  found  by  computation  of  the  appropriate  moments  of  (19)  as 


&/*»-—  /  dPxdP,dp(l+k2) 


-xnPPz 


8Jt- - ^  f  dPxdP,dp(  1  +A2r'^5 / 
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5p=  -e  f  dPxdPydp(  1  +k2)~in^-5/ .  (23) 

Pi 

By  application  of  Roquet’s  theorem,  we  express  the  axial  and  azimuthal  structure  of  the  fields  and  sources  in  the  form 
8/(f,z)=  2  S//,*(r)exp(j(Ac  +nkw)z  +il9] ,  (24) 

in  cylindrical  coordinates.  As  might  be  expected,  substitution  of  (19)  into  (22)  and  (23)  results  in  source  currents  S//„ 
and  charge  densities  &pi,K,  each  of  which  depends  upon  a  complicated  superposition  of  many  harmonics  of  &</,„  and 
6 However,  in  the  limit  in  which  the  frequency  <u»fl2,  3 1 8 A/t*(r)  |  /3r  «k,  and  3 1  |  /3r  «k  we  find  the 

comparatively  simple  forms 

-  ZTn* ]<W  (25) 


rm  ,  1 


8irc  yu,,  "  «»-*,, +,U|I  p  3p 

+  A.2(  1  +A.I)-t/J-^-(L  +  >  (26) 

where  bJ\^ s(bJt  n ),+i( &/,_„)#,  8.4  (&4 ,,),? /(S/lt,*)*],  s  4-ire  2nfc/m  is  the  average  plasma  frequency, 

V;£,  =  3/3  r±l/rt 

Li£,s«(<u— fc,U||)8/4  'jV/±l(c8$;iJI— , 

H  'Cn^iabA  /*’  —  +  ,  (27) 


<u±n2— fcn+/U||  <u+fl2— lcs+/U||  a— &„+jW|| 


1  1  2 

S,,„  = - - - - - +  — — r - - - - - - -  .  (28) 

01  — n2  — *CB+;W||  01+U2  — lc,+;l)||  01  — ^„+;U|| 

A 

Observe  that  &//>,,  has  been  omitted  because  the  specification  of  a  gauge  condition  allows  us  to  eliminate  one  of  the 
components  (8/4,80),  and  we  choose  to  deal  with  5/4  +  and  80. 

It  should  also  be  remarked  that  our  choice  of  distribution  (17)  is  equivalent  to  the  requirement  that  the  unperturbed 
orbits  are  of  the  steady-state  type  (Px=Py  =0).  Such  orbits  are  axicentered,  and  there  is  a  unique  mapping  between  the 
radius  of  the  orbit  and  the  panicle  energy  (for  given  Bw,  Bg,  and  kw).  As  a  consequence,  a  small  spread  in  the  energy  of 
the  beam  will  imply  a  narrow  radial  profile. 


IV.  THE  MAXWELL-POISSON  EQUATIONS 
The  staning  point  for  the  development  in  this  section  is  the  Maxwell-Poisson  equations 
1  *  r<*  2  (/^l)2  .tit!  kef'll) 

rd/Tr^'^T  = -78/,,,  , 

1  d  d  ,  /2  1  ~ 

7  T/ Tr  +P"  ~  7  =  “  8lr6P'-»  ’ 

as  well  as  the  Lorentz  gauge  condition 

kMu,t  =  fs$,„  +UVIZ\BA\*)  +  V\X\&A  ft) , 
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where  pi  sat1  /c2  —  k\.  In  order  to  carry  the  analysis  further,  a  distribution  function  must  be  specified  in  order  to  evalu¬ 
ate  the  sources.  We  choose  G^{p)»N  (p)b[p  — p(r)],  where  p(r)  is  the  mapping  between  the  energy  and  the  radius  of  the 
steady-state  trajectory 

p(r)=-mc(l+A.2),/J[yA)±2y/9«rA--2U+A.I)/1(A.)J  ,  (32) 

S(p)  is  an  arbitrary  function  of  p  which  is  chosen  such  that  N(p(r))  models  the  density  profile,  and 
o\{r)iabire1n(ytf{p(r))/m  is  the  local  plasma  frequency.  As  a  consequence,  by  retaining  only  the  dominant  coupling 
terms,  we  find 

&/  ij; 1 = ( A  'S<4/t*  +r/^i>,iiSjiTi.j.±i  +  F'/Tl,±2&<<i^j.+iJ  (33) 

4^7 


bpitM  +  Wi  +  |#JI  _  I &A  /  X  I9jl  - 1  +  _  itit  +  tZ.\.n  + 1  >  » 


Af± ) 


«*('•)  ,  f,  /2 

- 7-  u-k.u,,  1  +  -—T 


2kjr2  *>*^2 


+  P/±i,» 


<u^(r)  a2-c2k2 _ fc.^iun 

yc2  U||*n  y2(l+A.2)(a»— fc,+/ii||) 


j  l+k'Qlk)T^ir  * 


- --S - - 

.  2yc2  Pn  c*.  y2(l4-A.2)(n»— lca+/ti||)2  [ 

«iiJ(r)/»„  <ok^,c  [.  _«-(! 


fc.+/"||  j 

(l-X2)*;- kH+lv\{ 


w  _  <u*(r)  P"  vK+tc  i  rtfl  '<i,-(1+A-*)*»+<t)H 

/±M*l  =  _  rc1  P,|  yM+X^-W,,)2  l1  CU) 

ir  —  _ X2<u2 _  ,  2(a>— fc,.)./U||)— X2X,^./U|| 

/*i,«4i  2yc 2  y2(l+X2)(6j— X«+,U||)2  u> 

In  Eqs.  (35)— (39)  (y,v^pjw)  are  implicit  functions  of  r  and 

_ rVi|/.(X)A _ 


Q(X)s 


((l+X2)(n0±2nw/l(X)]-yfc.i>||]Z(X)-X2y*„i;|1r{X)  ’ 


which  contains  a  singularity  at  the  transition  to  orbital  instability  for  the  group  I  and  group  II  orbits.  In  the  vicinity  of 
these  points,  therefore,  we  expect  the  interaction  strength  to  be  greatly  enhanced.  Analogous  results  were  found  in  the 
idealized  one-dimensional  theory.16,20  As  a  consequence,  we  obtain  the  following  set  of  coupled  differential  equations: 

1  d  d  l  /2  ..<  +  )  .(±i  c?iti  v  xZ***  <4M 

~~~5~r~J~+PM*  1 - 2  8<4/±l,*41  =  —  /ll.n*!  — ft*  ®®0~  *7TI.,«±1“/*  ,  (41) 

r  ar  ar  r 

~r~drr~dr  —  T2  ^1+ i+-i,» -i~  Wr/_i.,i  •*.!&*  5 -i.j»+i  •  W2) 


In  order  to  solve  this  set  of  differential  equations,  we 
mus*  specify  the  boundary  conditions  appropriate  to  a 
cylindrical  waveguide  of  radius  Rt .  We  assume  the  walls 
to  be  grounded  and  at  zero  potential;  hence, 

^(,,(/?t)=5A</, ;'(/?,) 

-^r[r(&4i,:’+&?i-,)]|,.,f=°  .  (43) 

It  should  be  observed  that  Eqs.  (41)— (43)  describe  a  cou- 
phng  between  five  harmonic  components:  bSf.,,, 
b.4  and  bA  /!', -<t  +  1.  Finally,  we  also  assume  that 

the  potentials  are  continuous  within  the  waveguide  (i.e.. 


across  the  boundary  of  the  electron  beam).  The  problem, 
therefore,  has  been  specified  with  the  essential  physics  of 
the  interaction  contained  within  the  radial  dependence  of 
the  coupling  coefficients  in  (41)  and  (42).  It  is  important 
to  observe  that  with  the  above  choice  of  indices,  the  az¬ 
imuthal  mode  number  for  the  electromagnetic  waveguide 
modes  is  given  by  l±  I,  and  not  simply  by  I.  Thus,  if  we 
wish  to  study  the  TEim  or  TM)m  modes  for  the 
eigenvector,  then  we  must  set  f=Q. 

V.  THE  LIMIT  OF  A  THIN  BEAM 

A  solution  to  Eqs.  (41)— (43)  is  found  for  the  case  of  a 
thin  beam  in  which  the  density  profile  is  assumed  to  be 
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constant  (n0)  within  the  range  R0  —  AR  <r<R0.  As  a  re¬ 
sult.  in  the  limit  in  which  A R  «R0  the  beam  density  is 
given  approximately  by 

rti(r)^nQAR8(r  —  R0)  .  (44) 

It  should  be  remarked  (hat  we  have  assumed  the  unper¬ 
turbed  orbits  to  be  the  stable  steady-state  trajectories. 
These  orbits  are  axicentered  and,  for  orbits  of  either  group 
I  or  group  II,  there  is  a  unique  mapping  between  y  and  A. 
(i.e.,  the  orbit  radius)  for  given  B0,  B„,  and  A^,.  Thus,  it  is 
sufficient  to  specify  the  class  of  orbit  and  Rq{yq)  in  order 
to  obtain  y^R0).  In  addition,  a  spread  in  radius  A£  of 
the  beam  is  equivalent  to  an  energy  spread  Ay  given  by 

_ Z°tJ _ M  (45) 

To  (l+Afl)Q(Ag)  Ro 

where  X^sIc^Rq.  Observe  that  within  the  context  of  bur 
analysis,  a  thin  beam  is  equivalent  to  a  relatively  small  en¬ 
ergy  spread. 

The  solutions  are  of  the  form 
5 ='4u-Wp*',>.  ^At.V=A,%Jm(pmr)  •  (46) 

for0^r</?0,  and 


8 <l>i.„=BinJ,(p„r)+CitmN,{p„r)  , 

(47) 

&aI.h  ,=£/^-f/*i(p*f}+QvV/*i(p»r) 

for  r  >  R0.  In  (46)  and  (47)  J,(x)  and  ,V,(jc)  are  the  regu¬ 
lar  Bessel  functions  of  the  first  and  second  kind  of  order  /. 
Observe  that  each  field  quantity  (i.e.,  +  _ i. 

SA/Z i.a  +  i,  and  +  )  requires  three  coef¬ 

ficients  to  characterize  the  solution  throughout  the 
waveguide.  Two  of  these  coefficients  may  be  determined 
from  the  boundary  conditions  at  r  =R0,  and  Rg.  The 
third  coefficient  is  found  by  multiplying  the  field  equa¬ 
tions  by  r  and  integrating  over  R0—  €<r  <R0+t  in  the 
limit  <— »0+.  This  procedure  determines  the  “jump  condi¬ 
tion”  across  the  thin  beam,  and  allows  us  to  obtain  a  5x5 
matrix  equation  in,  for  example,  the  coefficients  Atn, 
— i*  'J/— i.a+u  i>  and  1,,, .» j.  Observe 

that  the  coupling  to  the  field  components  in  8Aj£i[„zi 
occurs  not  through  the  source  terms  in  the  field  equations 
but  rather  through  the  boundary  condition  at  the 
waveguide  wall. 

The  matrix  equation  obtained  in  this  manner  can  be 
written  as 


fR0ARTc 


-fRoARtV,^.,  -jRoAJtr,-,.**, 


J  +  t 

<f  +  l.a-l 


jRo^Rfu 


~R0^y,-un+i  4;.’,-.  =0. 


«/-!,*  + 1 


Mt-I.d-H 


where  the  equations  for  AjZl,„  +  t  and  have  al¬ 

ready  been  eliminated. 


where  =pnR0,  sp„Rf,  and  Jj  is  the  derivative  of  the 
Bessel  function.  In  (52)  and  (53), 


e,,*=Dln-jR0ARX,,H  , 


+  —RqAJH  A/f  + A  +  l ) 


where  ^i±i,K*u  ^  denote 

those  quantities  specified  in  Eqs.  (35)— (39)  in  which  the 
substitution  ci>l(r)  =  4>rre1rt0/m  has  been  made.  In  addi¬ 
tion, 

n _ Wim) _ 

„(±i  ,,,, 

,c(f+2)  ' 


W/?|,g  f|  ; 


r  £,siv,(sV~;*!(j,) 

“am 

-Wm)-£r-W$m)JMm))  >  (54) 

r'£m  +  fR0ARA  )<i21 ,  (55) 


-Jit Mm)  WSm)-4 -[Nk($m)Jk($m)] 

•  (56) 

“3"l 

The  dispersion  equation  is  found  by  setting  the  deter¬ 
minant  of  this  interaction  matrix  to  zero. 

Substantial  simplification  occurs  in  the  limit  in  which 
I  a~ ^» +/*>!!  I  <«»,  |  k,+/t>||  |  and  we  obtain 
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a>\  c  co2~c2kl 


CO 


y<jc2  ck , 


_d> 

,2  V  ’ 


Pi*-..-— *1 


1  Vw  — 

Hr*w'- 


(37) 


m 


t+Uei28- 


Um  01b  c 


®ll  ran1  U||  y&l +*£)(«-*,,  +/*»,!  )2 


<1>, 


-  I  o„  - 

2"/,*  — c  » 


(59) 


(60) 


(38)  and 


<w‘ 


2yoC2  yod+A4)(«-*,,+iU||)J 


1  .  I* 

2  2 
a+  a  _ 

2 kUiRo 

«±a2-fc»W“||  + 

(61) 


where  <Ps  1  +  \qQ{\q).  Observe  that  for  all  cases  of  practical  interest  u»  «c  and  f  P(£,iJI?1  [  «  |  WltX  K*x  [ .  As  a 
consequence,  the  terms  in  Fi£|  jt*t  can  be  ignored.  This  is  equivalent  to  the  neglect  of  any  direct  coupling  between  the 
electromagnetic  modes  8At±Lt*t-  In  addition,  we  shall  neglect  the  coupling  to  the  &Aiii,a±i  modes,  so  that 


(  +  1  .  IT  „  ..Tin 

- - - 1-  y/(oA/<  A 


r/M  \W/1 

a»( 5,¥iH  /±t.*ai 

Within  the  context  of  this  approximation,  the  dispersion  equation  is  of  the  form 


i+a^  2yoc2 


jA0AJl 


CO 


T*4« 


1 

,  1 

«t+l.«-l 

4-l.JI  +  l 

(62) 


(63) 


Finally,  if  the  solution  is  restricted  to  the  first  quadrant  in  {o>,kH)  space,  then  |  |  »  |  e\X\.n I  and  (63)  can  be 

approximated  by 


!+>  *0  A  *»b 


1  +  Ao  lygc2 


-Ra&R 


a 


rlia~kn^,u^)2 


xu . 


(64) 


The  complete  dispersion  equation  (48)  has  been  solved 
numerically  for  y =3.5,  (ob/yi/2cku—0.l,  ClK/yckw 
=0.03,  <1R/.R0=0.1,  kmRg  =  1.5,  and  a  wide  range  of  axi¬ 
al  guide  fields  for  both  the  TEt|  and  TMm  waveguide 
modes.  It  should  be  remarked  before  we  proceed  further 
with  a  description  of  the  numerical  analysis  that  each  of 
the  off-diagonal  elements  of  the  dispersion  tensor  in  Eq. 
(48)  is  directly  proportional  to  <P  and,  hence,  the  coupling 
coefficient  also  depends  upon  this  function.  The  variation 
of  <t>  with  the  axial  guide  field,  therefore,  provides  valu¬ 
able  insight  into  the  effect  of  B0  on  the  radiation  growth 
rate.  To  this  end,  we  plot  <P  versus  Cl^/yckw  in  Fig.  3,  in 
which  the  distinction  between  the  value  of  the  function 
for  group  I  and  group  II  orbits  is  clearly  made.  As  dis¬ 
cussed  in  Sec.  II,  <t>  is  characterized  by  singularities  for 
both  groups  of  orbits  at  the  transitions  to  orbital  instabili¬ 
ty  (13),  which  occur  at  Cla/yckwsi0J5  (group  I  orbits) 
and  Clc/yckw^0.62  (group  II  orbits)  for  the  parameters 
considered.  While  the  growth  rates  at  these  points  are 
also  singular,  it  should  be  recognized  that  the  linear 
theory  itself  breaks  down  in  the  vicinity  of  the  singulari¬ 
ties  and  a  fully  nonlinear  treatment  is  required.  The 
difference  between  <h  in  the  present  three-dimensional 
theory  and  the  one-dimensional  analog20  lies,  principally, 
in  the  fact  that  no  orbital  instability  (hence,  no  singulari- 


I - 

ty)  occurs  for  the  group  II  orbits  in  one  dimension.  In  ad¬ 
dition,  vanishes  at  Clo/yckw=s\. 25  (group  II  orbits)  and 
the  growth  rate  may  be  expected  to  vanish  at  this  point  as 
well. 

The  growth  rate  Imk,  /ku  is  plotted  versus  to/ckw  in 
Fig.  4  for  the  TEt ,  mode  and  il^/yckw  =0.0  and  0.5.  The 
waveguide  cutoff  occurs  at  a>/cJk»=rl.23  and  the  two 
peaks  shown  for  each  value  of  the  axial  guide  field  corre¬ 
spond  to  the  upper  and  lower  intersections  between  the 
space-charge  wave  and  the  waveguide  mode  This  figure 
represents  the  cases  corresponding  to  group  I  orbits,  and 
we  observe  that  the  unstable  spectrum  is  quite  narrow  but 
tends  to  broaden  slightly  with  increasing  B0  correspond¬ 
ing  to  decreases  in  t»u  as  the  transition  to  orbital  instability 
is  approached.  In  addition,  the  resonant  frequency  de¬ 
creases  relatively  fast  with  increasing  B0  for  the  upper  in¬ 
tersection,  but  is  not  very  sensitive  to  the  value  of  the 
guide  field  for  the  lower  intersection.  Finally,  we  observe 
that  the  two  peaks  are  well  separated  and  that  the  growth 
rate  corresponding  to  the  upper  intersection  is  the  larger 
of  the  two.  The  peak  growth  rates  and  corresponding  fre¬ 
quency  at  peak  growth  are  plotted  in  Fig.  3  versus 
in  which  the  singularity  at  Vl^/yckw  z-0.15  is 
evident  and  that  the  growth  rate  for  the  upper  intersection 
exceeds  that  of  the  lower  intersection  over  the  entire  range 
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FIG.  3.  Graph  of  1  +A.2g(A.)  vs  the  axial  guide  field  for. 
both  group  I  and  group  n  steady-state  trajectories. 


TEjs  MODE 


FIG.  4.  Plot  of  the  growth  rate  Imfc,  /kw  vs  frequency  for  the 


TEii  mode  and  group  I  orbits  at  do/yckw  *0.0  and  0.3. 


TE11  MODE 


U  M  0.1  01 

GROUP  I  ORBITS 


QJyck^ 

FIG.  3.  Plots  of  the  maximum  growth  rate  and  correspond¬ 
ing  frequency  for  the  TEn  mode  as  a  function  of  the  guide  field  . 
for  group  I  orbits.  Both  the  upper  and  lower  intersections  are 
shown. ' 


of  group  I  orbits.  It  is  also  clear  that  while  the  frequency 
at  the  upper  intersection  decreases  with  decreasing  U||,  the 
frequency  at  the  lower  intersections  increases.  As  a  result, 
the  interactions  tend  to  coalesce  with  decreasing  U|| ;  how¬ 
ever,  the  cutoff  of  the  TEn  mode  for  the  parameters  con¬ 
sidered  is  sufficiently  low  that  coalescence  does  not  occur 
for  the  group  I  orbits  and  the  two  lines  remain  well 
separated. 

The  growth  rate  for  group  II  orbits  is  plotted  versus  fre¬ 
quency  for  Slo/yekw  =  l.O  and  1.5  in  Fig.  6  for  the  TEt, 
mode.  It  is  again  clear  that  two  peaks  are  found  which 
correspond  to  the  upper  and  lower  intersections.  Howev¬ 
er,  in  the  case  of  n<>/yk»ca*1.0  the  axial  velocity 
(U||/cc=0.37)  is  sufficiently  low  that  the  two  peaks  are  not 
well  separated  and  overlap.  This  results  in  a  substantially 
broadened  spectrum  of  unstable  waves.  As  the  guide  field 
is  increased  the  axial  velocity  also  increases  and  the 
separation  between  the  peaks  becomes  more  distinct.  This 
is  illustrated  for  ft0/ycfc1,*1.5  (U|t~0.95)  in  which  the 
two  peaks  are  seen  to  be  well  separated.  The  peak  growth 
rates  and  frequencies  corresponding  to  the  group  II  orbits 
are  shown  in  Ftg.  7  versus  flo /yck».  As  in  the  case  of 
group  I  orbits,  the  growth  rates  for  the  upper  intersection 
everywhere  exceed  those  of  the  lower  intersection.  In  ad¬ 
dition,  it  is  dear  that  the  growth  rates  vanish  for 
n<)/yckwatl.25  corresponding  to  the  zero  of  <J>.  Finally, 
it  is  seen  that  as  Cl^/yckv  decreases  below  unity  the 
coalescence  continues  rapidly  and  the  resonance  is  lost  for 
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FIG.  6.  Plot  of  the  growth  rate  vs  frequency  for  the  TE|, 
mode  and  group  II  orbits  at  (lo/yck,.  =  1 .0  and  1.3. 


nc/ye*„<0.89  by  which  point  the  double  peak  in  the  un¬ 
stable  spectrum  has  merged  to  form  a  single  line.  As  a  re¬ 
sult,  the  interaction  is  lost  at  a  value  of  the  axial  guide 
field  greater  than  that  corresponding  to  the  singularity  in 
<t>  at  Clo/yekmss0.62  and  no  difficulties  arising  from  the 
singularity  occur. 

One  characteristic  of  the  resonant  nature  of  the  interac¬ 
tion  which  must  be  emphasized  is  that  the  /th  Doppler  up¬ 
shift  describes  interactions  for  all  radial  eigenmodes  TE,m 
and  TM/j,  (ms  1,2,3,... ).  This  constitutes  a  selection 
rule24  which  stems  from  the  azimuthal  variation  of  the 
steady-state  orbits;  specifically,  that  9=kmz  and  the  phase 
of  the  waveguide  modes  varies  as 

txpUknz  +ild— iat ) — exp< iknz  —at) . 

The  behavior  of  the  growth  spectrum  for  the  TMtl 
mode  as  a  function  of  the  axial  guide  field  is  qualitatively 
similar  to  that  shown  for  the  TEn  mode.  However,  the 
TM|i  mode  is  characterized  by  a  higher  cutoff  frequency 
(at  a>/cfc„ac2.25  for  the  parameters  chosen);  therefore,  the 
upper  (lower)  intersection  frequency  is  lower  (higher)  for 
the  TMn  mode  than  for  the  TEn  at  a  given  axial  velocity. 
The  maximum  growth  me  and  corresponding  frequency 
of  the  TM1(  modes  are  plotted  versus  Cl^/yck^  in  Figs.  8 
and  9  for  the  group  I  and  group  II  orbits,  respectively. 
The  growth  rates  are  found  to  be  comparable  to  those 
found  for  the  TE(I  mode.  It  is  evident,  however,  that  the 
upper  and  lower  intersections  coalesce  for  the  TMn  before 
the  singularity  in  <i>  occurs  on  both  the  group  I  and  group 
II  orbits.  Such  coalescence  was  found  only  on  the  group 
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FIG.  7.  Plots  of  the  maximum  growth  rate  and  correspond¬ 
ing  frequency  for  the  TEtl  mode  as  a  function  of  the  guide  field 
for  group  II  orbits. 
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FIG.  S.  Graph  of  the  maximum  growth  rate  and  correspond¬ 
ing  frequency  for  the  TMn  mode  vs  axial  guide  field  for  group  I 
orbits. 
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FIG.  9.  Graph  of  the  maximum  growth  rate  and  correspond* 
ing  frequency  for  the  TMn  mode  vs  axial  guide  field  for  group 
U  orbits. 


II  orbits  for  the  TEU  mode  due  to  the  lower  value  of  the 
cutoff  frequency. 

VL  SUMMARY  AND  DISCUSSION 

In  this  paper  we  have  developed  a  collective  theory  of 
the  free-electron  laser  which  includes  the  effects  of  finite 
waveguide  geometry  and  transverse  gradients  in  the 
wiggler  field.  To  this  end,  a  Vlasov-Max  well  formulation 
has  been  employed  which  is  equivalent  to  a  perturbation 
expansion  of  the  single-particle  orbits  to  first  order  in  the 
radiation  and  space-charge  fields.  The  single-particle  or¬ 
bits  are  assumed  to  be  helical,  steady-state  trajectories.24,27 
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The  principal  difference  between  the  orbits  in  the  ideal 
(one-dimensional)  and  realizable  (three-dimensional) 
wigglers  is  that  in  three  dimensions  unstable  trajectories 
are  found  for  both  group  I  (flo<y^l,U||)  and  group  II 
(n0>ylcvU||)  orbits,  while  in  one  dimension  only  the 
group  I  trajectories  can  become  unstable.  Because  of  this 
feature,  singularities  are  found  in  the  linear  growth  rates 
for  both  types  of  trajectory  in  the  realizable  wiggler, 
which  contrasts  with  the  one-dimensional  theory  in  which 
such  a  singularity  occurs  only  for  the  group  I  class  of  or¬ 
bit. 

An  additional  feature  of  the  three-dimensional  theory 
arises  from  the  fact  that  for  given  Bm,  B0t  L,,  and  y  at 
most  one  stable,  steady-state  orbit  of  each  type  exists. 
Thus  for  a  specific  guide  and  wiggler-fieid  combination 
there  is  a  unique  mapping  between  y  and  the  orbit  radius 
which  implies  that  a  nearly  monoenergetic  beam  will  be 
characterized  by  a  small  spread  in  the  radii  of  the  orbits 
described  by  the  constituent  electrons.  As  a  result,  we 
have  solved  the  coupled  Maxwell-Poisson  equations  in  a 
“thin-beam"  limit,  and  obtained  the  growth  rates  for  the 
TE||  and  TMn  modes.  Wave  amplification  is  found,  in 
general,  at  both  the  upper  and  lower  intersections  of  the 
waveguide  and  space-charge  modes,  although  for  suffi¬ 
ciently  low  axial  velocities  these  two  unstable  regions  of 
the  spectrum  are  found  to  coalesce  just  prior  to  the  point 
at  which  the  intersections  are  lost. 

It  should  also  bq  reiterated  that  amplification  of  the 
TE h,  or  TMfc,  modes  (m*»  1,2,3, . . . )  occurs  only  for  the 
resonance  corresponding  to  the  /th  Doppler  upshift.  This 
constitutes  a  selection  rule,  and  occurs  because  the  azimu¬ 
thal  variation  of  the  steady-state  orbits  varies  as  8^kwz 
and  the  phase  of  the  waveguide  modes  vary  as 
exp («fc»x  Jril9—io>t).  It  is  important  to  recognize,  howev¬ 
er,  that  not  all  beam  electrons  in  an  experimental  device 
can  be  expected  to  execute  the  steady-state  trajectories 
and,  as  a  consequence,  other  waveguide  modes  (i.e.,  TMom 
or  TEqm  1  may  be  excited  as  well. 
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I  PREVIOUS  PAGE 
IS  BLANK 

RAPID  ELECTRON  BEAM  ACCELERATORS  “  ~~ 

(REBA-TRONS) 

I.  Introduction 

Ultra-high  current  accelerators  are  rapidly  becoming  an  active  area 
1  2 

of  research.  *  The  development  of  these  devices  is  mainly  motivated  by 

I  A  / 

a  variety  of  potential  applications1 ’  that  are  extended  over  several 
areas,  including  environment,  food  processing,  radiation  sources,  x-ray 
radiography  and  national  defense. 

Among  the  various  accelerating  schemes  that  have  the  potential  to 

1  2 

produce  ultra-high  power  electron  beams,  induction  accelerators  ‘ 
appear  to  be  the  most  promising.  Induction  accelerators  are  inherently 
low  impedance  devices  and  thus  are  ideally  suited  to  drive  high  current 
beams.  The  acceleration  process  is  based  on  the  inductive  electric 

field  produced  by  a  time  varying  magnetic  field. 

•  5—13 

Quite  naturally,  induction  accelerators  are  divided  into  linear 

14-19 

and  cyclic  devices.  In  linear  devices  the  accelerating  field  is 

localized  in  the  gap,  while  in  their  cyclic  counterparts  the  electric 

field  is  continuous  along  the  orbit  of  the  accelerated  particles.  Both 

cyclic  and  linear  devices  require  the  same  total  magnetic  flux  change  to 

achieve  a  given  energy  increment.  However,  in  linear  accelerators  the 

total  change  of  flux  occurs  in  one  transit  time,  typically  in  less  than 

100  nsec,  while  in  cyclic  accelerators  the  same  change  occurs  over 

several  thousand  revolutions  in  a  typical  time  of  one  msec. 

As  a  consequence  of  the  slow  acceleration,  the  accelerated  beam 

must  be  confined  by  the  focusing  magnetic  field  over  long  periods  of 

time  and  thus  field  errors,  instabilities  and  radiation  losses  impose 

limitations  on  the  cyclic  accelerators.  These  limitations  can  be 

substantially  relaxed  if  the  acceleration  could  occur  rapidly  as  in 
Manuscript  approved  February  7,  198S. 
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linear  accelerators.  Therefore,  a  device  that  combines  the  rapid 
acceleration  of  linear  accelerators  and  the  compact  size  of  cyclic 

accelerators  is  highly  desirable.  In  this  paper,  we  propose  such  a 
hybrid  scheme  that  combines  most  of  the  advantages  of  linear  and  cyclic 
accelerators.  This  device  has  been  named  REBA-TRON  (Rapid  Electron  Beam 
Accelerator).  The  rebatron  is  similar  to  the  racetrack  induction 
accelerator. 

A  rebatron  is  shown  schematically  in  Fig.  1.  The  high  gradient 

localized  field  that  is  responsible  for  the  rapid  acceleration  is 

produced  by  convoluted  parallel  transmission  lines,  although,  other 

transmission  lines  may  be  more  appropriate  In  an  actual  system.  Since 

the  acceleration  occurs  over  a  few  usee,  the  constraints  imposed  on  the 

vertical  field  are  very  stringent.  In  an  actual  device  the  vertical 

field  is  generated  by  two  coaxial,  cylindrical  plates  that  carry  current' 

in  the  opposite  direction.  The  axes  of  these  lines  coincide  with  the 

major  axis  of  the  toroidal  vessel  and  they  are  located  symmetrically 

around  the  minor  axis  of  the  torus.  These  transmission  lines  change 

mainly  the  local,  vertical  magnetic  field,  while  the  magnetic  flux 

through  the  beam  orbit  remains  approximately  constant.  The  mismatch 

between  the  beam  energy  and  the  vertical  field  is  alleviated  by  a  strong 

focusing  field.  This  field  is  generated  by  a  set  of  ■  2  torsatron 

windings,  i.e.,  two  twisted  wires  that  carry  current  in  the  same 

direction.  In  addition  to  the  transverse  components  of  the  field,  the 

torsatron  windings  provide  a  zero  order  toroidal  magnetic  field.  The 

purpose  of  the  resistive  chamber  wall  is  to  facilitate  the  beam 
21 

trapping  in  the  applied  magnetic  field.  Beam  capture  in  the  reba- 


trons  is  very  difficult,  because  the  strong  focusiftg  field  makes  the 
particle  orbit  insensitive  to  the  energy  mismatch  and  thus  small  changes 


in  Che  becacron  (vertical)  magnetic  field  are  noc  sufficient  to  move  Che 
beam  from  the  injection  position  near  che  wall  to  the  minor  axis  of  the 
torus . 

The  superior  confining  properties  of  twisted  quadruple  fields  have 

22  l  o 

been  recognized  for  several  years.  Recently,  it  has  been  reported 

Chat  the  1*2  Stellarator  configuration  has  an  energy  bandwidth  of 

-50%. 

In  this  report,  we  are  presenting  results  from  our  studies  of  the 
beam  dynamics  in  a  rebatron  accelerator  when  the  magnetic  fields  are  noc 
a  function  of  time.  In  addition,  the  local  vertical  magnetic  field  has 
been  replaced  by  a  betatron  magnetic  field.  Our  results  indicate  that 
both  the  bandwidth  and  the  maximum  electron  current  chat  can  be  confined 
by  a  rebatron  are  very  high.  Results  with  the  local,  fast  varying 
vertical  field  will  be  reported  in  a  forthcoming  publication. 


II.  The  Applied  Fields 
a.  Magnetic  Fields 

In  the  local  cyclindrical  coordinate  system  eQ ,  e^,  es  shown  in 
Fig.  2,  the  magnetic  field  components  of  the  1*2  torsatron  are  given 
by 


3 


v. 
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B  ^  A^  mx  I  (mx)  sin(2m  (4  -  as)"1  , 
o  _  ,  m  o  2m 
m«i 


,<o) 


B  ^  2m  —  I  (mx)  cos(2m(4  -  as)^  , 

°  n-i  ■  x  2“ 


*  B  (  1  -  ^  A^°^  mx  I  (mx)  cos  r 2m  (4  -  <ts)^  , 

so  ,  m  o  2m 

m- 1 


and 


25 


.  1  _£  «  r  r 


B«  ■  t  -r'o'  '  Ai“l  ij.  ' 

o  m-1 


+  r.(mx)  +  2m  (2m±l)  +  1^1  (mx)l  sin  ((2m  +  1)  4  -  2mcts 

2m 


B«  •  f  r  8o r ,  <2"  *  ■>  '  4°  t  h*i  (“) 

o  m*  l 


-  A^°^rmx  I  (mx)  +  (1  ±  2m)I  (mx)Hcosr(2m  ±  1)4  -  2mras1 
m  2m  m? 


,(1)  .  1  °o 


«\  W  _  _  i  <J  _  r  r  .(1)  _  ,  » 

Bs±  4  ~  Bo  ,  A  I2m+1  (mx) 

O  IB*  1  ” 


-  A^°^raxrmx  I_  (mx)  +  (l  +  2m)I„  (mx)^cos((2m  +  l)4-2mas1 
m  2m  2m  “ 


The  coefficients  A^0^  ,  A^^  and  are  given  by  the  expressions 


■  K* 


i| 


(mx  )  C  , 


(4b) 


*iU-  '(■“o’*  K2.  '“o’  •  Sttl  '“o’ 


+  (1  ±  4m)  mxQ  K2n±1  («0)1  Cm  , 


2  sin  2m^ 
210'S 


(4c) 


The  remaining  parameters  are  defined  as  follows: 


8*1 

cL 


(5) 


xo  "  2aoo  ’ 


(6a) 


x  »  2ao  , 


(6b) 


(7) 


where  I  is  Che  current  flowing  in  the  windings,  2Soq  is  the  width  of  the 

current  carrying  conductor,  oq  is  the  radius  and  L  is  the  period  of  the 

windings,  rQ  is  Che  major  radius  of  the  torus,  Bg  is  the  external 

toroidal  magnetic  field  and  I  (x)  ,  K  (x)  ,  I  (x)  and  K  (x)  are 

n  n  n  n 

the  Bessel  functions  and  their  derivatives.  In  a  toroidal  device,  Che 
period  should  satisfy  the  relation 


2tTo 

L 


N  , 


(8) 


where  N  is  an  integer.  The  zero  order  fields  B^0^  ,  B^0^  and  B^°^  are 

0  <5  S 

the  field  components  produced  by  Che  helical  windings  in  a  straight 
(cylindrical)  configuration  ’  and  the  terms  proportional  to  oQ/*Q  are 
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Che  first  order  toroidal  corrections.  These  corrections,  as  given  in 
Eqs.  (3),  have  been  obtained  for  the  surface  current  density 


0,  J, 


2*o 


-)  r- 


<x  n 


1  +  (o  /r  )  cos 
0  o 


•1  and  J 


2*o 


The  three  magnetic  field  components  for  s  -  0  are  plotted  in  Figs. 
3a  and  3b  for  $  ■  0  and  -i  *  w/2  respectively.  The  various  parameters 
for  these  plots  are  listed  in  Table  I.  At  *>  »  0,  the  radial  component 
of  the  field  is  zero.  The  B  component  increases  linearly  with  o  near 
the  minor  axis  and  considerably  faster  near  the  wires.  The  toroidal 
correction  at  a  «  0  is  approximately  -36  G.  In  the  results  shown  in 
Fig.  3,  in  addition  to  the  toroidal  field  produced  by  the  torsatron 

windings,  there  is  a  -  6  kG  field  produced  by  a  set  of  toroidal  coils. 

At  o  ■  0,  B  ■  B  +  B  -  -6  +  2.5»-3.5kG.  It  is  apparent  from 

3  '  S  O 

these  results  that  the  toroidal  field  B,  does  not  vary  as  1/r.  The 

reason  is  Chat  Bg  is  a  function  of  s  or  the  toroidal  angle.  Figure  3c 
gives  Che  magnetic  field  lines  in  Che  r  ,  z  and  o  ,  s  planes.  Because 
of  the  toroidal  corrections,  the  magnetic  axis  does  not  coincide  with 
the  minor  axis  of  the  torus,  which  is  located  at  r  *  100  cm.  The 

magnetic  axis  is  always  shifted  toward  Che  major  axis  of  the  torus, 
because  the  field  on  the  minor  axis  generated  by  the  axial  current 

flowing  on  che  section  of  Che  torus  to  Che  left  of  the  major  axis 

reinforces  Che  field  generated  by  the  axial  current  flowing  in  the 
outside  edge  of  Che  torus  that  is  located  to  the  right  of  the  major 
axis . 

Equations  (1)  to  (7)  are  used  to  compute  the  magnetic  field 

6 


1-14 


components  in  the  numerical  integration  of  the  orbit  equations.  It  has 
been  determined  that  the  first  two  non  zero  terms  in  the  expansion  are 
sufficient  to  describe  the  field  in  the  region  o/a  <  0.5  with  an 
accuracy  better  than  95%. 

In  the  analytical  work  described  in  Section  IV,  the  toroidal 
corrections  have  been  neglected  as  well  as  all  the  terms  with 
m  >  2.  Furthermore,  it  has  been  assumed  that  *<<1.  Under  these 
simplifications  the  torsatron  magnetic  field  becomes 

Bp  *  2B*  etI2  (x)  sin  [2(4  -  ns)],  (9) 


4B 

B  *  - —  £  I,  (x)  cos  r2U  -  ns)T  , 

<o  X  C  4 


Bg  3  BQ-2Bg  etI2(x)  cos  [2(4 


-  <ts)]  , 


where  B  e  -  B  x  K  (x  )  . 
st  oo2  o 


For  x  «  I,  Eqs.  (9),  (10)  and  (11)  become 


_ex 

B  ex 

Bo  =  ~  32  sln 


B  ex 

3  t 


B ^  3  - 2 -  cos  [2( 4-ns) ]  , 


B  *  B  . 
s  o 


In  addition  to  the  torsatron  field,  the  rebatron  accelerator 
Includes  a  betatron  or  vertical  magnetic  field  and  a  toroidal 


field,  B  ,  that  is  produced  by  a  set  of  toroidal  coils.  The  two 


components  of  Che  betatron  field  are  described  by  the  linearized 
equations 


Bz  *  Bzo  [1"n  x/ro]» 


Br  ’  -  Bzo  n*/ro’ 


(15) 


(16) 


where  Bzo  is  Che  betatron  field  at  the  reference  orbit,  i.e.,  at 
x  »  y  ■  0  and  n  is  the  external  field  index. 

The  toroidal  field  produced  by  a  set  of  toroidal  coils  is 
independent  of  toroidal  angle  and  therefore  varies  as  l/r.  This 
toroidal  field  can  be  chosen  to  have  either  Che  same  or  opposite 
polarity  to  the  torsatron  toroidal  field. 

b.  The  Electric  Field  in  the  Gap 

Consider  two  cylinders  with  their  axes  lying  along  the  same  line 

and  separated  by  a  distance  d  as  shown  in  Fig.  4a.  Since  the  cylinder 

on  the  left  is  charged  to  -  VQ  and  the  cylinder  to  the  right  is  charged 

to  +  V  Che  average  electric  field  in  the  gap  is  <E  >  ■  2  V  /d  .  The 
o  s  o 

local  electric  field  is  given  by  the  solution  of  Laplace  equation,  i.e., 
2 

^  •  »  0  .  For  |sj  >  d/2  ,  the  exact  components  of  the  electric  field 

are: 


E 


s 


sinh(X  d/2)j  (X  o)  e 
n  on 

X  aj  ( X  a) 
n  l  n 


(17) 


E 

o 


4V  •  sinh  (x  d/2)J,('  n)  e  *nlS 
o  r  _  n _ 1  n _ 

d  ,  X  aj. ( X  a) 


(18) 


Similarly,  for  s  <  d/2  ,  Che  Cwo  components  of  che  electric  field 


T2-  r  V,  -  V 


J  (X  o)e  Xnd^2cosh  (X  s) 
on  n 

aX  J. ( X  a) 
n  l  n 


J.(X  o)e_Xnd/2sinh  (X  s) 
in  n 

X  aj. ( X  a) 
n  1  n 


where  J  ( XQa)  *0,  a  is  the  radius  of  the  cylinders  and  JQ  and  are 
che  Bessel  functions. 

The  electric  field  lines  that  correspond  to  the  field  components 

given  by  Eqs.  (17)  to  (20)  are  plotted  in  Fig.  4b.  These  electric 

fields  are  a  good  representation  of  the  fields  produced  inside  the  torus 

by  a  transmission  line,  since  in  this  region  the  inductive  magnetic 

2 

field  is  zero  and  therefore  the  potential  is  described  by  7  t  m  0  . 


III.  Numerical  Results 


To  investigate  Che  confining  properties  of  the  torsatron  magnetic 
field,  we  have  integrated  che  relativistic  equations  of  motion  using 
Eqs.  (1)  to  (7)  for  the  torsatron  magnetic  field  and  Eqs.  (15)  and  (16) 
for  che  betatron  field.  The  accelerating  gap  is  2  cm  wide  and  as  shown 
in  Fig.  5,  the  electric  field  is  limited  to  a  0.60  radian  wide  toroidal 
sector.  For  reasons  chat  are  discussed  later  on,  the  self  fields  have 
been  omitted  in  these  runs. 

In  the  first  run,  the  current  in  the  torsatron  windings  is  chosen 


co  be  zero.  Figure  6a  shows  Che  normalized  parcicle  energy  (y)  as  a 
funccion  of  cime  and  Fig.  6b  Che  projeccion  of  Che  parcicle  orbic  in  Che 
cransverse  plane.  The  various  paramecers  for  chis  run  are  lisced  in 
Table  II.  Since  e£  is  zero,  che  magnetic  field  conf iguraeion  is  chac  of 
Che  modified  becacron.  As  a  consequence  of  Che  curvacure  drifc,  Che 
gyrating  particle  drifts  out  of  che  system  in  about  26  nsec,  i.e.,  in 
about  a  revolution  around  che  major  axis.  As  expecced,  che  guiding 
center  of  che  parcicle  moves  mainly  in  Che  vertical  direcdon,  while  Che 
parcicle  gyrates  around  ics  guiding  center  with  a  frequency 
corresponding  co  the  local  toroidal  field. 

Figures  7a  and  7b  show  che  normalized  energy  of  the  particle  and 
its  orbic  when  approximately  -124.7  kA  of  current  flows  through  che 
Corsacron  windings.  The  rest  of  che  paramecers  for  chis  run  are  lisced 
in  Table  III.  The  particle  remains  confined  for  eight  revolutions. 
Figures  8a  and  8b  show  similar  results  when  the  current  in  the  windings 
is  increased  to  approximately  -250  kA.  The  corresponding  torsatron 
field  strength  factor  ec  is  -0.8.  The  remainder  of  che  paramecers  are 
listed  in  Table  IV.  In  all  three  runs  Che  betatron  magnetic  field  was 
held  constant  at  118  G.  These  results  clearly  demonstrate  chat  che 
confining  properties  of  the  system  are  substantially  improved  by  the 
addition  of  che  torsatron  field.  The  particle  strikes  Che  chamber  wall 
when  its  gamma  approaches  approximately  65.  The  cocal  time  che  particle 
remains  in  che  system  is  abouc  320  nsec,  i.e.,  more  Chan  an  order  of 
magnitude  longer  than  when  che  torsatron  field  is  absenc. 

Further  improvement  in  the  particle  confinement  is  observed  when 
Che  period  of  che  windings  is  reduced  or  che  current  in  the  windings 
increased.  An  additional  modest  improvement  in  che  confinement  of  che 

10 
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I 

system  is  observed  when  the  betatron  field  is  increased  above  its 
matching  value.  This  is  shown  in  Fig.  9.  The  betatron  field  for  this 
run  is  236  G  and  the  remainder  of  the  parameters  are  identical  to  chose 
in  Fig.  8.  The  confinement  time  increased  by  20  nsec,  i.e.,  from  320  to 
340  nsec.  However,  when  the  betatron  field  increased  to  472  G  the 
confinement  time  was  reduced  to  290  nsec. 

IV.  Theoretical  Model 

To  gain  a  better  understanding  of  Che  focusing  properties  of  the 
torsatron  fields,  we  have  developed  a  theoretical  model  that  is  based  on 
linear  external  fields.  Obviously,  these  fields  are  appropriate  only 
near  the  minor  axis  of  the  torus,  i.e.,  when  2no  <<  1. 

The  components  of  the  torsatron  field  in  the  coordinate  system 

er’  e‘>’  ez  3hown  ln  F1**  2  are 

B  .  -  B  cos*  -  B,  sin*  -  BeXe  o  rzcos2ar  *  +  (r-r  )  sin  2or  a’,  (21) 

rt  o  *  st  o  o  o 

i 

B  -  B  sin*  +  b  cos*  -  B  e.o  r(r-r  )cos2ar  -  z  sin2ir  (22) 

Z  C  0  i  st  o  o  o 


B 


9t 


(23) 


where  -  r  a  *  s  . 
o 

In  addition,  the  betatron  magnetic  field  is  given  by 


zb 


B  r 
zo 


l  - 


n(r-r  ) 
o 


(24) 
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and 


B  ,  a  -  nB  z/r  , 
rb  zo  o’ 


where  n  is  Che  external  field  index.  The  total  field  components  are 


Br  *  Brt  +  Brb* 


B  *  B  _  +  B  .  , 
z  zt  zb* 


B4-B*t-BS  * 


where  Bs-  indicates  any  additional  toroidal  field  chat  may  be  applied. 
The  accelerating  electric  field  components  are  approximated  by 


(r-r  )  ..  2  r 

E  *  - r-2—  y  rS£ - -2-1, 

r  2r  e  2 

0  % 


'z  2r 


f  me*  ro  > 

e  2  ’ 

ve 


E .  *  -  -  Y, 

*  ev^ 


where  y  •  dy/dt  ,  y  »  d^y/dt^  and  is  the  toroidal  velocity,  which  is 
assumed  constant. 

Using  Eqs.  (26)  to  (31)  for  the  fields,  the  equations  of  motion  in 
Che  laboratory  frame  become 


2  “o^w 

R  +  «!  R  +  — z - fRcosw  t-  Zsinu  c  1  -  ^  Z 

R  2  w  w 


irzl-r 


\4(c),  (32) 
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equations  (32)  and  (33)  become 


(38) 


Equations  (36)  and  (37)  have  been  solved  numerically.  After  integration 
the  orbit  is  transferred  back  to  the  laboratory  frame.  The  results  are 
shown  in  Fig.  10.  The  projection  of  the  orbit  in  the  r,z  plane  is  shown 
in  Fig.  10a,  the  particle  radial  distance  from  the  minor  axis  as  a 
function  of  time  is  shown  in  Fig.  I0b  and  y  as  a  function  of  time  in 
Fig.  10c.  The  various  parameters  for  this  run  are  identical  to  those 
listed  in  Table  IV.  The  particle  strikes  the  wall  at  about  325  nsec, 
when  its  gamma  is  approximately  68.  These  results  are  in  good  agreement 
with  those  of  Fig.  8  that  have  been  obtained  using  the  more  accurate 
expressions  for  the  torsatron  fields.  As  will  be  discussed  later,  the 
particle  was  lost  because  at  y  ■  65  it  entered  the  unstable  region  that 
extends  from  y  »  65  to  y  *  121  . 

When  y  ■  0  ,  the  homogeneous  part  of  Eq.  (38)  becomes 

*  +  (2f L  +  t\)  *  +  [f*  -  f^]  *  -  o,  (39) 

i.e.,  a  fourth  order  equation  with  constant  coefficients.  The  solutions 
of  Eq.  (39)  are  of  the  type  '0  ■  ’!>  e  ,  where  ,  is  given  by 


when 


« 


d)  u  /  2 

o  w 


The  particle  orbits  are  stable  when  <u  is  real,  i.e.,  when 


u(Y)  -  - T~^2-  ec  qgx2>  0* 


(41) 


The  two  roots  of  (40)  are  given  by 


„ex 


(  1  +  z 


c  n. 


(42) 


The  function  u(y)  is  plotted  in  Fig.  11  for  three  values  of  and 

BgeX.  In  Fig.  11a  Bgex  -  -6kG,  Bq  -  5KG  and  thus  B,  -  -(Bgex  t  BQ)  1KG 

For  this  value  of  toroidal  magnetic  field  and  for  et  -  0.4  and 
9  -1 

in  /2  ■  3x10  sec  ,  Eq.  (42)  gives  19.96  and  -8.2  for  the  two  roots  of 
w 

Eq.  (41).  Therefore,  at  y  ■  7  the  particle  orbit  should  be  unstable. 
Results  from  the  numerical  integration  of  nonlinear  orbit  equations  for 
Y  *  0  ,  and  Y  ■  7  and  using  the  same  values  for  the  rest  of  the 
parameters  as  in  Fig  11a  are  shown  in  Fig.  12.  As  expected,  the  orbit 
is  indeed  unstable  and  the  particle  is  lost  in  less  than  one  nsec. 

By  reversing  the  direction  of  the  current  in  the  torsatron  wires 
Bq  and  ec  change  sign  and  the  two  roots  of  Eq.  (41)  become  50.5  and 
78.7.  Therefore,  for  y  M  7  the  orbit  is  stable.  This  is  in  agreement 
with  the  results  from  the  numerical  integration  of  nonlinear  orbit 
equations  3hown  in  Fig.  13. 

When  y+  <1  ,  the  orbits  are  stable  for  all  values  of  y  .  For 
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5 KG  and 


_  sx  . 

B  *  6KG  ,  B  * 
s  o 


-0.4  che  two  roots  of  Eq.  (41)  are 


-50.5  and  -78.7.  For  this  case  che  orbics  were  found  stable  for  all  the 
values  of  v  considered. 


The  numerical  and  theoretical  results  are  in  excellent  agreement 

6X 

when  che  linearized  theoretical  model  is  valid.  However,  when  B  and 

s 

Bq  have  opposite  signs  and  |Bsax|  >  | B0 |  >  c^e  coroidal  field  vanishes 
at  some  radial  distance  and  the  field  lines  form  magnetic  cusps.  In 
this  case  the  linear  theory  does  not  properly  describe  the  fields  and 
the  predictions  of  che  theory  are  not  in  agreement  with  the  numerical 
results. 


When 


o  o  * 

r  2  2  ,,  4.2  /  Q  >  i  //  , 

u0  “w  /uw  '  7^  (~T  }  <<  1  ’ 


Equation  (40)  gives 


(,V2)  fl  +  («„-  Ofl/Y)(o/Y) 


(slow  mode) 


w 


w 


2  2 


w  y 


4(o,w  -  n,/Y)( o^/y) 


(fast  mode) 
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! 

J 

.1 


In  the  laboratory  frame  the  slow  mode  °.+  becomes 


+  +  2 


o  o, 

— — )(— ) 

YU  Y 

w 


The  particular  solution  of  Eq.  (38)  in  the  rotating  frame, 


for  y  *  0  and  <o.  small,  is  *  ■  R_  +  iZ 

L  p  p  p 


where 


4X  (ojw  -  r>.J Y  +  <*»0 / 2 )  uw  t 

R - 5 - -  cos<— y)  , 

0)  <0 

o  w 


^  Cuw  -  %/Y 

2 

(il  (|) 

o  w 


u  /2) 
o 


0)  t 

sin  (-— — ) 


Transforming  back  to  the  laboratory  frame  using  the  transformation 
-i  'o  t/2 

'!/  *  f  e  ,  we  find  that  the  particle  orbit  is  displaced  along  the 

horizontal  axis  by 


“o  Y 


(i  -  • 


Figure  14  shows  the  projection  of  the  particle  orbit  in  the 


tranverse  plane  for 


9  -1 


Y  ■  11,  s  ■  -0.4  B.  «  11  KG  ,  (o  -  6  x  10  sec  ,  r  »  100cm, 


Bz0  *  118  G  and  »  c.  For  these  parameters  Eq.  (43)  gives  a  slow 
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period  t+  *  2*/^  *  62  nsec.  For  the  same  parameters  the  code  gives 

t+  -  60nsec. 

In  addition,  Eq.  (46)  gives  a  displacement  Ar  ■  1.74  cm  ,  which  is 
identical  to  the  orbit  displacement  of  Fig.  14. 

Let's  now  return  to  discuss  briefly  the  results  of  Fig.  10.  For 
the  parameters  of  the  run,  Eq.  (42)  gives  y+  *  121  and  Y_  *  65  .  When 
the  y  of  the  particle  reaches  65  i.e.,  at  about  300  nsec,  it  becomes 
unstable  and  strikes  the  wall  in  one  revolution. 

In  addition,  at  t»0  the  ratio  0^/uwy  ■  6.67  and  according  to  Eq. 
(46)  the  orbit  displacement  is  negative.  As  y  increases  I^/yu  is 
reduced  and  when  °^/y <  1  the  orbit  dispacement  becomes  positive.  At 
Y  ■  46.6  ,  0  /y 'i)  ■  1  and  Ar  *  0  .  According  to  Fig.  10b  this  occurs 
at  t  •  210  nsec  ,  which  corresponds  to  y  *  47  (see  Fig.  10c). 

V.  Self  Fields 

An  accurate  self  consistent  determination  of  self  fields  of  a  high 

current  electron  ring  confined  in  a  rebatron  is  difficult,  because  the 

minor  cross  section  of  the  ring  has,  in  general,  a  complex  shape  chat 

varies  along  the  toroidal  direction. 

Since  we  are  interested  in  the  macroscopic  motion  of  the  ring  and 

therefore  on  the  self  fields  Chat  act  on  Che  ring  centroid,  we  assume 

Chat  Che  ring  has  a  circular  cross  section  and  its  particle  density  is 

uniform.  Neglecting  toroidal  corrections,  Che  fields  at  the  center  of 

the  beam,  which  is  located  at  che  distance  (r  -  r  )  and  z  from  Che 

o 

18,26 


minor  axis  are 


E 

z 


(48) 


-2*M  Vo  —  — 

a  o 


2ir  e  n  8  r 
0  0  0 


2 


and 

(r  :  go) 
r 

o 

where  nQ  is  the  particle  density,  the  beam  radius  and  a 

radius  of  the  perfectly  conducting  torus. 

When  Y  ■  0,  n  ■  V2  and  the  beam  energy  is  matched  to  the 
field,  the  equation  describing  the  beam  centroid  motion  in  the 
rotating  plane  is  given  by 


2ir  e 


n  *  r 
000 


^  A  ^  ^ 

’!>  +  f^  +  f  -  if  2<l) 


2  iu>wc/2 

X  e 


» 


where  f£  and  f^  have  been  defined  under  Eq.  (38)  and 


2  '2  ,  “w  .2  .  “w 

fi  ’  “1  '  '■—f>  *~i  T  ■ 


where 


*2 
Cli  . 


2  r 


i_  a  2 
2,3  *  ’ 


and  ■  4we  n  /m  . 


(49) 

(50) 

the  minor 

vertical 

tranverse 

(51) 

(52) 


(53) 


i.e.  the  orbits  are  always  stable  provided  inequality  (55)  is  satisfied. 

The  maximum  amount  of  space  charge  that  can  be  confined  by  a 
rebatron  can  be  determined  from  Eq.  (55).  When 


2,_  2  „  .“b  wrb.2 

uA/2r  (.K  (  )  ? 

*  O  2y3  4 


Eq.  (55)  gives 


_22 

%  4 


For  a  ■  10  cm,  10  KG,  y  •  7,  Eq.  (60)  gives  v  ■  3,000  or  I  •  50  MA. 


When  the  -current  of  the  beam  is  large,  at.  «0.  However,  as 

*2  2  2 
y  increases  at(  approaches  it  asymptotic  value  \j^/2tq  .  Similarly,  the 

-2 

two  roots  ml+  approach  their  asymptotic  value  given  by  Eq.  (59). 


,  q 

Figure  15  shows  the  stability  diagram  at  t  *  0,  when  — ■  - 


-f '  <  0 


and  to  <0. 
o 


For  this  case  the  stability  condition 


'it  '0 

l3  .  r(_l  _  -2)i  + 

13  2  y  T 


'Vw  *2  ^ 

—  >  “i  >  “77  * 

4y 


2  2  *2 

During  acceleration  y  increases  and  therefore  both  -nfl/4y  and  ut(  move 

to  the  right  of  the  diagram.  Therefore,  it  may  be  argued  that 

»2  2  2 
before  at*  crosses  the  vertical  axis,  My  catches  up  with  it  and  the 

'2 

ring  becomes  unstable.  A  similar  situation  would  occurs  when  u»  becomes 


equal  to  +  .  However,  we  have  shown  that  when  the  system  is  stable  at 
t  *  0  it  will  remain  stable  for  any  y  that  exceeds  the  initial  y  . 


VI.  Conclusions 


We  have  carried  out  an  extensive  numerical  and  analytical 
investigation  of  the  beam  dynamics  in  a  rebatron  accelerator.  Although 
the  analytical  work  is  based  on  simple,  linear  approximations  for  the 
various  fields,  the  two  approaches  give  very  similar  results  when  these 
approximations  are  valid. 

Our  studies  indicate  that  when  self  field  effects  can  be  ignored, 
Che  particle  normalized  energy  can  be  increased  from  y  ■  7  to  y  *  70,  at 
constant  betatron  field,  before  confinement  is  lost.  This  implies  that 
Che  device  has  a  bandwidth  that  approaches  1000%.  This  bandwidth  can  be 
further  increased  by  increasing  the  current  in  the  torsatron  wires. 

Even  in  the  absence  of  the  space  charge ,  there  is  a  range  of 
parameters  [see  Eq.  (42)]  for  which  the  rebatron  is  unstable.  However, 
this  orbit  instability  can  be  easily  avoided  by  a  judicious  choice  of 
the  various  parameters. 

As  far  as  orbit  stability  is  concerned,  the  maximum  electron  beam 
current  that  can  be  confined  in  a  rebatron  accelerator  is  given  by  Eq. 
(60)  and  is  impressively  high.  Therefore,  it  is  expected  that  the 
limiting  beam  current  in  a  rebatron  would  be  determined  from  collective 
instabilities  and  not  from  the  macroscopic  stability  of  beam  orbits. 

Although  the  bandwidth  of  rebatron  accelerators  is  very  high,  the 
maximum  energy  that  can  be  obtained  by  these  devices,  with  time 
independent  magnetic  fields,  is  rather  limited.  To  achieve  very  high 
energies  (y  >  1000)  the  betatron  magnetic  field  should  be  replaced  by  a 
local  vertical  magnetic  field  chat  varies  rapidly  with  time  and 
approximately  in  synchronism  with  the  beam  energy.  Such  a  fast  vertical 
field  can  be  generated  by  two  coaxial,  cylindrical  lines  that  carry 


current  in  the  opposite  direction.  The  axes  of  these  lines  coincide 
with  the  major  axis  of  the  toroidal  vessel  and  they  are  located 
symmetrically  around  the  minor  axis  of  the  torus.  These  transmission 
lines  change  mainly  the  local  vertical  magnetic  field,  while  the 
magnetic  flux  through  the  beam  orbit  remains  approximately  constant. 
The  mismatch  between  the  beam  energy  and  the  vertical  field  is 
alleviated  by  the  strong  focusing  field.  The  effect  of  the  rapidly 
varying  vertical  magnetic  field  on  the  beam  dynamics  will  be  reported  in 
a  forthcoming  publication. 


24 


1-32 


Table  II 


Parameters  of  the  rim  shown  in  Fig.  6 


Torus  Major  Radius  r0(cm) 

Winding  Minor  Radius  oQ  (cm) 
Toroidal  Chamber  Minor  Radius  a(cm) 
a  *  2ir/L  (cm  *) 

Field  Strength  Factor 
Winding  Current  I  (kA) 


l 


Additional  Toroidal  Field 
Betatron  Field 
Ext.  Field  Index 
Initial 

Initial  Positions 
Initial  Velocities 


B“(kG) 


B  (  G) 
zo 


v  ■  v  ■  0 
o  * 


100 

12 

10 


0.1 


0 

0 

2 

-6 

118 


0.5 


7.0 


0 


c 
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Table  I 


Parameters  relevant  to  the  torsatron  fields  shown  in  Fig.  3.  Only  two 
terms  retained  in  the  series  of  Eqs.  (1)  to  (3). 


Torus  major  radius  rQ  (cm)  »  100 

Windings  minor  radius  oq  (cm)  ■  12 

Toroidal  chamber  minor  radius  a  ( cm)  *  10 

a  -  2ir/L  (cm  ')  •  »  0.1 

Field  Strength  Factor  €t  *  0.2 

Winding  Current  I(kA)  »  62.37 

l  -  2 

Additional  Toroidal  Field  BeX  (kG)  ■  -  6 


Table  IV 


Table  III 


Parameters  of  Che  run  shown  in  Fig.  7. 


Torus  Major  Radius  rQ(cm) 

Winding  Minor  Radius  oq  (cm) 

Toroidal  Chamber  Minor  Radius  a(cm) 
a  -  2ir/L  (cm  *) 

Field  Strength  Factor  ec 
Winding  Current  I  (kA) 

?. 

Additional  Toroidal  Field  Bex  (kG) 

s 

Betatron  Field  B  (G) 
zo 

Ext.  Field  Index  n 

Initial  y 

Initial  Positions  0  ■  *  -  s 

Initial  Velocities  v  ■  v  ■  0  .  v 


lliul  are  symmetrically  distributed  around  the  minor  axis. 


both  positive 


both  positive 


Fig.  3  —  Torsatron  magnetic  field  components  (a)  at  <t>  «  s  «■  0  and  (b)  at  s  —  0,  <b  —  n/2.  In 
addition  to  the  torsatron  field  there  is  toroidal  field  Bf *  -  -6  kG  that  is  produced  by  a  set  of  toroidal 
coils,  (c)  magnetic  field  lines  in  r,  z  and  p,  s  planes. 


z  (crn) 


O  *00 


Torsatron  Field  Components 

s  »  0 
*  »  90° 


jb  (cm) 

(b) 

Fig.  3  (Cont’d)  —  Torsatron  magnetic  field  components  (a)  at  4  ™  s  •  0  and  (b)  at  s  —  0,  <b  ir/2. 
In  addition  to  the  torsatron  field  there  is  toroidal  field  Bf*  *  -6  kG  that  is  produced  by  a  set  of 
toroidal  coils,  (c)  magnetic  field  lines  in  r,  z  and  p,  s  planes. 
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Major  Axis 


ft 


Top  View 

Top  view  of  the  torus.  The  accelerating  field  is  limited  to 
±  30cm  around  the  gap. 


(a)  y  of  particle  as  a  function  of  time  and  (b)  particle  orbit  in  the  r,  z  plane  in  the  absence 
,  “  0)  of  torsatron  field.  The  various  parameters  for  this  run  are  listed  in  Table  II. 


V 


* 


» 


10  .  — 1 - ' - - - 1 - 

90  99  100  109  110 

r  (cm) 

(b) 


Fig.  9  —  (a)  y  of  particle  as  a  function  of  time  and  (b)  particle  orbit  in  the  r,  z  plane  for 
the  same  parameters  as  Figure  8  except  at  a  higher  betatron  Held. 
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0  40  80  120  160  200  240  280  320 

time  (nsec ) 


(b) 

Fig.  10  —  (a)  Particle  orbit  in  the  r,  z  plane;  (b)  particle  radius  as  a  function  of  time  and  (c)  y  of 
particle  as  a  function  of  time.  These  results  have  been  obtained  from  the  linear  equations  (36)  and 
(37).  The  results  shown  are  in  the  Lab.  frame.  The  various  parameters  for  this  run  are  the  same  with 
those  of  Figure  8. 
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Ftg.  10  (Cont’d)  —  (a)  Particle  orbit  in  the  r,  z  plane;  (b)  panicle  radius  as  a  function  of  time  and  (c) 
y  of  panicle  as  a  function  of  time.  These  results  have  been  obtained  from  the  linear  equations  (36)  and 
(37).  The  results  shown  are  in  the  Lab.  frame.  The  various  parameters  for  this  run  are  the  same  with 
those  of  Figure  8. 
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The  excitation  of  plasma  waves  by  two  laser  beams,  whose  frequency  difference  is  approximately 
the  plasma  frequency,  is  analyzed.  Our  nonlinear  analysis  is  fully  relativistic  and 
mismatching  of  the  laser  beat  frequency  to  the  plasma  frequency,  time  dependent  laae r 
amplitudes,  and  an  applied  transverse  magnetic  field  (surfatron).  For  a  given  beat  frequency,  laser 
power,  and  plasma  density,  we  find  the  peak  accelerating  electric  field  and  its  phase  velocity.  The 
transverse  magnetic  field  is  found  to  increase  the  effective  plasma  frequency,  but  has  little  effect 
on  the  plasma  dynamics. 


The  laser  beat  wave  accelerator  concept  is  a  promising 
collective  acceleration  scheme  which  utilizes  a  large  ampli¬ 
tude  plasma  wave  generated  by  the  nonlinear  coupling  of 
two  intense  laser  bums  to  accelerate  electrons. 1-7  We  ana¬ 
lyzed  the  formation  and  saturation  of  the  plasma  waves  by 
two  laser  beams,  whose  frequencies  are  separated  by  approx¬ 
imately  the  plasma  frequency. 

Our  model  consists  of  a  spatially  one-dimensional  plas¬ 
ma  containing  infinitely  massive  ions.  Initially  the  plasma  is 
assumed  to  be  cold,  uniform  in  density,  and  stationary.  The 
temporal  evolution  of  the  plasma  wave  over  a  single  spatial 
period  is  studied  at  a  fixed  axial  position.  This  analysis  treats 
the  following  topics:  ( 1 )  nonlinear  behavior  of  plasma  waves, 
(2)  relativistic  effects,  (3)  effect  of  finite  duration  laser  pulses, 
|4)  mismatching  of  the  laser  beat  frequency  to  the  plasma 
frequency,  and  (3)  the  effect  of  an  applied  transverse  magnet¬ 
ic  field  (surfatron).7 

■  The  vector  potential  associated  with  the  linearly  polar¬ 
ized  laser  pulses  within  the  plasma  is 

At(V)=  X  V )«»(*/* 

where  at,  >  a>p,  at,  is  the  laser  frequency,-  af 
*  (4w|«|2»i(/m0)1/2  is  the  ambient  plasma  frequency,  n0  is 
the  ambient  electron  density,  and  v,  =  («,-«,)/(*,  -kj)  is 
the  group  velocity.  In  our  model,  we  assume  k,  to  be  con¬ 
stant  and  A,  specified,  i.e.,  the  imposed  laser  fields  are  as¬ 
sumed  unaffected  by  the  plasma  density  fluctuations.  This  is 
a  good  approximation  if  at,  >  ar,  |e| A^m^)  <  1,  and  Sn/ 
n0  <  1,  where  Sn  is  the  plasma  density  fluctuation.  Also  in¬ 
cluded  in  our  model  is  an  applied  transverse  static  magnetic 
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field,  which  is  represented  by  the  vector  potential 
Ao  =*=  BgZey.  In  this  configuration,  the  electric  field  of  the 
lasers  is  parallel  to  the  imposed  transverse  magnetic  field, 
EJBo- 

In  our  one-dimensional  model,  the  tranverse  electron 
dynamics  possess  two  constants  of  motion,  i.e., 
-  |e|c~  '(At  +  A®)  +  Pi  «  constant.  Assuming  that  px  *  0 
prior  to  the  arrival  of  the  laser  pulses,  it  follows  that  the 
electron’s  transverse  momentum  is  given  by  px 
=  |e|e~ 1  At  •  i,,  andp,  *  |e|c~  'BJz  -  *>),  where  2*  is  the 
initial  axial  position  of  the  electron. 

It  proves  convenient  to  transform  to  Langrangian  var¬ 
iables,1 w  such  that  t  m  r,  and;  **Zo  +  £  (z^r),  where  Zq  and  r 
are  the  new  independent  variables,  and  |’(z0,r)  is  the  axial 
displacement  at  time  r  relative  to  the  electron’s  initial  posi¬ 
tion  Zq.  Using  Lagrangian  variables,  the  axial  electric  field 
takes  on  a  simple  form,  £>(z0,r)  =  4tr\e\n<£\z0,T). 

We  normalize  the  parameters  in  the  following  manner, 
T  =  Aar,  Zq  =  Akz^,  E  =  [Ak  /a»JX|e| /m0)E,  =  Ak£  is  the 
normalized  electric  field  amplitude,  /  *  Aat/at,  is  the  fre¬ 
quency  mismatch  parameter,  and  G  *  (/?  1 

is  the  transverse  magnetic  field  parameter,  where 

Yio  *  [1  +  K—  +«i  —  )/2],/l. 

a,  *  | elA./mgC2,  a,  =  [(<u7/n0)  +  (^  */^0)] U1 

is  the  effective  plasma  frequency,  12  *  \e\Bo/m<£, 
Ak  —  kx—  k2,  and  Aa  *  a,  —  at  is  the  laser  beat  wave  fre¬ 
quency. 

Using  the  axial  component  of  the  Loren tz  force  equa¬ 
tion,  the  evolution  of  the  plasma  oscillation  is  found  to  be 
given  by 


(1) 


where 


(B1  G  \i/j 

1  Jr~fr 7+7F £J  +  *,a'  +fl>)  +  a'aJcos^J  * 
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Number  Of  Laser  Seat  Wove  Periods 

FIG.  1 .  Normalized  amplitude  of  the  accelerating  electric  field  £  as  a  func¬ 
tion  of  number  of  laser  beat  wave  periods  obtained  with  the  fully  relativistic 
equations  for  laser  powers  built  up  over  three  laser  beat  wave  periods. 


Atfi  =  E-T+Z0  +  AA,  E  —  dE  (Z0,T)/dT, 

a  ^  Z0  +  E—T,  and/7,  =  Aco/cAk.  Our  model  is  valid  pri¬ 
or  to  electron  trapping,  i.e.,  trajectory  crossing,  which  oc¬ 
curs  when  the  amplitude  |£  |  is  approximately  unity. 

The  equation  of  motion  described  by  Eq.  ( 1 )  is  fully  rela¬ 
tivistic  in  both  the  axial  and  transverse  directions.  Equation 
( 1 )  permits  us  to  analyze  the  plasma  dynamics  for  laser  pulses 
having  a  beat  frequency  approximately  equal  to  the  plasma 
frequency.  By  varying  the  parameter  associated  with  the 
transverse  magnetic  field  G,  we  can  also  model  the  surfatron 
configuration. 

Using  Eq.  ( 1),  analytical  results  in  the  saturated  regime 
for  weak  laser  fields,  i.e.,  mildly  relativistic  electron  motion, 
can  be  obtained.  First,  we  consider  the  case  where  the  two 
laser  powers  are  constant  in  time  and  define  the  laser  power 
parameter 

e=*a{a2/[l  +(a?  +  a$\/2].  (2) 

Assuming  E  to  be  a  slowly  varying  function  of  time,  it  can  be 
represented  in  the  form 

£(Zo,r)»d£(r)sin[Zo-r-i-0(r)-i-^],  pt 

where  AE  (7">  and  8  (T)  are  slowly  varying  functions  of  time 
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FIG.  2.  Normalized  peak  amplitude  of  the  accelerating  electric  field  for 
tm  0.01. 0.04,  and  0.16. 


compared  to  the  plasma  oscillation  period.  Furthermore,  we 
assume  that  o)lfo>2  >  up,  Aa/cAkm  1,  and  1  >  AE  >  e. 

With  these  assumptions,  we  obtain 

dAE/dT  =  (e/4|sin  8,  (4) 

d8/dT^(4f1r\P  -  1  +  9d£2/16),  :  (5) 

where  the  initial  conditions  are  AE  =  0  and  8  =  tr/2.  A  con¬ 
stant  of  motion  associated  with  Eqs.  (4)  and  (S)  is 

AElAE’  +  iHf'-lWE+iif'ccosd]  =C,  (6) 

where  C  *  0  since  initially  AE  *  0. 

We  obtain  analytical  results  for  AE  and  for  6  in  the 
saturated  regimes  by  solving  Eq.  (6).  The  maximum  AE  at 
saturation  occurs  at  cos  8  =*  —  1,  giving 

AE^  =  4<f/3),',(  (7) 

and  the  maximum  field  in  cgs  units  is 

-  4<^/<UlK/?,//Mm0c/|e|Ke/3),/3. 

As  the  laser  power  is  increased,  relativistic  effects  on 
the  electron  motion  become  significant.  These  relativistic  ef¬ 
fects  cause  the  accelerating  field  to  maximize  at  a  laser  beat 
frequency  which  is  less  than  the  effective  plasma  frequency, 

U  -l-2-(9e/8pJ.  (8) 


Number  01  Loser  Beet  Wove  Period* 

FIG.  4.  Temporal  evolution  of  the  amplitude  of  the  normalized  electric  field 
E  and  the  phaae  velocity  /it,  produced  by  pulsed  laser  beams  t  at  a  nor¬ 
malized  frequency /«  0.925. 
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During  the  acceleration  process  the  injected  electrons 
must  be  nearly  synchronized  with  the  phase  velocity  of  the 
plasma  wave.  To  obtain  the  phase  velocity  ,  we  follow  a 
null  of  the  electric  field  and  find  that 

^  =c0t(\-dd/dT).  (9) 

The  phase  velocity  of  the  plasma  wave  at  the  maximum  elec¬ 
tric  field  amplitude  is  at  a  local  minimum  and  given  by 

t>ph.mu,=tft(l-1.89fa/s).  (10) 

Figure  1  shows  the  amplitude  of  £  as  a  function  of  time 
obtained  from  Eq.  ( 1 ),  with  e  =  0.01,  (7  =  0,  and  three  differ¬ 
ent  beat  frequencies: /=  0.96,  0.98,  and  1.0.  In  Fig.  1  the 
laser  power  was  increased  gradually  over  three  periods  of  the 
laser  beat  frequency.  In  this  case  the  amplitudes  of  the  elec¬ 
tric  fields  are  almost  identical  to  those  obtained  using  Eqs.  (4) 
and  (5). 

Plots  of  the  normalized  peak  amplitudes  of  the  acceler¬ 
ating  electric  field  for  e  =  0.01, 0.04,  and  0. 16  in  the  frequen¬ 
cy  range  0.8^/<l.l  is  given  in  Fig.  2.  The  phase  velocities 
associated  with  the  peak  amplitudes  are  plotted  in  Fig.  3. 
The  dashed  curves  are  the  numerical  results  obtained  from 
Eq.  ( 1 ),  while  the  solid  curves  are  the  analytical  results  ob¬ 
tained  from  solving  the  cubic  polynomial  in  AE,  Eq.  (6).  We 
note  that  both  the  amplitudes  and  phase  velocities  undergo 
discontinuities  at /op( .  For / >  ,  AE  has  one  real  root  and 
the  phase  velocity  associated  with  the  peak  electric  field  is 
less  than  the  speed  of  light.  For  /  <fop, ,  AE  has  three  real 
roots  and  the  root  closest  to  the  numerical  result  is  the  small¬ 
est.  The  phase  velocity  associated  with  the  peak  electric  field 
is  generally  greater  than  the  speed  of  light. 

In  the  region  marked  by  (  *  =  = )  in  Fig.  2,  the  large 
amplitude  plasma  oscillations  cause  the  electrons  to  become 
highly  relativistic  and  the  electric  field  steepens  until  wave 
breaking.4  5  *-9  Since  the  electric  field  produced  by  turbulent 
plasma  is  unlikely  to  be  desirable  for  acceleration,  the  upper 
limit  for  AE  is  1.1.  The  laser  power  parameter  required  to 
achieve  this  value  is  e~0.06. 

-  The  saturated  oscillatory  electric  field  amplitudes  and 


the  phase  velocities  are  not  desirable  for  accelerating  elec¬ 
trons.  Thus,  the  laser  pulse  duration  should  be  chosen  to 
equal  the  plasma  build  up  time.  After  the  laser  pulses  pass 
through  the  plasma,  the  plasma  wave  will  continue  to  oscil¬ 
late  until  disrupted  by  various  instabilities.6  Figure  4  shows 
the  temporal  profiles  of  the  normalized  stimulated  electric 
field  amplitude,  a  short  laser  beat  wave  pulse  e,  and  the  cor¬ 
responding  phase  velocity  v ^  /v,  at  the  normalized  frequen¬ 
cy /=  0.925. 

For  the  purpose  of  accelerating  electrons,  it  is  desirable 
to  have  large  accelerating  electric  fields  with  a  phase  velocity 
Vpt,  very  close  to  c.  As  the  laser  power  increases,  we  find  that 
as  the  maximum  amplitude  of  the  plasma  wave  increases 
(scaling  as  el/3),  and  the  corresponding  phase  velocity  de¬ 
creases  (ut  —  Vpt,  scales  as  e213).  The  final  electron  energy  is 
limited  by  desynchronization  of  the  accelerated  electrons 
and  the  plasma  wave.  An  imposed  transverse  magnetic  field7 
can  increase  the  total  kinetic  energy  by  maintaining  synchro¬ 
nism  while  accelerating  the  electron  in  the  transverse  direc¬ 
tion.  The  imposed  transverse  magnetic  field  increases  the 
effective  plasma  frequency,  but  has  little  effect  on  the  dy¬ 
namics  of  the  plasma  wave. 

We  have  enjoyed  stimulating  discussions  with  I.  B. 
Bernstein.  This  work  is  sponsored  by  DOE,  under  Contract 
No.  DE-AI05-83ER401 17. 

'T.  TajimaandJ.  M.  Diwion.  IEEE  Tram  Nucl.  So.  NS-28,  3416(1981). 

2  Laser  Acceleration  of  Pamela,  edited  by  Paul  J.  Channel!  ( AJP,  New  York. 
1982),  AIP  Conf.  Proc  No.  91. 

’J.  D.  Lawson,  Rutherford  Appleton  Laboratory,  Report  No.  RL-83-OS7, 
1983. 

4D  3 .  Sullivan  and  B.  B.  Godfrey,  in  Die  Challenge  of  Ultra  High  Energies, 
edited  by  J.  Muivey  (ECFA  83/68,  Rutherford  Appleton  Laboratory,  Ox¬ 
ford,  United  Kingdom,  1983),  p.  209. 

5R  1  Noble.  Preaented  at  Proceedings  of  the  12th  International  Conference 
on  High  Energy  Accelerator!,  Fermi  National  Laboratory.  1983. 

*R.  Bingham  (private  communication,  1983). 

’T-  Kauouleai  and  J.  M.  Dawson,  Phys.  Rev.  Lett.  51,  392  (1983|. 

•R.  C.  Davidson,  Methods  in  Nonlinear  Plasma  Theory  (Academic,  New 
York,  1972). 

*M.  N.  Roaenbluth  and  G  S.  Liu,  Phys.  Rev.  Lett.  29,  701  (1972). 


377 


App(.  Phys.  Lett..  Voi.  45.  No.  4, 15  August  1964 


Tang,  Sprangle,  and  Sudan 


377 


APPENDIX  K 


DYNAMICS  OF  SPACE-CHARGE  WAVE.S  IN  THE 
LASER  BEAT  WAVE  ACCELERATOR 


Dynamics  of  spaca-charge  waves  in  the  laser  beat  wave  accelerator 

C.  M.  Tang  and  P.  Sprangle 

Plasma  Theory  Branch.  Plasma  Physics  Division,  U.  S.  Naval  Research  Laboratory.  Washington,  D.  C.  20375- 
5000 

R.  N.  Sudan 

Laboratory  for  Plasma  Studies,  Cornell  University,  Ithaca,  New  York  14853 
(Received  7  June  1984;  accepted  17  January  1985) 

The  excitation  of  plasma  waves  by  two  laser  beams,  whose  frequency  difference  is  approximately 
the  plasma  frequency,  is  analyzed.  Our  nonlinear  analysis  is  fully  relativistic  in  the  axial  and 
transverse  directions  and  includes  mismatching  of  the  laser  beat  frequency  to  the  plasma 
frequency,  time  dependent  laser  amplitudes,  and  an  applied  transverse  magnetic  field  (surfatron 
configuration).  Our  analytical  results  for  the  large  amplitude  plasma  waves  include  an  axial 
constant  of  motion,  accelerating  electric  field,  and  its  phase  velocity.  The  analytical  results  in  the 
weak  laser  power  limit  are  in  good  agreement  with  numerical  results  obtained  from  the  complete 
equations.  The  imposed  transverse  magnetic  field  is  found  to  increase  the  effective  plasma 
frequency,  but  has  little  effect  on  the  plasma  dynamics. 


I.  INTRODUCTION 

The  laser  beat  wave  accelerator  is  one  of  a  number  of 
laser  driven  panicle  accelerating  schemes,'"  which  is  cur¬ 
rently  receiving  considerable  attention.  Existing  types  of 
synchrotron  and  linear  accelerators  are  nearing  their  eco> 
nomic  limits  in  going  much  beyond  a  few  TeV  in  energies. 
The  availability  of  high  power  laser  beams  {>  10M  W)  with 
electric  fields  as  high  as  10g  V/cm  brings  about  the  possibil¬ 
ity  of  using  these  high  fields  to  accelerate  particles.  Direct 
use  of  these  fields  for  continuous  particle  acceleration  is  hot 
possible  because  of  the  transverse  polarization  and  rapid  os¬ 
cillation  of  the  fields.  A  number  of  laser  driven  acceleration 
schemes  have  been  suggested  over  the  past  two  dozen  years. 

Before  describing  the  laser  beat  wave  accelerator  con¬ 
cept,  a  brief  description  of  some  of  the  other  generic  laser 
acceleration  concepts  is  mentioned.  These  include  the  in¬ 
verse  free-electron  laser  accelerator,  the  grating  accelerator, 
the  inverse  Cerenkov  accelerator,  the  cyclotron  resonance 
accelerator,  and  the  use  of  high  gradient  short  wavelength 
structures. 

In  the  inverse  free-electron  laser  accelerator  scheme, V5 
an  electron  beam  together  with  an  intense  laser  pulse  is  pro¬ 
pagated  through  a  spatially  periodic  magnetic  field  known  as 
a  wiggier  field.  The  wiggler  period  and  laser  wavelength  are 
such  that  the  transverse  particle  velocity  caused  by  the 
wiggler  field  is  in  phase  with  the  transverse  electric  field  of 
the  laser  radiation.  By  appropriately  contouring  both  the 
wiggler  amplitude  and  period,  the  injected  particles  can  be 
continually  accelerated.  The  inverse  of  this  process  has  been 
used  to  generate  radiation  and  is  the  well-known  free-elec¬ 
tron  laser  mechanism. 

The  grating  accelerator  mechanism*  relies  on  the  fact 
that  when  electromagnetic  radiation  propagates  along  a  dif¬ 
fraction  grating  a  slow  electromagnetic  surface  wave  is  excit¬ 
ed  along  the  grating’s  surface.  This  scheme  utilizes  the  slow, 
phase  velocity  less  than  the  speed-of-Iight,  electromagnetic 
wave  to  trap  and  accelerate  a  beam  of  injected  electrons. 

The  inverse  Cerenkov  accelerator”1  approach  takes  ad¬ 


vantage  of  the  fact  that  the  index  of  refraction  of  a  neutral 
gas  is  slightly  greater  than  unity.  The  laser  radiation  within 
the  gas  has  a  phase  velocity  less  than  the  speed  of  light  mak¬ 
ing  it  possible  to  trap  and  accelerate  an  injected  beam  of 
panicles. 

In  the  cyclotron  resonance  accelerator  mechanism9  :o 
an  electron  beam  is  injected  along  a  uniform  magnetic  field 
together  with  a  parallel  propagating  laser  beam.  Because  of  a 
self-resonance  effect,  the  phase  of  the  electron's  transverse 
velocity  can  be  synchronized  with  the  radiation  electric  field. 
This  synchronism  is  maintained  throughout  the  acceleration 
length. 

The  high  gradient  short  wavelength  structure  concept" 
is  basically  a  scaled  down  version  of  a  conventional  slow 
wave  accelerator  structure.  Radiation  power  sources  in  the 
centimeter  wavelength  range  appear  appropriate  for  his  ap¬ 
proach.  The  potential  advantage  of  this  scheme  is  that  be¬ 
cause  of  the  short  wavelength  employed,  relatively  low  radi¬ 
ation  energy  per  unit  length  is  needed  to  fill  the  small 
structure,  and  breakdown  field  limits  appear  to  be  higher. 

The  laser  beat  wave  accelerator  concept  is  a  collective 
acceleration  scheme  which  utilizes  a  large  amplitude  plasma 
wave  with  phase  velocity  slightly  less  than  the  velocity  of 
light  to  accelerate  charged  particles  The  large  amplitude 
plasma  wave  is  generated  by  the  nonlinear  coupling  of  two 
intense  laser  beams  propagating  through  the  plasma.  I 
In  this  process  the  two  laser  beams  with  frequencies  <y,,  ca- 
and  corresponding  wavenumbers  k,  couple  through  the 
plasma  to  produce  a  ponderomotive  wave  with  frequency 
<y,  —  a) j  and  wavenumber  k,  —  kv  See  Fig.  1.  If  <u,  - 
=o>,,  the  plasma  wave  will  initially  grow  linearly  m  time.  If 
the  laser  frequencies  are  much  greater  than  the  ambient  plas¬ 
ma  frequency  caf ,  then  the  phase  velocity  of  the  ponderomo¬ 
tive  wave  is  nearly  equal  to  the  group  velocity  of  the  laser 
wave.  In  this  scheme  a  beam  of  injected  electrons  with  axial 
velocity  close  to  the  plasma  wave  phase  velocity  can  be  accel¬ 
erated  until  synchronism  is  lost. 

A  potentially  attractive  variation  of  the  plasma  beat 
wave  accelerator  is  the  surfatron  scheme.”  In  the  surfatron 
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Scfiemaiic  Of  Plasma  Beat  Wave  Accelerator 


High  £fl€f qy 
Electrons 


T  T  f  Tjpl  I  T  T 

Applied  Transverse  Magnetic  Field 


FIG.  1.  The  schematic  of  electron  acceleration  by  plasma  waves  excited  by 
two  lasers  with  a  beat  frequency  approximately  equal  to  the  plasma  frequen¬ 
cy. 


In  Sec.  IV  we  obtained  numerical  results  from  the  full 
treatment  a:)d  c.impufed  them  with  iiiea:ii::y“c:J  re^ci.  <;■. 
the  weak  laser  power  lima,  the  result'  ate  tn  excellent  agree¬ 
ment.  We  observe  the  wave  steepening  phenomenon  caused 
by  relativistic  effects.  As  the  laser  power  increases,  the  waves 
eventually  break  and  become  turbulent.  We  show  that  for 
laser  pulse  lengths  much  longer  than  the  plasma  wave  build¬ 
up  time,  the  amplitude  and  the  phase  velocity  of  the  plasma 
waves  are  oscillatory.  By  applying  lasers  with  pulse  lengths 
approximately  equal  to  the  plasma  wave  buildup  time,  both 
the  amplitude  and  phase  velocity  can  be  approximately 
maintained  at  a  constant  value. 


configuration  a  transverse  magnetic  field  is  externally  ap¬ 
plied  permitting  the  accelerated  particles  to  effectively  E  X  B 
drift  in  a  direction  transverse  to  the  laser  propagation  direc¬ 
tion.  In  this  configuration  the  electrons  can  remain  in  phase 
with  the  plasma  wave  allowing,  in  principle,  higher  electron 
energies  to  be  achieved. 

In  this  paper  we  analyze  the  buildup  of  the  plasma 
waves,  extending  the  analysis  of  Rosenbluth  and  Liu.13'"'* 
Our  nonlinear,  fully  relativistic  treatment  of  the  plasma 
wave  includes  mismatching  of  the  laser  beat  frequencies  to 
the  plasma  frequency,  applied  transverse  magnetic  field  as 
well  as  time-dependent  laser  pulses.  The  resultant  equations 
in  Sec.  II  describe  the  growth  of  the  excited  plasma  waves  up 
until  saturation.  We  find  that  the  effective  plasma  frequency 
is  increased  from  the  ambient  plasma  frequency  when  a 
transverse  magnetic  field  is  applied.  On  the  other  hand,  the 
effective  plasma  frequency  can  be  decreased  as  the  trans¬ 
verse  motion,  induced  byintense  laser  powers,  becomes  rela¬ 
tivistic. 

Making  the  weak  laser  power  approximation  in  Sec.  Ill, 
we  obtain  analytical  results  for  the  initial  growth  rate  for  the 
large-amplitude  plasma  wave,  the  maximum  accelerating 
electric  field,  the  laser  beat  frequency  requirement,  and  the 
corresponding  phase  velocity.  As  the  combined  laser  powers 
(measured  by  e)  increase,  the  maximum  amplitude  of  the 
plasma  electric  field  increases  as  af'n.  The  variable  or  is  a 
function  of  frequency  mismatch  between  the  laser  beat  fre¬ 
quency  and  the  effective  plasma  frequency.  The  relativistic 
effect  associated  with  the  transverse  motion  is  incorporated 
in  the  parameter?.  In  the  limit  of  exact  resonance  and  nonre- 
lativistic  motion  in  the  transverse  direction,  we  confirm  the 
results  of  Rosenbluth  and  Liu.24  For  the  purpose  of  acceler¬ 
ating  electrons,  it  is  desirable  not  only  to  have  the  largest 
accelerating  electric  field  but  also  the  phase  velocity  uBh  less 
than  but  close  to  the  speed  of  light.  We  find,  however,  that  as 
the  amplitude  of  the  plasma  wave  gets  larger,  the  corre¬ 
sponding  phase  velocities  become  slower,  i.e.,  v,  -  ypll 
scales  as  e113,  where  u,  is  the  group  velocity  of  the  lasers  in 
the  plasma.  The  maximum  accelerating  field  for  a  given  laser 
power  parameter  ?  is  achieved  when  the  laser  beat  frequency 
is  less  than  the  effective  plasma  frequency.  The  difference 
between  the  effective  plasma  frequency  and  the  optimal  laser  _ 
beat  frequency  is  proportional  to  rn.  The  plasma  buildup 
time  is  proportional  to  s~in.  The  analytical  results  also 
show  that  the  transverse  magnetic  field  has  little  effect  on  the 
plasma  dynamics  to  the  lowest  order. 


II.  PLASMA  BEAT  WAVE  ACCELERATOR 

Our  model  consists  of  a  spatially  one-dimensional  plas¬ 
ma  containing  infinitely  massive  ions.  Initially  the  plasma  is 
assumed  to  be  cold,  uniform  in  density,  and  stationary. 
Large  amplitude  plasma  waves  are  excited  by  the  pondero- 
motive  force  associated  with  the  two  laser  pulses.  Using  a 
Lagrangian  formulation,  the  temporal  evolution  of  the  plas¬ 
ma  wave  over  a  single  spatial  period  is  studied  at  a  fixed  axial 
position. 

This  analysis  treats  the  following  topics:  (1)  nonlinear 
behavior  of  plasma  waves,  (2)  relativistic  effects,  (3)  effect  of 
finite  duration.  laser  pulses,  (4)  mismatching  of  the  laser  beat 
frequency  to  the  plasma  frequency,  and  (5)  the  effect  of  an 
applied  transverse  magnetic  field. 

A.  Nonlinear,  relativistic  plasma  dynamics 

The  vector  potential  associated  with  the  linearly  polar¬ 
ized  laser  pulses  within  the  plasma  is 

A£.(z,t)=  £  .-f,(z  —  Ujf  )cos(Ar,c  —  a>,t  A  <h,  \e, ,  ill 

i  »  ut 

where  A,  (z  —  vt  t )  denotes  the  pulse  amplitude  of  the  /th  la¬ 
ser,  co,  ><u, ,  co,  is  the  laser  frequency,  cu,  =  Uir‘e‘'n,/>n,y  : 
is  the  ambient  plasma  frequency,  n„  is  the  ambient  electron 
density,  and  y,  =  (tu,  —  u:)/lk,  —  k:)  is  the  group  velocity 
of  the  laser  radiation.  In  our  model  we  assume  k,  to  be  con¬ 
stant  and  A,  specified,  i.e.,  the  imposed  laser  fields  are  as¬ 
sumed  to  be  unaffected  by  the  plasma  density  modulations. 
This  is  a  good  approximation  ifey,  ><up(  lei  A,/\m{Jc:)<  1  and 
Sn/rt^  <  1,  where  5rt  is  the  plasma  density  modulation.  Also 
included  in  our  model  is  an  applied  transverse  static  magnet¬ 
ic  field  which  is  represented  by  the  vector  potential 

Ao  —  (21 

The  electric  and  magnetic  fields  in  terms  of  the  vector  poten¬ 
tial  are  E  =  -  (l/c)(i?/<?r)  At  and  B  =  Vx(At  a-  ,\0)  re¬ 
spectively.  In  our  configuration  the  electric  field  vector  is 
parallel  to  the  transverse  magnetic  field,  Et  j|B^ 

In  our  one  dimensional  model,  the  transverse  panicle 
dynamics  possesses  two  constants  of  motion,  i.e.,  the  canoni¬ 
cal  momentum  in  the  x  and  y  direction, 

Cx  -  -(M/cKAt+AoJ  +  p,.  (31 

Assuming  that  =  0  prior  to  the  arrival  of  the  laser  pulses, 
it  follows  that  the  electron’s  transverse  momenta  are  given 
by 
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(5) 


P,  =  {\e\/c)B0[z  -  z0).  (5) 

where  z0  is  the  initial  axial  position  of  the  electron. 

The  momentum  equation  in  the  axial  direction  can  now 
be  written  as 

dt  Ymtfi  'or  dz  J 

where  £,  is  the  self-consistent  plasma  induced  electric  field, 
=At  •  f,,  and.-!,,  =  B^z.  The  panicle  energy  equation  is 

dy  \e\  (  dA  ^  je| 

~r=  -,-y \p*  -z-+Py  ~r~ - —p,0>-  (?) 

dt  ym^c1  \  dt  dt  1  ym^c 

Combining  (6)  and  (7),  we  obtain  the  equation  governing  the 
axial  motion  of  the  electrons. 

dtd, _ |e|  E 

.  dt  (1  +  U\  +  U;)'1'  1 

- —  (±+A£\[/2  +  i/i), 

2(1  +  U\  +  U\)  \dz  c  dtP 

(8) 

where  0z—v./c,  U,  =  l\el/m,yC2)AL  ■  ex,  and  Uy 
=  —  (|ej/m„cJ).5u(2  —  zu).  Neglecting  nonresonant  terms 
we  find  that 

U1,  +  U-=*{a  :/c:)(z  -  z0):  4-  i(a3  +•  a\) 

+  a,u:  cos(dA:z  —  Acot  +  AA),  (9) 

where  fi  =  |e| 2?0/'nuC  is  the  cyclotron  frequency,  a,  =  \e\A, 
(z  —  ult)/mac-rAk  =  k ,  —  k:Aa>  =wy,  —  az,AA  =  A,  —  Az, 
and  fif  —  Aai/cAk.  The  difference  in  the  laser  frequencies  is 
assumed  to  be  close  to  the  plasma  frequency,  J<y  ~  cof .  Sub¬ 
stituting  (9)  into  (8)  yields 

d0,  |ef  (1  -P]?n  c  (1-/7 ?)/?=, 

- - E, - - - (z-z0) 

dt  mgC  ft  yr  C 

(1  ~0\)(  d  ,  0 ,  d\ 


yf  \dz  c  dt) 


2y\  \dz  c  dt) 

X  Q(a2  +a’)  +  a,a,  cos {Akz  -  dot  +  d<5)], 

(10) 

where 

ft  -(1  +  ^5  +  U\)in 

=  [  1  +  W  Vc:)(z  -  z„)J  +  tfaf  +  a\) 

+  a,a2  cos(d/:z  —  Amt  +  AA )] 1/2  (11) 

is  a  measure  of  the  magnitude  of  the  transverse  oscillations 
induced  by  the  laser  beams. 

B.  Transformation  to  Lagrangian  variables 

Equation  ( 10)  is  expressed  in  terms  of  Eulerian  indepen¬ 
dent  variables  z  and  r.  It  proves  convenient  at  this  point  to 
perform  a  transformation  to  Lagrangian  variables,33  24  be¬ 
cause  the  plasma  induced  field  E.  takes  on  a  particularly 
simple  form.  In  the  Lagrangian  variables,  the  independent 
••.ironies  area,  nd  such  •  h.it 


z  =  z0  +  i  lz0,r), 

where  z0  is  the  initial  position  of  the  electrons  at  r  =  0  and 
£  (Zo,r)  is  the  axial  displacement  at  time  r  relative  to  its  ini  tial 
position  z0.  The  axial  electric  field  written  in  terms  of  the  new 
variables  (z0,r)  is 

£,(20.")  =  4-|ej/iu5  (z„,r).  (13. 

The  equation  governing  the  plasma  oscillations  can  now  be 
written  completely  in  terms  of  5  lz0,rl,  i.e., 
r  .  /  <0  2 1  1 1  _  i’t/A, 


=  n-f 
2  r 

..  da)aj 

x~dT" 


£l]i 

1  -g‘2/c3l 

Yi 

FK  -¥)(- 


X  — -J — -  -f  (a-.  +  a,  cos  J u )) — - — 
da  da  J 

—  (p,1 — —^jcAcua^-s  sin  AA  ,  (141 

where  5  =  dg  (z„,r)/<?r,  a  =  z0  —  g  —  r,  and  A  d(z0, 

=  Ak  [za  -1-  f  (z0,r)J  -  Aair  +.  AA. 

The  imposed  laser  field  and  the  applied  transverse  mag¬ 
netic  field  modify  the  plasma  frequency  and  hence  we  define 
an  effective  plasma  frequency 

=(^/fto +/2:/fta)1/J,  .  (Id' 

where 

fto  =  [  1  +  Slain,.,  +  (16i 

The  effective  plasma  frequency  <y,  is  the  relativistic  upper- 
hybrid  frequency.  An  increase  in  the  transverse  oscillations 
results  in  a  decrease  in  the  velocity  of  the  axial  oscillation, 
which  in  turn  leads  to  an  effective  reduction  in  the  plasma 
frequency.  On  the  other  hand,  the  transverse  magnetic  field 
results  in  an  increase  in  the  effective  plasma  frequency 

C.  Normalized  plasma  wave  equation 

To  further  study  the  dynamics  of  the  plasma  oscilla¬ 
tions,  we  normalize  the  parameters  in  the  following  manner. 

T=sAtur,  (17) 

E=(Ak/oj])(\e\/m(3)E,=Akl 
Z0  =  Akzo, 
f  =  Aw/o),, 
and 

G  =  \n  Vft0)(iy3/>'l0)_l. 

The  evolution  of  the  plasma  oscillation  is  now  given  by 

^T’irhi0  -'!*■#  -w1  * 


II  -  0\E''){\ -0\E) 

2 0\n 


(‘a. 


cos  J  l/h 


+  (u:  +  j,  cos  A\l’)-a-a—  —  sm  Jt/’Y 
da  "  J 
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and  keeping  only 
cn»  wc  ohi_n: 

1  ,  -  V': 

/  i  ‘  ■>  ati  \ 

4-  —  !«T  rJtl  -  J,J:  cosJe-1  , 

,19) 

M 


P 

P 


Ju/-  =  £-  r+2,,-4-  J<5.  120) 

a  =  Z0  +  £  —  T,  and  £  =  <?£iZ,*7'l/<97'.  The  total  relativis¬ 
tic  mass  factor  associated  with  the  plasma  motion  becomes 

r\Zo,T)  =  yL[\-0-lE'-)-ir-.  (21) 

Since  the  plasma  oscillation  amplitude  is  single  valued, 
our  model  is  valid  prior  to  electron  trapping,  i.e.,  trajectory 
crossing.  Trajectory  crossing  occurs  when  the  amplitude  E  j 
is  approximately  unity. 

The  equation  of  motion  described  by  Eq.  (18)  is  fully 
relativistic  in  both  the  axial  and  transverse  directions  and 
permits  us  to  model  laser  pulses  with  a  beat  frequency  other 
than  the  plasma  frequency.  Also,  by  varying  the  parameter 
G  associated  with  the  transverse  magnetic  held  we  can  also 
model  the  surfatron  configuration. 


III.  ANALYTICAL  THEORY  IN  THE  WEAK  LASER  FIELD 

In  this  section  we  derive  the  scaling  laws  appropriate 
for  weak  laser  fields,  i.e.,  electron  transverse  motion  is  mild¬ 
ly  relativistic.  Here  we  consider  the  case  where  the  two  laser 
powers  are  constant  in  time  and  define  the  small  parameter 

e  =  <2, j,/  [  1  +  J(af  +  ai )  ]  .  (22) 

where  the  denominator  of  £  is  associated  with  the  relativistic 
motion  in  the  transverse-direction,  yr0.  When  a,  =  a,,  e  is 
proportional  to  the  laser  powers. 

Assuming  E  to  be  a  slowly  varying  function  of  time,  it 
can  be  represented  in  the  form 

E[Z0,T)  =  AE(T)s\n[Z0  —  T  +  9{T)  +  Ad>  ],  (23) 

where  J£(7')  and  0(7")  are  slowly  varying  functions  of  time 
compared  to  the  plasma  oscillation  period.  Furthermore,  we 
assume  that  <y,,  so  that  A<o/cAk~  1. 

A.  Small  parameter  expansion 

Expanding  Eq.  ( 18)  in  terms  of  the  small  parameters  e 
and  E,  we  obtain  the  following  equation  for  E: 

£  +  (l//*)£  =  (e/2)sindv>  +  F,  (24) 

where 

F[Z0,T )  =  j  1  /f1  -  ((1  -  G)/f-}( l  -  \E') 

X  [1  -  |e/2)cos  Jtf) 

-1<///2)(1  —  e  cos  dl0)(£ 

—  (e/2)(£  -j-  e  cos  A\i/)sm  Ail>, 

Aifr  =  d£(T)sin  <P(Z,„T)  -  T  +  Z0  +  AA,and<fi  -  Z0~  T 
+  A<t>  +  9{T).  Using  the  identities 


sin  4^  =  £  /,(J£ )sin ( (/+!)<#>-  9  ],  (25a) 

cos  Aib  =:  £  7,(J£)cos((/  •+■  1)0  -  9  ],  (25b) 
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where 
F  = 


=  —  (e/2)/oiJ£)sini0  -  9 )  —  F, 
[  3  AE 3 


26. 


e  tnf3ll-3G)  „ 

i - AE  - ; - —  1  \J,,AE  ,cos  9 

4  V  J 


if-  4  V  / 

+  —  J\{2AE  )cos  Iff  |sin  <P 
4 


eAE((\  j 


f1 


-  —  /,|2jl£)sin20 
4 


COS  0. 


Using  the  small  parameter  expansions  for  the  Bessel  func¬ 
tions,  i.e.,  JQ[x)~  1  —  x:/4  and  y,(cc) ~.r/2,  Eq.  (26i  becomes 

-dff.c  ^  ,  dAE 

2 - AE  sin  0  -  2 - cos  0 

dT  dT 


/ 

X  (sin  0  cos  9  —  cos  0  sin  9 )  +  F, 


where 


F  =  (—  ~  -  —  ^H2  -  9<7  )cos  9 
.  V  8  f  2  3.  f1 


.  r 


29  )jsin  0 


+  —  AE  cos|2 9 
4 

+  (—  ^ri2  -  3G  )sin  9-  —  AE  sir.iZ 9  Acos  0 
V  8  p  4  1 

Separating  the  terms  proportional  to  sin  0  and  cos  0.  we 
obtain  two  simultaneous  coupled  equations  for  the  ampli¬ 
tude  and  phase  variation  of  the  excited  plasma  wave, 

dAE  r  I  AE'( ,  2  3G\]  ,  <rAE 

-  1  sin  9  h - sin  29. 


dT 


=  € 


1 

4  16  V  y-  /■ 


;2<al 


dff  AE  /'  -  1  3  AE' 

Afr  -  =  ■  ■  ■  ■■  -f-  —  - 

dT  2  f-  16  fl 


+  e 


J_  _  A£2( 2  _  !£ 

4  i6  \r- +  r- 


cos  9 


-I - AE  cos  29. 
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B.  Constant  of  motion 
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Analytical  expressions  for  J£and  phase  velocity  vvh  of 
the  plasma  wave  can  be  obtained  by  assuming  l>>J£»e  It 
will  be  shown  later  that  this  assumption  is  well  founded 
Neglecting  terms  proportional  to  fAE:  and  rAE  in  Eq.  2S) 
we  obtain, 


dAE  e  .  a 

- - —  sm  9 , 

dT  4 
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A5dd  Jg/’-l 
dT~  2  /: 


e  .  3  J£' 

—  cos  9  h - — 

4  16  r- 


=  (-±£¥L 
V  2  / 


Multiplying  Eq.  (29a)  by  cos  9  and  Eq.  (29b|  by  sin  9  and 
adding  the  two  equations  yield 

d  (  AE  [f--  1)  3  AE'\  .  a 

dr  \  2  P  16  p  ) 

(30) 

Using  (29a)  and  (30),  the  following  constant  of  the  motion  is 
obtained: 

AE  [AE3  +  (16/3)1/ 2  —  1  4-  ( 1 6/3]/3e cos  9  ]  =  C, . 

(31) 

where  C  =  0,  since  initially  AE  =  0. 

Employing  (30),  Eqs.  (29a|  and  (29b)  become 

dAE  £  .  a  , 

- -  —  sin  9,  (32a) 

dT  4 


■  =  —  sin  9, 
4 


—  =  -U/:  -  1  +  —  d£2\ 

dr  4/5lr  16  / 


where  the  initial  conditions  are  AE  =  0  and  5  =  t/2.  An 
alternate  way  to  solve  AE  and  9  in  time  is  outlined  in  the 
Appendix.  At  exact  resonance /  =  1  and  nonrelativistic  mo¬ 
tion  in  the  transverse  direction,  i.e.,  ~  1  and  e~ a,a2,  the 

expressions  (32a)  and  (32b)  agree  with  that  of  Rosenbluth 
and  Liu.24 

C.  Analytical  results 

We  obtain  analytical  results  for  the  startup  as  well  as 
the  saturated  regimes  of  the  plasma  wave.  The  plasma  wave 
initially  grows  linearly  in  time,  i.e.,  the  initial  amplitude  of 
£,  in  cgs  units  is  proportional  to  r where 

/'ss(^|/4)(m0e/|e|)<yj  e.  (33) 

The  most  interesting  results  are  associated  with  the  satu¬ 
rated  regime.  In  the  remainder  of  this  section,  we  obtain 
maximum  accelerating  electric  fields,  the  appropriate  laser 
beat  frequencies,  the  corresponding  phase  velocities,  and  the 
plasma  wave  profiles. 

The  amplitude  of  the  electric  field  is  proportional  to  a 
real  root  of  the  cubic  polynomial  (31).  The  roots  are 


■  A  +  B,  — 


A  +  B  A  —  B 


A+B  A-B  , - — 

- - - 2  ^  3  •  (34) 

where  A  =  (  —6/2  +h)'n,  B  =  (  -6/2-  h)'n,  h  =  [b2/ 
4  +  a-V27)l/I,a  =  1 6/3/1  -  1),  and  b  =  16/3/2e  cos  9.  For 
h>  0,  there  is  one  real  root  given  by  AE  =  A  -*■  B.  When 
A  <0,  there  are  three  real  roots,  and  numerical  results  show 
that  the  relevant corresponds  to  the  smallest  real  root.  At 
h  =  0,  AE  undergoes  a  discontinuity. 

For  a  given  laser  power  parameter  e,  the  maximum  AE 
occurs  at  h  =  0  and  cos  9  =  —  I,  giving 

AEm.,=  4(e/3)l/J,  (35) 

where  a  is  defined  in  Eq.  (22).  The  actual  maximum  field  in 
cgs  units  is 


V  — 3, 


As  the  laser  power  is  increased,  relativistic  effects  on 
the  electron  motion  become  significant.  These  relativistic  ef¬ 
fects  cause  the  accelerating  field  to  maximize  at  a  laser  beat 
frequency  which  is  less  than  the  effective  plasma  frequency. 
For  example,  when  the  beat  frequency  is  exactly  equal  to  the 
effective  plasma  frequency,  i.e.,  /=  1,  the  maximum  nor¬ 
malized  field  is 

d£=  [(16/3)e]l/3<d£m„.  (37) 

It  can  be  shown  that  the  electric  field  maximizes  to  the 
value  in  Eq.  (35),  when  the  normalized  laser  beat  frequency  is 

/op.  =  1  -  Jf?e>~5.  1 381 

which  corresponds  to  a  laser  beat  frequency  in  cgs  units  giv¬ 
en  by 

daV  =**>,(  1-0.54*275).  (39) 

During  the  acceleration  process  in  injected  electrons 
must  be  nearly  synchronized  with  the  phase  velocity  of  the 
plasma  wave.  To  obtain  the  phase  velocity,  we  follow  a  nuli 
in  the  plasma  wave.  We  find  that  the  phase  velocity  of  the 
plasma  wave  and  the  associated  relativistic  mass  factor  are 

v?»  =y*(l  -“)•■  •  l-Wai 

and 

r*  -r«(i  .  wbi 

where  d9  /dT  is  given  by  (32b|  and  y,  =  (1  —  (i^/cr]- 1  3 
As  the  amplitude  of  the  plasma-wave  becomes  larger,  the 
phase  velocity  of  the  plasma  wave  decreases.  The  phase  ve¬ 
locity  of  the  plasma  wave  at  the  maximum  electric  field  am¬ 
plitude  is  a  minimum  and  given  by 

141) 

The  time  it  takes  the  amplitude  of  the  plasma  wave  to  reach 
the  first  peak  is  called  the  plasma  buildup  time  and  in  nor¬ 
malized  units  is  given  by 

«  4  r  — - — - - ,  (42) 

-W2— 1+19/16  ]AE-  1  ' 

where  A  £  is  expressed  in  terms  of  9  in  Eq.  (34).  The  equation 
above  can  be  integrated  at  exact  resonance,  i.e.,/  =  1.  Using 
the  fact  that  AE  =  [  —  ( 16/3)<r cos  9]u}  at  /=  1,  we  can 
write 


„ .  ,43) 

9  V  16/  (  —  cos  9 )2,  ■ 

Evaluating  the  integral  in  (43),  we  obtain 

f(l  e)  =  il( f-LT  rll/6)rU/2)  ,,, 

9  V  16/  £(2/3) 

=  8.48e~:'\  (44) 

Taking  e  =  0.0 1  as  an  example,  the  plasma  buildup  time  3. 
exact  resonance  is  29.1  plasma  periods,  i.e.,  7*( l.C.0 1 ) 
=  29. 1(2-).  Fore  =  0.1,  the  plasma  buildup  time  is  reduced 
to  only  6.3  plasma  periods.  The  plasma  buildup  time  short¬ 
ens  as  laser  power  parameter  e  increases. 
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FIG.  1  Plot  of  of  -r  flj  as  a  function  of  u,  for  f  «  0.1. 
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FIG.  4.  Normalized  amplitude  of  the  accelerating  electric  Acid  £  as  a  func¬ 
tion  of  the  number  of  laser  beat  wave  periods  obtained  with  the  fully  relativ¬ 
istic  equations  for  laser  powers  built  up  over  three  laser  penods. 


Finally,  we  discuss  the  effect  of  unequal  applied  laser 
pulse  powers  on  the  plasma  wave  dynamics.  Suppose  a  given 
value  of  e  is  desired,  the  total  power  required  for  the  laser  is 
at  a  minimum  when  a,  *  a2  =*  a  where  a  =  [e/(  1  —  f)],/J. 
The  expression  for  a,  given  a,  and  e  is 

ai  =  a^/€—  [a\/e  —  (2  +  a^)]1/J.  (45) 

The  range  for  a,  given  e  is 

A  plot  of  df  +  dj  is  given  in  Fig.  2  for  e  =  0. 1.  The  use  of 
unequal  laser  powers  can  be  advantageous  in  controlling  the 
value  of  the  parameter  £. 

IV.  NUMERICAL  RESULTS 

Numerical  examples  are  given  for  the  complete  nonlin¬ 
ear  and  fully  relativistic  equations  obtained  in  Sec.  II,  and 
these  results  are  compared  to  the  analytical  results  obtained 
in  Sec.  Ill  in  the  weak  laser  field  limit,  i.e.,  £<  1. 


Equations  (32a)  and  (32b)  were  numerically  solved  in 
order  to  verify  our  approximation  IAE  |>£  used  in  deriving 
the  constant  of  motion.  Figure  3  is  a  plot  of  \AE  |  as  a  func¬ 
tion  of  time  for  the  parameters  e  =  0.01,  (7  =  0,  and  three 
different  normalized  frequencies':  /=  0.96,  /  =  0.98,  and 
/=  1.0.  The  curves  show  that  the  approximation, \AE  \  is 
indeed  well  satisfied.  The  curves  for  \AE  |  in  Fig.  3  are  peri¬ 
odic  in  time  and  show  that  the  plasma  wave  periodically 
exchanges  its  energy  with  the  laser  field.  The  plasma  buildup 
time  is  longest  when  the  frequency  is /op( ,  and  is  29  plasma 
periods  with /=  1  and  e  —  0.01,  agreeing  with  the  calcula¬ 
tions  in  Sec.  Ill  C. 

Figure  4  is  a  plot  of  the  amplitude  of  £  as  a  function  of 
time  for  the  complete  equations  ( 1 8)— (20),  with  the  same  pa¬ 
rameters  as  used  in  Fig.  3.  The  laser  power  was  built  up 
gradually  over  three  periods  of  the  laser  beat  frequency.  We 
used#,  =  0.9999  for  the  purpose  of  comparing  with  analyti¬ 
cal  results.  In  this  case,  the  amplitudes  of  the  plasma  elcctnc 


Number  Of  Laser  Beat  Wave  Periods 

FIG.  3.  Plot  of  | JE  |  as  a  function  otihe  number  of  lasrr  boat  wave  periods 
for  t  m  0.01,  <7  =  0  and  three  different  beat  frequency  parameters  /  •  0.96. 
0.98,  and  10. 


FIG.  5  Phase  velocilies  obtained  from  ihe  simplified  equations  Isolid  curvel 
and  numerically  obtained  from  the  fully  relativistic  nonlinear  equations 
Idashed  curvel  for  t  »  0.01.  G  »  0  and/—  0.9S. 
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FIG  6.  Comparison  of  J£„„  based  on  the  analytical  result  (solid  curvel. 
and  the  peak  amplitude  of  £  numerically  obtained  from  the  fully  relativistic 
nonlinear  equations  (dashed  curves). 

fields  are  only  slightly  changed,  showing  that  the  analytical 
equations  are  excellent  in  the  small  e  limit. 

In  Fig.  5,  the  phase  velocities  given  by  the  analytical 
results  (solid  curve)  are  compared  to  the  numerical  values 
(dashed  curve)  for  e  =  0.0 1  and  f—  0.98.  Thesfiift  of  the  two 
curves  is  caused  by  the  three  periods  of  laser  buildup  time  in 
the  numerical  calculation.  The  phase  velocity  uph  is  at  a  local 
minimum  when  |  AE  j  is  maximum  and  decreases  as  AE  in¬ 
creases. 

The  plots  of  the  numerically  calculated  peak  amplitude 
of  E  (dashed  curve)  and  the  analytical  expression 
AEmmA  =  4(e/3)l/1  (solid  curve)  are  plotted  as  a  function  of 
e,n  in  Fig.  6.  The  plots  of  the  normalized  laser  beat  frequen¬ 
cy/  (dashed  curvel,  at  which  the  largest  accelerating  electric 
field  is  numerically  obtained,  and  the  analytical  expression 
for/opc  (solid  curve)  are  shown  in  Fig.  7  as  a  function  off2'3. 
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FIG.  7.  Comparison  of  the  frequency  at  which  the  largest  accelerating  elec¬ 
tric  Held  is  obtained.  The  solid  curve  is  a  plot  of /*,  obtained  analytically 
and  the  dashed  curve  is  found  numerically  from  the  fully  relativistic  nonlm- 
ear  equations. 


FIG.  8.  Normalized  peak  amplitude  of  the  accelerating  electric  Seid  :pr 
t  »  0.01.  0.0*.  and  0. 16  within  the  normalized  laser  beat  frequency  range 
0.8  </<  1 . 1 .  The  solid  curves  are  analy  tical  results  of  peak  J  £  obtained  from 
Eq.  (34)  and  the  dashed  curves  are  numerical  results  of  peak  amplitude  of  £ 
obtained  from  the  complete  analysis  of  Eqs.  |1SH?0). 

The  normalized  peak  amplitudes  of  the  accelerating 
electric  field  for  f  =  0.01,  0.04,  and  0.16  in  the  frequency 
range  0.8</<l.I  are  given  in  Fig.  8.  The  phase  velocities 
associated  with  the  peak  amplitude  are  plotted  in  Fig.  9  The 
dashed  curves  are  the  numerical  results  obtained  from  the 
complete  nonlinear  and  fully  relativistic  equations  ;  1 8)-i201, 
while  solid  curves  are  the  analytical  results  obtained  from 
Eq.  (34).  The  agreement  for  small  e  is  excellent. 

We  note  that  the  analytical  solutions  for  the  amplitude 
of  the  plasma  wave  and  the  phase'velocity  have  discontinui¬ 
ties  at/^,.  For/>/opt,  AE  has  one  real  root  and  the  phase 


FIG  9.  Plots  of  the  phase  velocity  associated  with  the  peak  electric  field  for 
<  •  0.0 1 .  0.04.  and  0.16  wuhi"  the  normalized  beai  frequency  range 
0  3q/ql  I  The  solid  curves  are  obtained  from  the  anah  tical  equations  and 
the  dashed  curves  are  obtained  from  the  complete  equations  at  the  maxi¬ 
mum  of  £. 
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FIG.  10.  .Normalized  electric  field  for  one  period  of  the  laser  beat  wave  at 
two  different  amplitudes  obtained  at  two  different  instants  in  time  with 
f  —  0. 16,/—  0.925,  and  (7  —  0.  The  point  is  marked  by  (*)  in  Fig.  8. 


velocity  associated  with  the  peak  electric  field  is  less  than  the 
speed  of  light.  For  /</op, ,  AE  has  three  real  roots.  The 
smallest  value  of  the  root  is  closest  to  the  numerical  result. 
For f <faVi  >  the  phase  velocity  associated  with'the  peak  elec¬ 
tric  field  is  generally  greater  than  the  speed  of  light 

In  the  region  marked  by  (=  =  =)  in  Fig.  8,  the  analysis 
is  not  applicable  because  of  particle  mixing.  Here,  the  large 
amplitude  oscillations  cause  the  electrons  to  become  relativ¬ 
istic  in  wave  steepening, 20  24  which  phenomenon  is  illustrat¬ 
ed  in  Fig.  10.  Two  curves  of  the  normalized  electric  field  at 
two  instants  of  time  are  plotted  for  one  wavelength  of  the 
laser  beat  wave  with  parameters  €  m  0. 16  and/*=  0.925;  the 
point  is  marked  by  (*)  on  Fig.  8.  The  curve  with  the  circular 
dots  showing  wave  steepening  is  the  normalized  electric  field 
just  before  wave  breaking.  On  the  other  hand,  the  wave  pro¬ 
file  is  almost  sinusoidal  when  the  amplitude  of  the  electric 
field  is  small,  i.e.,  \AE  |  <  1,  as  illustrated  by  the  curve  with 
the  crosses  in  Fig.  10.  As  \AE  |  becomes  larger  than  1.1,  the 


FIG.  1 1.  Plots  of  the  relativistic  gamma  associated  with  the  axial  motion  y, 
for  one  period  of  the  plasma  oscillation  for  the  same  parameters  and  at  the 
same  instants  in  time  as  in  Fig.  10. 
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FIG.  12.  Time  evolution  of  the  amplitude  cf  the  normalized  electric  field 
(solid  curve)  and  the  time-dependent  laser  power  parameter  e  Idashed  curvel 
for/-  0.925. 


electric  field  in  our  representation  becomes  multivalued  and 
the  Lagrangian  model  breaks  down.  Since  the  electric  field 
produced  by  a  turbulent  plasma  is  unlikely  to  be  desirable  for 
acceleration  of  electrons,  the  upper  limit  for  \AE\  is 
AE]im  =  1.1.  The  minimum  e  necessary  to  obtain  AEUm  is 
approximately  emin  =  0.06. 

To  illustrate  the  relativistic  phenomenon.  Fig.  11  shows 
a’ plot  of  y,  =  [1  —  (y,/c)2]~ 1/2  for  one  wavelength  of  the 
laser  beat  wave  for  the  same  parameters  and  at  the  same 
instants  in  time  as  Fig.  10. 

Numerically  calculated  time  evolution  of  the  electric 
field  and  the  corresponding  phase  velocity  for/=  0.925  are 
plotted  in  Figs.  12  and  13,  respectively,  where  e  is  adiabati- 
cally  increased  from  0  to  0. 16  in  three  plasma  periods. 

Since  the  saturated  oscillatory  electric  field  amplitudes 
and  phase  velocities  are  not  desirable  for  accelerating  elec¬ 
trons,  the  laser  pulse  duration  should  be  chosen  to  equal  the 
plasma  buildup  time.  After  the  laser  pulses  pass  through  the 
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FIG.  13.  The  temporal  dependence  of  the  phase  velocity  associated  with 
Fig.  12 
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FIG.  14.  The  temporal  evolution  of  the  amplitude  of  the  normalized  electric 
Held  (solid  curve)  produced  by  pulsed  laser  beams  e\t  |  Idashed  curve)  for 
/-  0.923. 


plasma,  the  plasma  wave  will  continue  to  oscillate  until  dis¬ 
rupted  by  various  instabilities.  Figure  14  plots  the  temporal 
profiles  of  the  normalized  stimulated  electric  field  amplitude 
(solid  curve)  for /—  0.925  and  a  short  laser  beat  wave  pulse 
f(r)  (dashed  curve).  The  corresponding  phase  velocity  is 
shown  in  Fig.  15.  After  the  laser  pulse  passed,  the  amplitude 
and  the  phase  velocity  of  the  plasma  oscillation  remained 
roughly  constant. 

.  Next,  we  examined  the  effect  of  the  perpendicular  mag¬ 
netic  field  on  the  plasma  oscillation  in  the  surfatron  configu¬ 
ration.  An  imposed  transverse  magnetic  field  can  increase 
the  total  electron  energy  by  maintaining  synchronism  while 
accelerating  the  electron  in  the  transverse  direction. :J  The 
analytical  calculation  shows  that  the  transverse  magnetic 
field  has  a  higher  order  eifect  on  the  plasma  dynamics.  The 
numerical  result  of  the  peak  electric  field  and  the  corre¬ 
sponding  phase  velocity  are  plotted  as  a  function  of  G  for 
<f  —  0. 16  and /—  0.925  in  Fig.  16.  and  results  changed  little 
for0<(7<  I.  The  imposed  transverse  magnetic  field  increases 
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FIG.  13.  The  phase  velocity  associated  with  the  pulsed  laser  beam  shown  in 
Fig.  14. 


?'■,"«  Vcl  21.  .‘Jo  6  Jufi-ji.'iS 


K-ll 


E  Pn  9  a. 

3  > 

E  l 

B  0  - 1 - 1 

|  0  0.5  1.0 

Transverse  Magnetic  Field  Parameter  (G) 

FIG.  16.  Plot  of  the  maximum  amplitude  of  the  normalized  electric  neid  E 
(solid  curve)  and  the  corresponding  phase  velocity  vanation  i<^  /e  dashed 
curve)  as  a  function  of  G  for  r  »  0. 1 6  and  /  »  0.923. 

the  effective  plasma  frequency,  but  has  little  effect  on  the 
dynamics  of  the  plasma  wave. 

V.  SUMMARY  AND  DISCUSSION 

We  have  obtained  nonlinear,  fully  relativistic  results  for 
the  plasma  waves  excited  by  the  beating  of  two  laser  beams. 
We  found  that  the  effective  plasma  frequency  is  a  function  of 
the  laser  power  as  well  as  the  imposed  transverse  magnetic 
field  in  the  surfatron  configuration.  In  the  ideal  situation 
analyzed  here,  the  amplitude  of  plasma  waves  becomes  oscil¬ 
latory.  Since  it  is  desirable  to  maintain  the  accelerating  elec¬ 
tric  field  at  the  largest  value,  the  laser  pulse  duration  should 
be  approximately  equal  to  the  plasma  wave  buildup  time. 

In  the  weak  laser  power  limit,  we  obtained  analytical 
results  for  the  saturated  plasma  wave  for  a  range  of  frequen¬ 
cies  around  the  effective  plasma  frequency.  As  the  laser  pow¬ 
er  increases,  the  maximum  amplitude  of  the  plasma  electric 
field  increases  as  eUi,  confirming  the  previous  work  of  Ro- 
senbluth  and  Liu:4  at  exact  resonance  when  the  transverse 
motion  is  nonrelativistic,  i.e.,  yl0  ~  1 ,  and  the  corresponding 
phase  velocity  decreases,  i.e.,  vt  —  upK  scales  as  rl}.  The 
maximum  accelerating  field  is  achieved  when  the  laser  beat 
frequency  is  less  than  the  effective  plasma  frequency.  The 
difference  between  the  effective  plasma  frequency  and  the 
optima]  laser  beat  frequency  is  proportional  to  r'1-  The 
plasma  buildup  time  is  proportional  to  e~in. 

Given  a  plasma  density,  the  desirable  range  of  normal¬ 
ized  laser  beat  frequency  for  growth  of  large  amplitude  plas¬ 
ma  waves  is  small,  i.e.,  1.05  2/2/opf  If  the  laser  beat  fre¬ 
quency  is  given,  this  condition  can  be  translated  to  plasma 
density  requirements.  Defining  n„  —  An  +  n/m , ,  where 
nfm ,  is  the  ambient  plasma  density  that  will  provide  exact 
resonance  at/-  1.  i.e.,  co,[nfm , )  a  («^/yl0  +  O  7>70)WJ 
—  Aaj,  where  —  (4!rje|!n/.  ,  /m„)'  :.  The  density  crite¬ 
ria  for  stimulating  large  amplitude  plasma  waves  is 

-0.1(1  +G„)SJn//i/.l<;Ur,|l  +  G0).  (471 

where  <7„  —  1/2  :/y70)(iy^,/yl0)*'.  We  now  consider  two  ex¬ 
amples  of  plasma  density  vanation  requirements  without 
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’(.'LiMUaucnsity  variation  is  about  25*.w  lore  — .O.ut>. 
The  tolerable  density  variation  is  reduced  to  15%  for 
e  =0.01.  The  application  of  transverse  magnetic  field  B0  in 
the  s.urfatron  configuration  can  increase  the  allowable  den¬ 
sity  fluctuation  limit  by  a  factor  1 1  +  (7n).  In  an  experimental 
situation,  B0  not  only  overcomes  the  problem  of  desynchron¬ 
ization.  but  allows  more  flexibility  in  the  tuning  of  plasma 
density. 

A  comparison  of  the  numerical  results  from  the  com¬ 
plete  equations  with  the  simple  analytical  results  for  the 
weak  laser  power  limit  is  excellent  for  e<0.1,  and  is  in  fair 
agreement  for  larger  e.  Numerical  results  show  that  the  lar¬ 
gest  amplitude  for  the  accelerating  electric  field  in  cgs  units 
without  electrons  overtaking  each  other  is 


\E.\^(cjlp/Acj\0s{md:/\e\). 

The  laser  power  required  to  reach  this  value  without  wave 
breaking  is  £—0.06. 

For  the  purpose  of  accelerating  electrons,  it  is  desirable 
not  only  to  have  the  largest  accelerating  electric  field  but  also 
to  have  uph/c  less  than  but  close  to  unity.  Instead,  we  find 
that  as  the  amplitude  of  plasma  waves  gets  larger,  the  corre¬ 
sponding  phase  velocities  become  smaller.  An  applied  trans¬ 
verse  magnetic  field  can  overcome  the  problem  of  desynch¬ 
ronization  of  the  accelerating  electrons  in  the  accelerative 
electric  field.  Since  the  transverse  magnetic  field  only  modi¬ 
fies  the  effective  plasma  frequency,  but  has  little  effect  on  the 
plasma  dynamics,  the  surfatron  configuration  may  be  the 
desirable  way  to  operate  the  laser  beat  wave  accelerator. 

Finally,  we  would  like  to  point  out  that  the  laser  plasma 
interaction  contains  a  rich  souree  of  instabilities,  many  of 
which  may  be  detrimental  for  the  formation  of  the  large  am¬ 
plitude  plasma,  waves  studied  in  this  paper  for  the  laser  beat 
wave  accelerating  scheme.  Some  of  the  processes  '*  that  have 
large  growth  rates  are  three-wave  forward  Raman  scatter¬ 
ing,  four-wave  forward  Raman  scattering,  and  processes  as¬ 
sociated  with  background  ions.  Other  areas  requiring  inves¬ 
tigations  are  the  effects  of  the  transverse  Weibel  instability 
induced  by  energy  anisotropy,  the  influence  of  kinetic  ef¬ 
fects,  self-focusing  of  laser  radiation,  and  filamentation.  De¬ 
tailed  studies  of  them  are  necessary  to  evaluate  feasibility  of 
the  long  term  goals  of  the  laser  beat  wave  accelerating 
scheme. 
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APPENDIX:  ALTERNATIVE  VIEW  OF  EQUATIONS  (32a) 
AND  (32b) 


The  simplified  equations  in  (32a)  and  (32b)  can  be  writ¬ 
ten  in  the  form 


7f-U'  -r-\ 


dy  f  l  f,  ,t  3,  , 

If-l-vi'-s -J '*'+rT 
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AE  cos  9 

FIG.  17.  Plot  of  JE  sin  9  vs  JE  cos  9  for  e  t 
malized  laser  beat  frequencies. 


0.01  and  three  different  nor- 


where  x  =  AE  cos  ff.y  =  AE  sin  d  and  the  initial  conditions 
are  x  —  y  =  0  at  T  =  0.  The  amplitude  and  the  phase  of  the 
electron  displacement  are 

A£  =  (x2+r)'/J.  (A3  a) 

0=tan  ~'{y/x).  (A3b) 

Figure  17  is  a  plot  of x  and  y  for  e  =  0.01  and  three  different 
normalized  laser  beat  frequencies:  /  =  0.96;  0.98,  and  1.0. 
F°r/>/>pi .  the  enclosed  area  is  to  the  left  of.t  =  0,  and  to  t  he 
right  ofx  =  0  for /</,,* . 
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The  diocotron  instability  of  an  electron  layer  in  which  the  electron  Larmor  radius  is  of  the  order  of 
the  layer  thickness  is  studied.  Remarkably,  exact  analytical  solutions  are  obtainable  in  a 
nontrivial  special  case.  These  results  allow  an  examination  of  the  effects  of  finite  Larmor  radius 
for  arbitrary  ratios  of  Larmor  radius  to  wavelength  and  of  Larmor  radius  to  layer  thickness.  In 
addition,  an  energy  principle  which  yields  a  necessary  and  sufficient  condition  for  instability  for 
general  distribution  functions  is  derived. 


I.  INTRODUCTION 

The  physics  of  unneutralized,  single  species  plasmas  is 
of  great  basic  interest,  as  well  as  being  inherently  related  to  a 
number  of  applications.  These  applications  include  collec¬ 
tive  electromagnetic  wave  generators  (e.g.,  gyrotrons  and 
free-electron  lasers),  particle  accelerators  (e.g.,  the  modified 
betatron),  diode  devices,  etc.  In  all  of  these  situations  stabil¬ 
ity  of  the  plasma  is  a  key  consideration.  Perhaps  the  most 
basic  instability  of  an  unneutralized  plasma  is  the  diocotron 
instability.1  The  mechanism  driving  this  instability  is  the 
shear  in  the  ExB  velocity  resulting  from  spatial  dependence 
of  the  self-electric  field  Eq  created  by  the  equilibrium  charge 
density. 

In  this  paper  we  consider  the  diocotron  instability  of  an 
electron  layer  in  which  the  typical  electron  is  allowed  to  have  a 
Larmor  radius  of  the  order  of  the  layer  width.  The  results'of 
our  analysis  are  as  follows: 

(1)  An  integral  equation  eigenvalue  problem  for  the 
Fourier  transform  of  the  electrostatic  potential  is  formulated 
(Sec.  III). 

(2)  An  exact  analytical  solution  to  the  full  problem  is 
given  for  a  special  case  which,  however,  is  general  enough  to 
encompass  the  full  range  of  ratios  of  Larmor  radius  to  layer 
thickness  and  of  Larmor  radius  to  wavelength  (Sec.  IV).  We 


FIO.  I.  The  k,6  dependence  of  the  normalized  growth  rate  y3.  Each  curve 
is  parameterized  by  Ip/ 6. 
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believe  that  the  results  obtained  for  this  special  case  are  rep¬ 
resentative  of  what  happens  in  general. 

(3)  Using  the  results  of  the  analytical  solution  we  find 
the  following: 

(a)  Finite  Larmor  radius  does  not  stabilize  a  beam 
wherein  the  guiding  centers  are  localized  (i.e.,  A  =  0,  where 
A  is  the  half-thickness  of  the  guiding  center  spread),  and 
instability  persists  at  all  wavelengths,  although  the  growth 
rates  are  reduced  (cf.  Figs.  I  and  2). 

(b)  Beams  of  fixed  thickness  5  =  2(A  +p)  (where/?  is  the 
Larmor  radius)  are  destabilized  by  increasing  the  relative 
fraction  2p/S  of  beam  thickness  due  to  gyroradius  (cf.  Figs.  1 
and  2). 

(c)  For  a  beam  of  fixed  guiding  center  spread  A ,  increas¬ 
ing  p  is  stabilizing,  in  that  the  growth  rates  are  reduced  and 
the  range  of  unstable  wavenumber  becomes  smaller  (cf.  Fig. 

3). 

(4)  A  necessary  and  sufficient  condition  for  instability  in 
the  form  of  an  energy  principle  is  derived  for  the  case  of  a 
general  symmetric  distribution  of  guiding  centers  that  de¬ 
creases  monotonically  away  from  the  center  of  the  layer  (Sec. 
V). 

(5)  As  in  the  case  of  zero  Larmor  radius,  the  diocotron 
instability  occurs  only  if  the  component  of  the  propagation 
direction  along  the  magnetic  field  is  less  than  a  certain  small 
critical  value  (Sec.  VI). 

Finally  we  note  that  the  techniques  and  results  of  this 
study  may  be  useful  in  the  context  of  other  problems  with 


FIG.  2.  Stability  diagram  in  the  [k,S,2p/S\  plane. 
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kyA 


FIG.  3.  The  krA  dependence  of  y.  Each  curve  is  parameterized  by  p/ 4. 

large  self-electric  fields,  such  as  resistive  wall  and  ion  reso¬ 
nance  instabilities2  of  azimuthal  mode  number  m>  2. 

II.  EQUILIBRIUM 

Consider  a  nonrelativistic,  single  species,  low/3  (=  ratio 
of  plasma  pressure  to  magnetic  field  pressure)  plasma  im¬ 
mersed  in  a  uniform  magnetic  field  B  =  5,/,  where  z  is  a  unit 
vector  in  the  z  direction  of  a  Cartesian  coordinate  system 
(jc,  y,  z).  Suppose  that  the  plasma  is  in  an  equilibrium  which 
is  uniform  and  unbounded  in y  and  z,  and  localized  in  x  with 
a  particle  density  n(x).  By  Gauss's  law  there  is  an  accompa¬ 
nying  electric  field  E  =  E0(x)x, 


dE0(x) 

■  =  4w9/i(x); 

dx 

(1) 

£0(jc)  is  odd  about  x  —  0  if  n(x)  is  even. 

The  single  particle  equations  of  motion  in 

this  equilibri- 

um  are 

(2a) 

dt 

=  3-E0(x)x  +  ClyXz, 
dt  m 

(2b) 

where  Cl  ^qBg/mc  is  the  gyrofrequency.  Assume  that  the 
density  and,  hence,  the  electric  field  are  sufficiently  small  so 
that  the  dominant  motion  in  x  is  the  gyromotion 

ux(r)  =  t)1  cos(/2r  +  £ ) 
x (f )  =  K  /Cl  )sin(/2r  +  £ )  +  X. 

Then,  the  velocity  in  the  y  direction, 
vy=uty  +  V  {X,uL ), 

is  the  sum  of  the  velocities  due  to  the  gyromotionu,,,  =  — 

X  sin(/2/  +  £ )  and  the  finite  Larmor  radius  E  X  B  drift.  The 
latter  quantity  is  just  -  cE0[x(t  )]/£?„==  K  W* )]  averaged 
over  a  gyro-orbit, 

V{X,vl)3sT-'  J  dt  j  dy  j  dx 

xV,{x)p(x,y,rJ(,p),  (3) 

where  the  gyroperiod  T =2ir/Cl  and 

p(xy,vJCj>)  =  S[x  -  X  - p  sin(/2f  +  £ ) ] 

X8\ y  - p  cos[Clt  +  £)] 


is  the  probability  that  a  particle  with  guiding  center  position 
X  and  Larmor  radius  p=vL/Cl  is  at  (jc,  y)  at  time  t.  After 
integration  overy  and  /,  expression  (3)  becomes 

V[ X,vL)=  J dx  yylx]p(x-Xpl,  |4) 

where  the  probability  density  in  x 
p(x\X,p)  =p(x-X;p) 

=  •  v  [p2-(x-*)2],/2  ’  (5) 

0,  otherwise. 

The  essential  approximation  used  above  is  that,  in  a  frame 
moving  at  the  velocity  V  [X,vL ),  the  equilibrium  electric  field, 
E  o  (x),  makes  a  perturbation  on  the  lowest-order  fast  circular 
gyromotion  which  is  small.  In  this  frame  the  electric  field  is 
Eg  =  E0  +  VBg/c ,  and  the  maximum  E g  seen  by  a  particle 
is  of  the  order  ofp  dEg/dx.  Thus  we  can  estimate  the  size  of 
the  perturbation  in  velocity  due  to  E  g  to  be  of  the  order  of 

qpdE^_ 1_ 
dx  mCl 

Requiring  that  this  be  small  compared  to  vL  and  making  use 
of  Gauss’s  law  (1),  we  find  that  our  drift  approximation  is 
valid  provided  that 

a>\  <C1 2,  (6) 

where  w,,  =  {4vnq2/m)in  is  the  plasma  frequency.  This  con¬ 
dition  is  also  sufficient  to  neglect  the  modification  of  the 
equilibrium  magnetic  field'  caused  by  the  diamagnetic  cur¬ 
rents  of  the  gyrating  electrons. 

Direct  integration  of  Eqs.  (2)  shows  that  the  x  coordi¬ 
nate  of  the  guiding  center  position  X  st  +  vy  /Cl  is  an  invar¬ 
iant  of  the  motion.  When  the  limitation  (6)  on  the  plasma 
density  is  satisfied,  the  invariant  X  reduces  to  r  +  v^/Cl. 
The  equilibrium  particle  distribution  function  f0(X,vt  ,vl )  is  a 
function  of  the  invariants  of  the  motion:  the  guiding  center 
position  X  and  the  speeds  vz  and  v* ,  parallel  and  perpendicu¬ 
lar  to  the  magnetic  field. 

III.  KINETIC  THEORY— INTEGRAL  EQUATION 

The  evolution  of  the  particle  distribution  function 
/(x,v,r )  is  described  by  the  collisionless  Boltzmann  equation 

%■  +  v*v/+  -!(e+  Ixb).?  =0. 

dt  m\  c  /  oi 

For  electrostatic  perturbations  of  the  equilibrium,  the  per¬ 
turbed  distribution  function  f  satisfies  the  equation 

&  +  v-V/+  (3-  Eg(x)x  +  ClYXl)  ■ 
dt  \m  /  di 

=  -  —  E*  ,  (7) 

m  ox 

where  E  =  —  V&.  Equation  (7)  can  be  solved  in  the  usual 
manner  by  means  of  the  method  of  characteristics.  In  terms 
of  the  equations  of  motion  for  the  unperturbed  orbit, 


(8a) 

=  3-E0{x')k  +  ClY‘xz, 
m 

(8b) 
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with  the  initial  conditions  x'(t '  =  r )  =  x  and  v'(f  '  =  /)  =  ?, 
the  solution  of  Eq.  (7)  is 


7(x,y,/)=  -2-  f 

m  J  -  . 


•  t>>:).  (9) 

In  this  section,  as  well  as  Secs.  IV  and  V,  we  shall  take 
the  wavenumber  parallel  to  B  to  be  zero,  k2  =  0.  The  case 
k2jt  0  will  be  considered  in  Sec.  VI.  For  perturbations  of  the. 
form/(x,?,r )  =  f(x,y)txp[i{kyy  —  cot )],  Eq.  (9)  becomes 

.JLf0(X',v'„vl) 

(T9 

Xexp|i[A:J,(y'-jt)-«(i'-r)]|.  (10) 

The  Fourier  transform  in  x  of  Eq.  ( 10)  is 

*-r  fir* 

m  J  -  «  J  -  *  zttJ-c* 

X  i(k  'x  +  ky  jW  (k  ')•  \v2  ,v[ ) 

ay 

Xexp|  i[k'x'  —  kx  +  ky(y'  -  y)  -  co(t'  — 1)]\, 

(11) 

where  k  is  the  transform  variable.  It  is  useful  to  transform 
the  integral  over  x  in  Eq.  (1 1)  into  an  integral  over  the  guid¬ 
ing  center  constant  of  the  motion  X,  the  result  of  this  trans¬ 
formation  is 

/(M  =  —  f  df  P  r  dX  (k ') 

f9t  J  —  30  J  —  OO  2lT  a/  —  GO 

X/(k  +  ky  j ))•  ~/0(X,uI,ui ) 

O? 

X exp(i |  (k  ’  -  k  )X  +  (1  ~ 1  [ kva(t '  =  / ) 

-  k'utyit  ’)]  +k,(y' 


The  unperturbed  particle  orbits  are  obtained  from  the 
equations  of  motion  (8).  As  discussed  in  Sec.  II,  with  the 
density  limitation  (6)  the  particle  orbit  consists  of  the  gyro- 
motion  together  with  a  mean  ExB  drift  motion 

y'  -y  =  {vl/(I)\cos[/2[t'  -t)  +  $  ]  -cos£  | 

+  V[x,uW  -  t),  (13a) 

f„(0=  -»i  sin(/?(r'-r)  +  f  J,  (13b) 

where  f  is  thegyroangle  and  the  mean  drift  Y(X,uL )  is  defined 
in  Eq.  (4).  It  is  useful  to  transform  to  polar  coordinates  in 
wavenumber  space, 

k  =  k,  cos  9,  ky  =  kt  sin  9, 

and 

k'  =  k[cos0',  ky=k[sin9'. 

Then,  inserting  the  orbit  (13)  into  Eq.  ( 1 2)  and  using  the  Bes¬ 
sel  function  identity 


expfiz  sin  \!>)  =  ^  y.(z)ex p(//it0), 

tl  *  -  ae 

we  find  that  the  perturbed  distribution  function /is 

?(M  -  -2-  r  dr '  r ”  r  *  <k 

Xf<JiX,vt,vL  )exp(/{  {k‘  —  k\X 
~  [a-kyV(X,vL) ](r '  —  r ))) 

Xexp(i|n (/?(/'  -  f)  +  £  +  0']  +  m(£  +  0  +  w)|), 

(14) 

where  kL  =  (k2  +  k2)l/2  and  k[  =  (k  '2  +  k2)l/2. 

The  perturbed  density  h{k )  is  defined  in  terms  of /(k,v) 
by 

n(k )  =  f  du,,  f  vL  dv,  f  d£  /(k,v), 

J  -  Jo  Jo 

and  the  potential  i  (k )  is  self-consistently  determined 
through  Poisson’s  equation 

k ik )  =  bnqh{k ). 

Integrating /in  Eq.  (14)  over  the  gyroangle  f  and  keeping 
only  the  term  of  lowest  order  in  \co  —  kyV \/fi  <  1,  we  find 
that  the  self-consistent  integral  equation  for  d  (k )  is 

kjd(*)=  -  J  dk'd(k') 

*1  "■  ■,,,(ir)/"(:Tr) 

(15) 

Previous  work  has  dealt  only  with  the  laminar,  zero  Larmor 
radius  diocotron  instability.  To  recover  this  limit,  set f0{X,vL ) 
=  i/i{X (<5(1^  )/{2uvl )  in  Eq.  (15),  where  \k(X)  is  the  particle 
density.  After  integration  over  i>t ,  the  inverse  Fourier  trans¬ 
form  of  Eq.  (1 5)  becomes  the  known  differential  equation 
eigenvalue  problem  for  the  zero  Larmor  radius  diocotron 
instability,' 


4irkyqc  j,  (jc) 


to  —  kVAx)  dx 


IV.  DIOCOTRON  STABILITY-  A  SOLUBLE  MODEL 

Consider  a  plasma  in  which  all  the  particles  have  the 
same  vl  and  the  guiding  centers  of  the  particles  are  uniform¬ 
ly  distributed  in  a  slab  \X  |  <  A.  The  equilibrium  distribution 
function /„  can  be  written  in  the  form 

fa(X,vi)  =  \l>{X)x(vl),  (17a) 
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k\<b(k)=  - 


r  dk' 

)  -  «,  2j t 


i  \k  Vo(*i  pMo(*  1  p) 


Wr)  =  (JV/2d)[tf(Ar  +  d)-ff(*-d)],  (17b) 

Y(t>i )  =  <5(yt  -  yl0  )/2jrui0 ,  (17c) 

and  //  (A' )  is  the  Heaviside  step  function, 

'<*•-  li  ?<°o. 

Insertion  of  Eqs.  (17)  into  the  integral  equation  (15)  for 
<j>  (k )  and  subsequent  integration  over  the  guiding  center  posi¬ 
tion  X  and  the  velocity  u1  yields  the  integral  eigenmode 
equation 

*!$(*)«-  ~~  f  -rr-*(*  Vo(*i  P\J<kk\p) 

A  J  -  «,  2jt 
x  fexp[  —  i(k '  —  k  \A  ] 

V  <U  +  fcyK(d,/j) 

_  exp[_/(/c '  ~  k  ]A  ]  \  (lg) 

<u-*,,K(,d,p)  / 

where  F0s=2 irNqc/B0,  the  Larmor  radius  p  =  ui0//2,  and 
we  have  noted  that  the  ExB  drift  V{—  A,p)  =  —  V( A,p) 
since  Ex  (jc)  is  odd  about  x  —  0.  The  right-hand  side  of  this 
integral  equation  is  the  sum  of  two  terms,  each  of  which 
has  a  kemal  K  [k,k ')  which  is  separable:  K  \k,k  ’) 
sb  AT,(yfc  ]K2(k ').  As  a  consequence,  Eq.  ( 1 8)  can  be  written  in 
the  form 

4>  [k )  «  [Uk,  p)/k  l  ]  (cze‘kA  +  pe  ~  M ),  (19) 

where 

(k,JVA)  r  dk-  2.,,.,.,..*, 


co  +  kyV(A,p I 


)  r  dk‘ 
,pj  J-  .  2ir 


<HkV0{k[p)e- 


{k,  Vq/A 


)_  r  dk^_ 
,p )  J-oo  2jt 


^(*V#Ip)e“ 


co  -  kyV{A,p\  J  -  «  2jt 

are  numbers  which  are  independent  of  k.  Substitution  of 
expression  (19)  for  <j>(k )  into  Eq.  (18)  yields  a  pair  of  linear 
homogeneous  equations  for  a  and  f3. 

{kyVo/A) 
co  +  kyV\A,p) 

x  r  dk;  JoikcP)  {a+0e-2.k  o)t  (20a) 

J  -  .  2ir  Jfc  ' 

{WA) 
co  —  ky  V{A,p) 

X  f  (ae2ik'*+0).  (20b) 

J  -  .  2n-  * 

The  numbers  a  and  (3  in  Eqs.  (20)  can  be  nonzero  only  if  the 
determinant  of  the  system  (20)  is  zero.  Thus  the  frequency 
co  =  iy  satisfies  the  dispersion  relation 


f"  dk' 
In' 


V[A ,  p).  The  mean  ExB  drift  velocity  V{X,p)  is  given  in  Eq. 

(4), 


dx  Ex{x)p(x  -  X; p), 


where  the  probability  density  p  is  given  in  Eq.  (5).  An  expres¬ 
sion  for  Kin  terms  of  the  guiding  center  distribution  function 
\JAX )  is  obtained  as  follows.  Let  us  take  the  derivative  of  Eq. 
(22)  with  respect  to.Y and  then  integrate  by  parts;  the  result  is 

dV[Xy—  ~  -  -JT  f dxp{x-X; p)-j- Ex[x). 

■  dX  B0  J  dx 

Using  Gauss’s  law  (1)  and  noting  that  the  particle  density 
n(x\  is  related  to  the  guiding  center  distribution  iHX )  by  the 
equation 


=  J  dX'  iMX’)p{x-X'-,p), 


we  find  that 


X  j  dX '  p{x  —  X'\ p)xlc[X '). 


By  the  convolution  theorem,  the  Fourier  transform  of  Eq. 
(23)  is 

ikV{k,p)=  -  (4nqc/B0]p(k,p)p(  -  k;p)iftk),  (24) 

where  the  Fourier  transform  of  the  probability  p{x;  p)  given 
in  Eq.  (5)  is  p(k\  p)  =  J0[kp).  For  the  uniform  guiding  center 
distribution  (17b),  the  transform  ib[k  )  =  N  sin(fcd  )/[kA  land 
Eq.  (24)  becomes 

V[k,p)  =  2iV<yJ 20{kp)s\n{kA  )/k  2A.  (25) 

The  inverse  Fourier  transform  of  (25)  yields  the  final  result 
iv  f  dk  ,2,,  ,  sin(fcd)  sin(fcY) 


v\Xj>) 


P)=  -2  K0J. 


-Jl\kp)- 


With  expression  (26)  for  V,  the  dispersion  relation  (21) 
for  the  growth  rate  y  can  be  written  in  the  form 


t  =  (r  dk gT\ 

4  V.J  - «,  2jt  k  l  J 

(r  dk  JUk,  p)  sin 2(kA  )  V 
U  - »  2jt  k  \  A  ) 


sin2(fcd  ] 
[kA  )2 


Hkp)  sin2(fcd ) 


where  yzsy/ky  V0  is  the  normalized  growth  rate.  When 
p  =  0  we  recover  the  guiding  center  result 


y>  =  -k\  [(kuM+K0J“  ?=[e-2k-‘-l+2 ky6-(ky8)2]/\ky6)2, 


dk  Jl\kL  p) 
2nA  k[ 


To  proceed  further  with  (21)  we  need  to  evaluate 


where  5  =2A  is  the  plasma  width  in  x.  A  guiding  center 
plasma  slab  is  unstable  to  long  wavelength  perturbations 
with  ky8  <  1.28. 

For  a  sheet  distribution  of  guiding  centers  ( A  =  0),  the 
dispersion  relation  (27)  reduces  to 
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'  *  •  W 


w 


x[r.^(/jw-if-,8,*‘'”)]- 1281 

Transforming  the  integration  variable  in  —  /  dk  (k  V 
k  l  )/o(*i  P)  from  k  to  kL ,  we  can  rewrite  expression  (28)  for 
y2  as 


r  r  .  ik,vdf/ax _ 

CJ' J  J  [((0r  -  kyV)2  +  -r][[Qjr  +  kyV)2  +  r] 

X  2ttvl  dv i  dX  —  0, 

where  =  Re(ry),  y  =  Iin(ru)  >  0,  and  we  have  utilized  the 
odd  symmetry  of  V  [  V  [X,vL )  =  —  V(  —  X,vL )].  Since  V  dfj 
dX  >  0  for  X  #  0  (assuming  q  >  0),  and  since  I  >  0,  we  see  that 
the  integral  above  is  always  positive.  Thus  cor  =  0,  and  we 
conclude  that  if  d  (£ )  is  real,  then  the  instability  is  purely 
growing. 

With  this  information  we  can  rewrite  the  quadratic 
form  Eq.  (29)  as 

Wy0  =  A  [d;y],  (30) 

where  the  functional  A  [6;y]  is  given  by 

A  r-.  ,  =  ;; t>x  dv,  dx [ky vdfjax/[f  +  k \ n y 

S  k  \  6 1  dk 

(31) 

and  the  function  6  is  real.  It  is  easy  to  verify  that  the  equa¬ 
tion,  l/y0  =  A  [4>\y],  is  variational  (that  is,  setting  <5y,/ 
56  =  0  yields  the  original  integral  equation). 

We  now  wish  to  show  that  A  [6\y]  is  bounded  from 
above.  To  do  this  we  make  use  of  Schwartz’s  inequality, 

iv>£  )2<iV>V){£>£)’ 

applied  to  the  quantity  /, 

Thus 

0</l[d;y]</lm.,(y),  (32) 

where 


Jo (kp)  I 


(k2-k2)' 


which  is  manifestly  positive.  Hence  a  sheet  distribution  of 
particle  guiding  centers  is  always  unstable  to  perturbations 
of  any  wavelength  no  matter  how  large  the  Larmor  radii  of 
the  particles  are. 

In  general,  the  width  5  of  the  plasma  slab  is 
5  =  2(A  +  p).  Figure  1  is  a  plot  of  the  ky  5  dependence  off2. 
Each  curve  is  parameterized  by  the  quantity  2p/S  which 
measures  the  fraction  of  the  plasma  width  which  is  due  to  the 
particle  Larmor  radius.  A  diagram  of  the  region  of  stability 
in  the  (ky  6,2p/S)  plane  is  shown  in  Fig.  2.  The  range  of  unsta¬ 
ble  wavenumbers  increases  as  the  Larmor  radius  becomes  a 
larger  fraction  of  the  total  plasma  width. 

For  a  plasma  with  fixed  guiding  center  width  A ,  an  in¬ 
crease  in  the  particle  Larmor  radius  is  stabilizing.  Figure  3  is 
a  plot  of  the  kyA  dependence  of  f  for  several  values  of  the 
ratio  p/A.  Typically,  the  growth  rate  is  reduced  as  p  in¬ 
creases. 


V.  ENERGY  PRINCIPLE 
A.  Sufficient  condition  for  Instability 

Multiplying  Eq.  ( 15)  through  by  the  conjugate  of  6  (k ), 
and  integrating  over  all  k,  we  have  the  quadratic  form, 


J  k\\6[k)\2dk  =  -  y0  J  uL  dvL 

X  \dX%2-  — 

J  dX  a>- 


X  f  dX— 

J  dX  co-kyV(X,vL)  ’ 

(29) 

where  I  (X, v  ltky)  =  \S  dk  6  {k\J0(k^vl/fl)n^(ikX)\1  and 
y0  =  \irkyqc/B0.  In  all  of  what  follows  we  shall  take  f0[X,vL ) 
to  be  symmetric  and  monotonically  decreasing  away  from 
X  =  0:  fQ(X,uL )  =/„(  -  X,vL ),  and  d/o/dX^O  for  X$0.  We 
now  derive  a  condition  for  Eq.  ( 1 5)  to  have  an  unstable  solu¬ 
tion  for  which  the  corresponding  eigenfunction  6  [k )  is  real. 
Since  unstable  solutions  may  also  conceivably  exist  for 
which  6  (k )  is  not  purely  real,  the  condition  so  derived  will 
only  be  sufficient  for  instability.  Subsequently  we  shall  prove 
that  it  is  also  necessary. 

Assume  that  there  exists  an  unstable  solution  with  6 
real.  Because  6  [k )  is  real,  I\X,uL  ,k )  is  seen  to  be  even  in  X. 
Since  df^/dX is  odd,  we  may  replace  (<y  -  ky  V)~ 1  in  (29)  by 
its  odd  part  in  X.  Then,  taking  the  imaginary  part  of  the 
quadratic  form,  Eq.  (29),  we  obtain 


=  J  j*  J  d»i  dx  dk 


w  kyVdfo/dX  J^k.v./n) 
x  f  +  k2yy2  ~k\  '  1  1 

Say  we  find  a  trial  function  6+  and  a  trial  growth  rate 
y * ,  such  that 

't  1  >  1  /y0, 

then  we  claim  that  this  is  a  sufficient  condition  for  an  insta¬ 
bility  with  growth  rate  greater  than  y* .  To  see  that  this  is  so, 
we  represent  the  situation  schematically  as  in  Fig.  4.  Since 
A  [6>Y»  ]  is  bounded  from  above  by  /lm.,(y. ),  we  see  that 
A  [6<y+]  must  have  a  maximum  (as  shown).  From  (31)  we  see 
that  A  [6\y]  is  monotonically  decreasing  with  y  and  tends  to 
zero  as  y-*  oo.  Thus  as  y  increases  past  ym,  the  “curve” 
A  [6,y]  lowers  until,  eventually,  at  some  value  of  y  (here  de¬ 
noted  y,,),  the  maximum  of  A  is  l/y„,  occurring  at 
6  =  d,  ,  ■  Since  (30)  is  variational,  6  =  d,  , ,  co  =  iym  „  sat¬ 
isfies  the  original  integral  equation,  Eq.  j  1 5),  with  a  growth 
rate  in  excess  of  the  original  trial  growth  rate,  ym  „  >  yn .  In 
particular,  a  sufficient  condition  for  instability  is 
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FIG.  6.  Nyquist  contour  in  (al  the  complex  cj  plane  and  |bl  the  complex  D 
plane  when  t  he  dispersion  function  D  has  a  zero  on  the  real  a  axis  at  ai  =  m0. 


plane.  Since  there  are  no  such  poles,  there  can  be  no  u>  =  a>0 
root. 

Finally,  we  note  that  our  proof  of  necessity  implies  that 
<  l/y0 's  a  sufficient  condition  for  stability. 

VI.  FINITE  WAVENUMBER  PARALLEL  TO  B 

In  Secs.  III-V  we  have  taken  kz  =  0.  We  now  return  to 
a  discussion  of  the  effect  of  finite  kz.  First  we  recall  the 
known  zero  Larmor  radius  dispersion  relation  for  a  sheet 
beam  with  finite  kz  (cf.  Pierce1), 

y2  =  1  -  — - - - ,  (40) 

kHki  +  k2z)'l2v0 

where  y  is  the  growth  rate  normalized  to  ky  Vn  and 
V0=2irNqc/B0  (cf.  Sec.  IV).  From  (40)  we  see  that  the  mode 
is  purely  growing  for  waves  with 


and  the  solution  to  (35)  has  a  purely  real  eigenfunction.  Thus, 
we  see  that  A  ,0]  >  1  /y0,  for  some  real  ,  is  necessary  for 

instability.  QED 

It  remains  to  verify  that  D  ( <o,ky )  =  0  has  no  solutions 
on  the  real  cd  axis  for  co,  in  [  —  oo ,  —  ky  Vmmx  ]  and 
[ky  Vmkx,  oo  ].  For  illustrative  purposes,  assume  that  there  is 
one  such  solution  (similar  considerations  apply  if  there  are 
any  number),  and  denote  this  solution  cd  =  cd0.  Figures  6(a) 
and  6(b)  show  the  situation  for  this  case  corresponding  to 
Figs.  5(a)  and  5(b)  for  the  case  where  the  cd  =  <u0  root  does  not 
exist.  As  seen  from  Fig.  6(b)  there  are  two  clockwise  encircle¬ 
ments  of  D  =  0,  implying  two  poles  of  D  in  the  upper  half  cd 


Since  our  analysis  is  in  the  guiding  center  limit  f2>y,  the 
right-hand  side  of  (41)  is  small,  indicating  that  instability 
occurs  only  for  nearly  perpendicular  propagation.  When  (41) 
is  violated,  (40)  indicates  that  the  modes  become  purely  oscil¬ 
latory.  We  wish  to  see  what  effect  finite  Larmor  radius  has 
on  this  result.  We  find  that  the  situation  is  qualitatively  un¬ 
changed,  although  there  are,  of  course,  quantitative  changes. 

Inclusion  of  finite  k.  in  the  integration  over  unper¬ 
turbed  particle  orbits  is  a  straightforward  extension  of  the 
treatment  of  Sec.  III.  The  integral  equation  eigenvalue  prob¬ 
lem  Eq.  (15)  then  generalizes  to 


(kf  +k])<j>\k)  =  - 

r  dvz  r  dx^ 

J  —  TO  J  ~  X> 


dx  ]  +  [kz/ky)n  [dUX,v^)/dvz )  gllk  _kix 


cd  —  kyV[X,uL)  —  kz  vz 

To  solve  (42)  we  take  the  case  of  a  beam  with  all  gyrocenters  located  at  X  =  0,  neglect  thermal  spread  along  B,  and  again 
assume  a  delta  function  in  vL , 

fQ{X,uL,vz)  =  N6(X]S{vz]S(ul  -  vl0)/{2nvl0). 

Performing  the  vz  andX  integrations  by  parts  and  using  our  assumed  form  of /„  we  find  that  Eq.  (42)  yields 

(kf  -hkj^fkj-  AlrkyqcN  f  ~X~  ^  Vo(^i  p\Jo\k  [  p)  [  — -j-  (kv  V  +  /2 1  +  — - —  ,  (43) 

B0  J  .  »  2?r  [  co1  \  ky  J  co 


where  V  '=sd  V  [X,o10  )/dX  evaluated  at  X  =  0,  and  p  =  ui0/ 
fi.  Examining  the  k  dependence  of  the  right  side  of  (43)  we 
see  that  d  [k )  has  the  form 

<b{k)  =  [k  \  +  k2z)-'J„{kL  p)[a  +  ik0 \. 

Substituting  this  expression  for  i  back  into  (43)  and  proceed¬ 
ing  as  in  Sec.  Ill  we  obtain  the  dispersion  relation 

yi  =4 (r~dk  dk 

\J  -  -  hr  k  \  +  k\)  \  \.J  -  ■»  2  v 

x(y°,M"  "  \t\T0  ■ 


Note  that  (28)  is  recovered  for  kz—0,  while  (40)  is  recovered 
forp— ■ 0.  As  in  (4L  instability  will  occur  only  if  k ;  is  suffi¬ 
ciently  small  compared  to  k2.  The  condition  for  instability, 
generalizing  (41)  to  finite  gyroradius  is 

FM 

=  - - — -  f  du(j20(us ) - - - — - 7 

tr  \k;+k])'r-  l  °  u:  +  1  +  (k„/kl,): 

*'SW“!  +  iri 

where  s=\ky  o |  and  F(0)  =  1  in  agreement  with  (41).  Here 
F(s)  can  be  evaluated  asymptotically  fors>  1  and  is  found  to 
decrease  slowly  with  increasing!,  thus  narrowing  the  unsta¬ 
ble  range  of  propagation  angles. 
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1 _ In  s 

ir  (i k l  +  k2z)U2 


i>l. 


Thus  we  see  from  (45)  that,  as  in  the  zero  p  case,  the  dioco- 
tron  mode  is  stabilized  by  a  small  parallel  component  of  the 
wavenumber. 

The  dispersion  relation  for  a  relativistic  beam  in  which 
all  the  particles  have  the  same  parallel  velocity  vz  dose  to  the 
speed  of  light  can  be  easily  obtained  from  the  nonrelativistic 
result  assuming  v\/c'<  1 .  In  the  rest  frame  of  the  beam,  let  a 
be  the  eigenfrequency  determined  by  solution  of  Eq.  (42). 
Then,  the  frequency  co'  and  wavenumber  k  ’  in  the  laborato¬ 
ry  frame  are  related  to  co  and  kz  by  the  Lorentz  transforma¬ 
tions 

(o'  =  y\co  +  u,kz),  co  =  y\o>  —  o,k  ;), 

-Y[^,  +(»,/c *)»].  kz  =Y[k‘^-{vz/c1)co^], 

where  the  relativistic  factor  ys[  1  —  (uz  /c)2]  ~'n.  For  exam¬ 
ple,  say  we  have  a  dispersion  relation  calculated  in  the  beam 
frame,  D  \<o,kz )  =  0.  Then  the  dispersion  relation  in  the  labo¬ 
ratory  frame,  D  ’(<o',kz)  =  0,  is  simply  obtained  via  the  Lor¬ 
entz  transformations, 

D  V,* ;)  =  D  [yeo’  -  yk  'vz,  yk ;  -  y(^/cV ] ■ 
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APPENDIX  M 


\  . 

ONE  DIMENSIONAL  MODELS  FOR 

RELATIVISTIC  ELECTRON  BEAM  DIODE  DESIGN  ~  \  .  1°  ' 


I.  Introduction 


The  design  of  a  diode,  or  electron  gun.  for  a  microwave  tube  is  a  complicated  two  dimensional 
spatial  and  three  dimensional  velocity  space  problem.  It  involves  a  calculation  of  nonlinear  particle 
orbits  and  self  consistent  electric  and  magnetic  fields.  In  virtually  all  diode  design  work,  the  basic  tool 
is  the  electron  trajectory  ( Herrmannsfeldt )  code,  which  solves  for  the  electron  orbits  and  the  self  con¬ 
sistent  electric  and  magnetic  fields  in  an  arbitrary  two  dimensional  configuration.  Since  this  problem  is 
so  complex  and  the  parameter  space  so  vast,  a  diode  design  using  only  this  procedure  can  be  very  long 
and  expensive.  For  this  reasons,  one  dimensional  approximations  to  the  physics  arc  extremely  useful. 
This  is  particularly  true  for  space  charge  limited  diodes,  which  are  used  for  intense  pulsed  electron 
beams.  Since  the  electron  trajectory  code  begins  with  vacuum  fields  as  their  first  approximations,  it  is 

often  difficult  to  converge  on  a  space  charge  limited  flow  solution. 

v 

The  basis  of  this  paper,  and  many  other  works  in  this  area,  is  that  there  are  useful  one  dimen¬ 
sional  approximations  to  the  orbit  in  infinite  media.  Then  the  infinite  media  approximation  is  relaxed 
by  taking  only  a  spatially  limited  part  of  the  infinite  flow  pattern,  and  using  focusing  electrodes  to  create 
the  fields  set  up  by  the  remainder  of  the  beam  which  was  excluded.  (Harker;  Dryden;  Kirstein,  Kino 
and  Waters:  Tsimiring,  Manuilov  and  Fliflet  et  al.).  The  shapes  of  the  focusing  electrodes  are  deter¬ 
mined  by  the  particle  orbit.  Along  the  orbit  which  is  an  open  curve,  both  the  potential  and  its  normal 
derivative  are  known.  Laplace’s  equations  must  then  be  solved  exterior  to  this  orbit  to  determine  the 
equi potentials  (that  is,  the  shape  of  the  focusing  electrodes).  However,  the  solution,  subject  to  this 
open  surface  boundary  condition,  is  unstable.  To  determine  the  solution,  a  scheme  based  on  conformal 
mapping  is  used.  The  orbit  equation  is  rewritten  as  an  equation  valid  in  the  complex  plane.  Then  the 
potential  is  calculated  by  for  real  r  and  imaginary  z  at  some  fixed  value  of  real  z.  This  involves  the 
solution  of  a  wave  equation,  which  has  stable  solutions  for  Cauchy  boundary  conditions  on  an  open  sur¬ 
face.  Evaluating  the  solution  at  the  imaginary  part  of  z=0  gives  the  potential  as  a  function  of  r  at  the 
fixed  value  of  the  real  part  of  z  chosen.  Thus,  a  stable  solution  is  built  up  by  taking  a  two  dimensional 
projection  of  a  solution  in  three  dimensions.  The  cquipotentials  are  then  appropriate  places  for  the 


lot  :tiic>n  of  fo<  u>ing  electrodes*. 


The  only  trouble  with  this  method  is  that  once  the  beam  becomes  relativistic,  and/or  self  mag¬ 
netic  fields  become  important,  as  is  the  case  with  intense  pulsed  beams,  there  is  no  one  dimensional 
model  which  describes  the  flow.  This  paper  derives  a  variety  of  approximate  one  dimensional  models 
for  space  charge  limited  flow  in  a  diode.  While  no  model  is  exact  (the  electron  flow  is  inherently  two 
dimensional),  they  provide  important  insight  and  allow  for  approximate  synthesis  of  the  electrodes. 
The  actual  electrodes  can  then  be  quickly  perfected  with  the  Herrmannsfeldt  code. 

Finally,  we  note  other  attempts  at  one  dimensional  models.  A  model  similar  to  one  of  those  in 
the  next  section,  but  with  the  magnetic  field  parallel  to  the  cathode  plane  has  been  derived  by  Gold¬ 
stein.  Another  approximate  model,  valid  in  planar,  cylindrical  on  spherical  geometry  is  the  Brilloum 
model  of  Creedon.  Here  the  self  magnetic  fields  are  assumed  so  strong  that  electrons  flow  on  equipo-  t 
tentiaJ  surfaces-  so  that  the  model  does  not  describe  the  emission  from  an  electrode.  Another  model 
(Ott  et  aJ )  describes  the  electrostatic  field  in  two  dimensions,  but  the  electron  flow  in  one  dimension. 
Finally  we  note  an  approximate  two  dimensional  analytic  model  of  focused  electron  flow  in  diodes 
(Goldstein  et  ai). 

Section  II  describes  four  one  dimensional  modeis  for  electron  flow  in  diodes.  The  first  two  are 
planar,  relativistic  but  either  with  or  without  seif  magnetic  fields.  The  second  two  arc  spherical,  with  no 
self  magnetic  fields,  and  either  non- relativistic  on  supc'rTeiativistie.  We  rely  mostly  on  the  planar 
models  since  they  are  valid  over  the  full  energy  range.  However  there  are  still  important  geometric 
effects,  and  the  second  two  models  shed  light  on  them.  Principally  it  is  shown  in  Section  III  that  the 
space  charge  limited  current  ia  larger  in  realistic  geometry  than  in  the  analogous  planar  configuration. 
Section  IV  reviews  the  electrode  synthesis  technique  and  derives  electrodes  for  a  relativistic  beam  in  a 
planar  configuration.  Finally,  Section  V  derives  a  final  electrode  configuration  using  the 
Herrmannsfeldt  code.  The  goal  is  to  achieve  a  high  quality  beam  for  use  in  a  gyrotron  oscillator  at  35 
GHz  and  with  power  in  the  hundred  megawatt  range.  Accordingly,  the  diode  has  a  magnetic  field  of 
1.8  -  2.0  kG  and  produces  a  600  kV,  2  kA  beam  with  a  =  v(  /vjj  =0.2.  In  the  diode  region  and 


-  3  - 


subsequent  drift  spare,  the  beam  has  virtually  no  variation  in  a.  To  achieve  the  higher  values  of  a.  the 
magnetic  field  must  be  compressed  to  about  25  kG.  In  doing  so,  some  variation  in  a  across  the  beam 
is  induced,  although  the  beam  quality  is  more  than  sufficient  for  efficient  oscillator  operation. 

Another  important  consideration  is  the  use  of  focusing  electrodes  and  emitting  regions  for  high 
power  operation.  If  the  electro  field  is  too  high,  everything  will  ultimately  emit,  including  the  focusing 
electrodes.  The  key  is  to  keep  the  field  sufficiently  low  and  the  emissivity  of  the  emitter  sufficiently 
high.  For  instance,  it  has  been  determined  (Kirkpatrick  et  ai.,  1981)  that  with  focusing  electrodes  of 
anodized  aluminium  and  emitting  surfaces  of  reactor/graphite,  kilo  amp  current  could  be  generated  for 


30  nsec  and  that  the  focusing  electrodes  do  not  emit  for  fields  as  high  as  600  kV/cm. 


II.  One  Dimensional  Models 


In  this  section  we  describe  three  separate  one  dimensional  models  which  should  be  of  use  in  the 
design  of  a  wide  class  of  diodes.  These  models  are,  respectively,  a  relativistic  slab  model,  a  conical 
nonrelativistic  model,  and  a  conical  superrelativistic  model.  No  fully  relativistic  one  dimensional  coni¬ 
cal  model  was  found.  We  have  used  the  slab  relativistic  model  to  explore  a  large  area  of  parameter 
space  for  interesting  design  candidates.  This  model  is  used  in  the  electrode  synthesis  described  in  Sec¬ 
tion  IN'.  The  conical  models  were  used  to  estimate  geometric  corrections  to  the  slab  designs, 
specifically  the  current  required  to  obtain  space  charge  limited  flow. 

A.  Slab  Relativistic  Model 


f 


The  slab  diode  is  completely  described  by  three  constants  of  motion  Tor  every  particle,  namely 

v 

energy  and  the  conical  momenta  P,  and  P..  Here,  the  cathode  is  the  plane  x  =0  and  the  anode  is  at 
*  —L.  Here  z  corresponds  length  along  the  cathode  face  in  the  r,6  plane.  The  magnetic  fieid  B  is  in. 
the  x  -  z  plane,  so  y  corresponds  to  the  azimuthal  angle  <?  in  the  more  conventional  cylindrically  sym¬ 
metric  diode.  For  any  particle  which  leaves  the  cathode  x  =0,  these  constants  of  motion  are 


A E  =  (7  -  l)mcJ  +  q  ♦  (x), 


P,  =7  mv, - —  (x  -  x0)  -r  — —  A„(z) 


(1) 

(21 


P.  =7  mv.  + - (y  -  y0)  +  —  A.  (x). 

e  c 


where  y0.  x0  give  the  initial  position  of  the  particle.  Constants  have  been  added  so  that  these  are  zero 
on  the  cathode  x  =0  if  $,AtA:  are  also  zero  there.  Because  of  y,z  symmetry  only  one  orbit  needs  to 
be  considered;  without  loss  of  generality  it  can  have  y0  =*o  =0-  From  Eqs.  ( 1 )-( 3)  and  the  definition 
of  7  we  find 


/  \  [  +  vi  1  ]  * 

r,  (*,»,*)  -e  l - - — 7 


(<) 


whore  fl  ,  =  qB,  me  and  -fix'  =1  -  from  (I).  Sinc-e  v,  is  chosen  to  be  positive  in  14/. 

these  equations  will  apply  only  up  to  the  first  turning  point  in  x.  This  is  exactly  the  condition  that  no 
orbits  cross. 


If  a  steady  source  of  current  jo  is  supplied  at  the  cathode,  an  equilibrium  state  will  be  set  up  with 
j,  =j0  (  by  v  •  j  =0)  with  density 


Jo 


qv. 


Thus.  Poisson's  and  Ampere's  equations  give,  respectively, 

d2*  4trj0 


d2A.  4ir ]0  v. 


dx2  ■  v,  e 
d2A.  4*  j'o  v 


(’) 

(8) 


19) 


dx'  V,£ 

dy/dx  =vf/v,.  I  10) 

dz/dx  =  v  .  /  Vj. .  (11) 

The  equations  ( 7 )-{  II)  can  be  integrated  using  x  as  the  independent  variable  as  an  initial  value  prob¬ 
lem  from  x  =0.  The  initial  conditions  imposed  are  y  =0.  z  =0.  4>  —  O.A,  =.4_-  =0.  (all  by  convcn- 

d  4> 


tion), 


dx 


=  0  (space  charge  limited  flow),  dAJdx  =0  (  B,  =0,  corresponding  to  B0  =0  in  the 


actual  diode)  and  <L4v/dx  —B:0.  The  current  j0  can  be  adjusted  to  provide  any  positive  potential  at  a 
given  anode  —  cathode  gap  spacing,  <P(L)  =V.  For  B:0  =  0,  these  equations  give 
y  —z  =At  ==i4..  =0,  and  the  Langmuir-Child  solution  ♦  ~  3  x*  3.  A  typical  numerical  solution  of 

the  equation  for  nonzero  B;  is  shown  in  Fig.  1.  Time  docs  not  occur  explicitly  in  the  equations  we 
integrate.  Nevertheless,  the  best  results  are  obtained  by  using  a  uniform  time  step,  i.e.,  with 
d,  ==v,  dt.  This  gives  the  best  resolution  of  the  gyro-motion  in  the  magnetic  field  and  the  singular 
behavior  near  the  cathode,  where  the  solution  approximates  Langmuir-Child,  even  with  B:  ^0. 


An  equilibrium  fully  symmetric  with  respect  to  y  and  z  is  obtained  if  j0  is  a  constant  The  syn¬ 
thesis  discussed  in  section  IV  provides  electrode  shapes  external  to  the  electron  beam  such  that  the 
beam  will  remain  symmetric  with  respect  to  y  and  z  if  j0  is  uniform  in  a  finite  emitting  region  in 
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-  r>  ■ 

- . ()  <  ;  ■'  I.,  (but  x  <  y  <  x.  corresponding  to  0  <  c  <  Ur.)  However,  it  is  not  possible  to 

obtain  the  correct  .4..  by  such  a  method,  because  By  is  proportional  to  the  current  /.  within  the  orbit 
(see  Fig.  I.)  For  v(  >  0  this  is  zero  for  the  bottom  orbit  (from  the  right  end  of  the  emitting  region) 
and  increases  for  orbits  emitted  further  to  the  left,  but  can  never  be  equal  to  the  value  obtained  in  the 
pure  slab  limit,  because  some  current  is  thrown  out.  Alternatively,  we  could  note  that  with  a  finite 
emitting  region.  By  becomes  a  function  of  z  and  z.  In  order  to  bracket  the  exact  solution  for  a  planar 
diode  with  a  finite  emitting  region,  we  integrated  the  equations  (7)-(ll)  with  the  full  A;(z)  and  again 
with  A;(z)  =0.  The  first  mode!  is  appropriate  when  the  emitting  region  of  length  Le  is  very  long  or 
for  orbits  near  the  top  of  the  beam  before  they  have  traveled  a  distance  A z  equal  to  Lt  The  second 
model  is  appropriate  for  L,  —  0  or  for  orbits  near  the  bottom  of  the  beam.  Results  obtained  from 
these  models  will  be  discussed  in  Sec.  III.  The  effect  of  a  finite  emitting  regiot.  on  A...  B:.  and.  for  that 
matter,  the  effect  of  upon  B.  for  the  L,  — •  ao  case,  is  negligible  for  the  designs  we  study  because  of 
a  strong  applied  B-. 

B.  Conical  Nonrelativiatic  Model 


A  scaling  that  reduces  the  nonrelativistic  conical  diode  problem  to  one  dimension  is  well  known, 
but  we  include  a  brief  presentation  for  completeness.  We  use  spherical  coordinates  (r,9.0)  to  describe 
a  diode  with  cathode  at  9  =  90.  anode  at  6  =0 ,,  and  0  symmetry.  The  relevant  equations  for 
B.  =B0  =  const.  and  B0  =0  (i.e.,  ignoring  self  j0  and  j.)  are  conservation  of  energy 


—  m  v2  +  q  ♦  (r,0)  =0, 


;i2) 


conservation  of  P„ 


(’’  7,  *  T  +  IT  r’  =0' 


(13) 


and  the  r  component  of  the  equation  of  motion 


(v  •  v  v)r 

Poisson's  equation  and  V  '  j  =0  give 


q  5<b  V9  B0  sin  9 
m  dr  e 


(14) 


_  1  _9_ 

r‘  sin  9  99 


sin 


<?4>  ' 
99 


=  -  4rr  nq , 
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9-  »  2  34> 
dr 2  r  dr 


(15) 


-  4  - 


13,;  , 

~~T  (  r  nVr)  ~  .  , 

r“  dr  r  sin  0  oO 


!  < sin  11  "  'll  =o. 


(  1G) 


Those  equations  can  be  reduecd  to  a  one-dimensional  form,  with  9  the  independent  variable,  by  assum¬ 
ing  the  scaling 


♦  =  r  4>0  (9), 

v  =r  vp  (9), 
n  =n0  (9). 

Equations  (13),  (14)  then  reduce  to 

4  m  'Vo  (0)  -  9  (5)  =0, 

v,0  d(?/d  0  +  2v,o  <?(0)  =0, 

where 

Q(0)  *=sin  vo0  f  Q  o  sin1  0/2 
and  fl  o  =  q  ff0/mc.  Equation  (14)  gives 


.  d  v  ,o  ,  2  „ 

t>  (»)  ■  +  v;0  -  v/0  -  vo-0 


9  ^  'Vi.  (01  B0  sin  9  ) 

=  —  -  24>o(0) - . 

m  .  e  i 


From  ( 15)  and  ( 16)  we  obtain 


'^■(Sin  0  w  "  -  4,r,?  n°(e)’ 

j-sin  9  n0(9)  vt0(9)  j  +  3  n0(9 )  vr0  (9)  =0. 


(17a) 

(17b) 

(17c) 


(18) 

(19) 

(20) 


(21) 


(22) 


(23) 


sin  9  id 

We  integrate  (19),  (21),  and  (22)  with  respect  to  9  to  obtain  veO(0),  vr0,  and  <P0,  respectively,  in  addi¬ 


tion  to  finding  r(0),  <t>(9)  by 


_d_ 

d0 


(Inr) 


v>o 
vw  ’ 


d<t>  _  vo0 
d  9  sin  9  vw 

Finally,  n0  and  vw  are  obtained  from  (23)  and  ( 18). 


(24) 

(25) 


Note  that  self  magnetic  fields  cannot  be  incorporated  into  these  similarity  solutions  since  the 
dynamical  equations  (13),  (14)  require  B  =  Bb  (0),  j  =  nq  v  =  r  jo  ( 9)  (i.e.,  (17b)  and  ( 17c)] ,  which 
cannot  satisfy  y  xB=4tt  j/e. 


C.  Conical  Superrelau viatic  Limit 


In  the  limit  of  suporrelativistic  electron  energies,  7  »  1,  Eqs.  (12)-(14)  are  replaced  by 


7  me2  —  <7  <t>  =0, 


fr  ^  T  -k)[ 

q  (  -  d<t>  B0  -  ve  B t  ) 

(  V  V  p)  r  =  —  r - \ 

m  ^  or  e  J 


(26) 

(27) 


(28) 


where  p  =  7  m  v  and  7  =(  I  -r  p:,  m‘  e2) 1  2  becomes  7  =  |p;  me,  i.e.,  fv  j  =  e.  Equations  (15),  (16) 
are  unchanged.  One  dimensional  equations  in  9  are  obtained  in  this  limit  by  the  following  scaling 


<t>  =  r  <fr0  (0)  (29a) 

P  ='&>(*)  (29b) 

v=vo(0)  (29c) 

1  —r  7o(9)k  (29d) 

B~BU«)  •  ( 29e) 

■  A=rAo(9)  ( 29f) 

n  ='no(0)/r.  (29g) 


Note  that  nv  and  XB  both  scale  as  1/r.  so  that  self  fields  can  be  included  in  these  solutions.  Equa¬ 
tions  (26),  (27)  give 


7O(0)  me2  +  q  *0  (0)  =0, 
P» o  +  ‘ProQ  =0, 


with 


Q{9)  —  sin  9  pe0  +  q  Ao0(9)/e. 


Equations  (28),  ( 15)  and  ( 16)  give 


(30) 

(31) 

(32) 


'ro 


rfPrO 

d9 


+  vr0  PrO  -  V«P»0  “  v »0  P»0 


v*o  £#o~  v»o  ^lo 


=  * 

1  d  f 

- — -  77  I  sin  9  — —  I  +  24>0  =  -  4tr 
sin  9  d  9  [  d6  J 


9"  o> 


I  d 


sin  9  -^(sine"oV*o)+n°Vr0=°- 
The  9  component  of  Ampere's  law  gives  Bt0  =  -  n0q  \t0,  and  the  r  component 


(33) 

(34) 

(35) 


-  ti  - 

TTTV  W  (*in  s  B"") 

is  consistent  by  ( 35).  The  9  component  of  Ampere's  law  gives 

Bt o  =  -  2  Ag o,  (36a) 

-jt  -r-T-jz  (sin  0  Ao0)  -r  2  A  a0  =  -  n0  q  ve0.  (36b) 

dO  sin  9  dd 

Equations  (30)-(36).  together  with  (21)  and  (25)  can  be  integrated  as  initial  value  equations  from 
8  ~80  as  in  the  planar  and  nonrelativistic  conical  diode  cases.  When  the  self  magnetic  fields  are  negli¬ 
gible,  Bo0  =0,  B, o  —  -  2  Ao0  —  -  B0  sin  6  and  (36b)  is  not  used 
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III.  Applications  of  One  Dimensional  Models 


In  this  section  wc  describe  how  the  one  dimensional  models  of  See.  II  are  used  in  diode  design. 
The  slab  relativistic  model  has  been  used  primarily  to  scan  the  parameter  space  for  reasonable  design 
candidates.  Electrode  synthesis  has  been  applied  to  the  promising  designs,  with  further  electrode  shap¬ 
ing  required  both  for  final  tuning  of  the  design  and  for  other  practical  considerations.  This  model  has 
been  used  to  shed  light  on  certain  aspects  of  the  design,  for  example,  the  dependence  of  the  results  on 
the  self  Bc.  The  conical  models  have  been  used  to  clarify  th.e  geometric  effects,  specifically  the  varia¬ 
tion  of  the  space  charge  limited  current  obtained  by  the  Hermansfeldt  code  from  the  value  predicted  by 
the  slab  model.  Let  us  assume  that  we  want  to  produce  a  beam  with  a  =  as  1  in  an  interaction 

region  of  radius  tj  =1.4cm,  with  a  field  B.j  =24  kg.  Assuming  that  the  beam  is  adiabatic  in  the  drift 
region  between  the  diode  and  the  interaction  region,  i.e.. 


B,  1  -  I  /of 
~B7  ~  1  -  l  /o,2 

and 

■  r,  -r,  \B,/B,)IS, 

and  taking  a,  =0.2,  we  obtain  B,  =  1.85kg,  r,  =5.05  cm. 


( 37) 


(38) 


We  have  used  the  slab  relativistic  model  to  compute  a  at  the  anode  as  a  function  of  the  angle  \0 
between  the  normal  to  the  cathode  and  the  externally  imposed  magnetic  fieid,  i.e.,  \n  =tan  1 
(B-n/B, 0).  The  gap  voltage  was  =600  kV,  and  the  current  density  j0  was  70  A/cm3.  The  results, 
with  and  without  self  Bt(x),  are  shown  in  Fig.  3.  Without  Bp,  Xo  =30  ‘gives  a,  =0.2,  whereas  with 
Bp,  Xo  =40  'is  correct.  This  indicates  that  self  Bt  plays  an  important  role  in  determining  a,  although  it 
has  little  influence  on  the  gap  spacing  d.  Since  B,  (or  Ba)  is  zero  for  the  bottom  orbit,  and  since  Bt 
(B0)  can  be  near  its  limiting  one  dimensional  value  for  orbits  near  the  top,  this  indicates  that  electrode 
synthesis  may  not  by  itself  produce  a  uniform  a  across  the  beam.  We  will  return  to  this  issue  in  Sec. 
V.  We  also  show,  in  Fig.  4,  the  dependence  of  a  and  d  upon  jo,  for  xo  =40  *,  ♦  =600  kV,  including 
self  Bv{z).  It  is  clear  that  both  of  these  quantities  depend  critically  upon  j0. 


As  we  shall  discuss  further,  the  Hermannsfcldl  code  in  this  parameter  range  shows  space  charge 


limited  flow  at  20-50/e  higher  current  than  that  indicated  by  the  slab  model.  In  order  to  understand  this 
discrepancy  and  have  more  confidence  in  our  results,  we  have  investigated  this  effect  with  the  nonrela- 
tivistic  and  superrelativistio  conical  models.  We  use  these  models  in  the  following  manner:  we  fix  the 
cathode  angle  9n  (see  Fig  2),  a  potential  a  gap  spacing  d,  a  field  B.0.  and  a  radius  R  where  a  ray  is 
to  be  limited.  We  adjust  j0  until  the  potential  equals  <t>  when  the  gap  spacing  is  d.  Then  we  vary  R. 
The  results  for  different  R  values  are  not  obtainable  from  the  scalings  ( IT)  or  (29)  because  we  do  not 
allow  <t>  and  d  to  scale  appropriately  with  ~  R:,d  —  R  from  ( 17)  or  <t>  ~  R.  d  ~~  R  from  (29). 
For  a  case  with  ♦  =1.07  MV,  B:0  =2. 4kg,  d  =3cm,  60  =  158  ’  we  obtain  the  results  shown  in  Fig.  o. 
For  both  the  nonrelativistic  and  superrelativistic  models,  the  results  fit  curves  of  the  form  jQ  =  ;0  (oo) 
—.4/7?.  and  the  limiting  value  j0(oo)  agrees  with  slab  nonrelativistic  or  slab  superrelativistic  models. 
For  the  cases  considered.  j0  for  R  =5  cm  is  20  to  509c  higher  than  for  the  slab  model,  in  agreement 
with  the  results  obtained  using  the  Hermannsfeldt  code. 


* 


* 
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IV  Synthesis  Techniques  for  Determining  Electrode  Shapes 


The  electrode  synthesis  technique  is  a  method  of  calculating  electrode  shapes  which  provide  lam¬ 
inar  flow  for  a  beam  with  self  electric  fields.  The  method  was  initially  formulated  by  Harker  for  planar 
and  axially  symmetric  cases  of  space-charge  limited  non-relativistic  flow.  The  method  was  extended  to 
temperature- limited  MIG  type  guns  by  Manuilov  and  Tsimring;  The  general  approach  involves  finding 
a  set  of  ordinary  differential  equations  to  represent  the  beam  flow.  These  equations  are  used  to  obtain 
the  boundary  conditions  for  integrating  Laplace's  equations  in  the  region  outsides  the  beam.  A 
difficulty  in  the  direct  inplcmentation  of  this  procedure  is  that  the  present  problem  involves  Cauchy 
boundary  conditions  on  an  open  surface  and  the  solution  of  Laplace's  equation  are  unstable  for  these 
conditions.  An  elegant  method  has  been  developed  by  Harker  which  reformulates  the  mathematical 
problem  in  a  way  which  yields  stable  numerical  solutions.  This  section  outlines  the  synthesis  technique 
for  planar  geometry  and  discusses  an  application  for  the  case  of  planar  relativistic  flow. 

The  synthesis  problem  consists  of  finding  the  electrostatic  potential  distribution  in  a  region  exter¬ 
nal  to  a  finite  laminar  flow  beam.  The.  potential  satisfies  Laplace's  equation  outside  the  beam  or 
equivalently,  the  electrostatic  field  satisfies  the  Maxwell  divergence  and  curl  equation 


dE ,  dE .  _ 

dx  dz 

dE,  dE; 

~dz  dT  ~° 


(39) 

(40) 


with  the  boundary  conditions 

E;  =Ea,E,  =E,t  (41) 

on  the  outermost  trajectory  of  the  beam. 

Equations  (39)  and  (40)  form  a  system  of  elliptic  partial  differential  equations  whose  solutions  are 
unstable  for  the  present  case  of  an  open  surface  and  Cauchy  boundary  conditions.  However,  a  stable 
solution  can  be  obtained  by  the  following  approach  due  to  Harker. 


First,  the  beam  edge  trajectory  ( *,  =  *,(f),  z,  =z,(t)),  is  converted  into  the  straight  line  u  =0 


of  the  (t,u)  plane  by  means  of  the  conformal  transformation 


'  &  ■  V.  w  j  w 


z  -  II  =r,(t  -  i/i)  -  i*,(t  1-  »p)  (42) 

This  can  be  done  because  the  equations  for  the  beam  trajectory  can  be  expressed  in  the  complex  plane 

by  analytic  continuation.  Since  coordinates  related  by  a  conformal  transformation  satisfy  the  Cauchy- 

Riemann  conditions, 


Equations  (39)  and  (40)  can  be  expressed  in  the  form 


dx  dz 

(43) 

du  dt 

dz  _  dz 

du  dt  ' 

(44) 

n  the  form 

dE,  dE: 

du  dt 

(45) 

dE:  dE, 

du  dt 

(46) 

These  equations,  together  with 


dQ  p  dz  -  dz 

du  "  ‘  **  at  *  •  at 

enable  calculation  of  the  potential  ♦  in  the  transformed  plane  (f,u). 


(47) 


The  second  step  is  the  transformation  of  the  elliptic  system.  Eqs  (45)  and  (46)  in  the  (f.p) 
plane,  by  means  of  the  analytic  continuation 

<-*?-*»  (48) 

For  fixed  p  this  leads  to  the  hyperbolic  system  in  the  i  q.u)  plane: 


dE, 

dE, 

du 

’  dq 

dE: 

i  dE, 

du 

dq 

dx  ^ 

•  dz 

du 

dq 

dx  ^ 

idx 

du  “ 

dq 

Equations  (49)  and  (52)  have  a  stable  solution  for  the  present  boundary  conditions. 


(49) 

(50) 

(51) 

(52) 


The  procedure  for  obtaining  the  equipotentials  is  illustrated  in  Fig.  6.  It  involves  solving  the  sys¬ 
tem  (49)  and  (52)  in  triangular  regions  such  as  ABC  in  Fig  6.  To  obtain  the  solution  for  this  region  it 
is  sufficient  to  specify  Cauchy  boundary  conditions  on  the  line  AB  These  conditions  are  the  analytic 


-  3  - 


con  initiation  of  Eq.  (11)  and  arc  formed  by  integrating  the  flow  equations  along  the  real  axis  from 
t  =0  to  t  =  Pp  and  then  along  the  line  AB  by  means  of  the  substitution 


d_ 

dt 


(53) 


Solving  Eqs.  ( 49)-( 52)  in  the  region  ABC  by  a  finite  difference  method  allows  the  potential  to  be 
obtained  on  the  line  CD,  the  only  region  of  physical  significance.  By  translating  the  triangle  ABC  to 
other  values  of  p.  the  potential  distribution  over  the  entire  single  valued  region  of  the  plane 
(p.u)  —[t.  u)  can  be  found.  Applying  the  transformation  (42)  yields  the  equipotential  surfaces  as  a 
function  of  x  and  x. 


Electrodes  shapes  calculated  by  the  synthesis  technique  are  shown  in  Fig.  7  for  the  planar  rela¬ 
tivistic  flow  model  discussed  in  section  II  A.  The  synthesis  calculation  was  based  on  a  current  density 
of  70  A,  cm',  an  angle  of  40'  between  the  cathode  normal  and  the  external  magnetic  field,  and  an 
external  magnetic  field  by  1.85  kC.  The  anode-cathode  gap  voltage  is  600  kV.  Tpper  beam  edge  tra¬ 
jectories  are  shown  with  and  without  the  approximation  self  magnetic  field  effect  included.  As  shown 
the  effect  is  quite  small  for  the  present  parameters  and  there  is  negligible  effect  on  the  calculated  elec¬ 
trodes. 
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V.  Pinal  Diode  Design 


«# 


« 
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The  final  design  for  the  diode,  in  several  configurations,  was  achieved  by  means  of  the  electron 
trajectory  ( Hermannsfcldt)  code.  The  electrodes  found  by  synthesis  generally  provide  a  beam  in  which 
q  varies  by  ±  50'7  from  top  to  bottom.  This  variation,  which  is  not  present  in  the  slab  model,  is  due 
to  geometric  effects.  One  of  these  effects  is  the  fact  that  the  bottom  orbit  has  B0  =0,  whereas  the  top 
orbit  has  a  value  of  B -  which  can  be  nearly  equal  to  the  one-dimensional  value  (for  fat  beamsi.  This 
effect  has  been  studied  in  Sec.  11!  and  found  to  provide  just  such  a  variation  in  a. 


Our  first  design  is  for  a  600  kV,  2  kA  gun  which  can  use  a  minimal  amount  of  focussing,  depend¬ 
ing  upon  intercepting  the  outer  two  thirds  of  the  beam  at  the  anode.  This  extra  charge  (and  current) 
takes  the  place  of  some  of  the  focussing.  A  successful  design  of  this  type  is  shown  in  Fig.  8.  The 
cathode  face  is  at  10'.  which  we  found  in  Sec.  Ill  gives**  =0.2  with  B:0  =1.85  kg.  The  current  den- 
sitv  jn  ~  70A  cm;  in  the  slab  model  gives,  for  a  cathode  surface  of  radius  5  cm  and  emitting  length  2.1 
cm.  -1.6  kA.  Because  of  geometric  effects  as  discussed  in  Sec.  III.  we  used  6.0  kA.  corresponding  to  a 
perveance  k  =13  micropervs.  This  is  near  the  space  charge  limit:  for  k  j>15.  the  results  begin  to 
show  serious  signs  of  lack  of  convergence  usually  associated  with  approaching  the  space  charge  limit  at 
some  point  on  the  cathode  face.  The  results  show  a  very  Sat  a  =ss  0.2,  ±  \0%  and  very  little  evidence 
of  orbit  crossing.  It  is  possible  to  reshape  the  electrodes  to  have  less  focussing  in  order  to  decrease  the 
electric  fields  on  the  parts  of  the  cathode  where  we  wish  to  inhibit  emission.  In  that  case  a  would  not 
be  as  flat  across  the  whole  6  kA  beam,  but  that  is  of  no  consequence.  However,  it  appears  that  the 
electric  fields  in  the  design  in  Fig  6  are  below  300  kV/cm,  and  the  surfaces  of  anodized  aluminium  on 
the  focusing  electrodes  should  inhibit  emission  for  at  least  50  ns. 


In  Fig.  9  we  show  a  design  with  an  aperture  in  the  anode  allowing  roughly  the  middle  third  of  the 
beam,  and  a  short  drift  region  bounded  by  anode  surfaces.  There  is  very  little  orbit  crossing  still,  and  a 
is  quite  flat  in  the  central  third  of  the  beam.  (For  rays  intercepted  by  the  anode,  the  value  shown  for  a 
is  the  value  at  interception.)  However,  a  is  considerably  higher  now,  in  the  range  0.36  <  a  <  0.41. 
This  is  apparently  due  to  a  combination  of  effects,  including  the  space  charge  of  the  beam  and  the  finite 


1. armor  r;uiiu>  of  ihc  orbit* 


An  alternate  design  for  a  600  kV,  2  kA  diode  is  shown  in  Fig  10.  Here,  uniformity  of  the  beam 
is  achieved  by  focussing  electrodes  alone:  all  of  the  beam  is  allowed  to  pass  through  the  aperture  in  the 
anode.  The  electrode  shapes  are  nearly  identical  to  those  of  the  design  in  Figs.  8  and  9,  except  that  the 
emitting  region  is  one  third  the  length,  or  7mm;  the  pcrveance  is.  correspondingly,  k  =4.3 n  micro- 
perus  and  the  magnetic  field  is  a  nearly  uniform  1  -85  kg.  Again,  the  electrode  shapes  are  somewhat 
different  from  those  obtained  by  synthesis,  for  geometric  reasons,  and  the  maximum  electric  field  is  of 
order  300  kV/cm.  Figure  10  shows  essentially  no  orbit  crossing  in  the  diode  region  and  a  very  uniform 
q  =0.19±  across  the  beam  at  the  anode  and  at  the  end  of  the  drift  region.  A  combination  of  coils 
produce  a  quite  uniform  2.2  kg  magnetic  field  in  the  diode  region  that  increases  to  20  kg  at  the  far  end 
of  the  compression  region.  The  average  value  of  a  at  the  far  end  of  the  compression  region  agrees  well 
with  the  adiabatic  value  a,  =1.2  based  on  a,  =0.22.  B,  =2.2  kg  at  the  beginning  of  the  compression 
region  and  Bi  =28kg  at  the  end.  However,  there  is  much  more  variation  in  q  across  the  beam  than 
adiabatic  theory  predicts:  from  (37]  one  can  show- 


din  a. 


(39) 


din  a,  1  4-  a* ' 

which  shows  that  the  relative  variation  in  Olj  should  only  be  twice  the  relative  variation  in  a,  for 
o,  <  <1.  This  is  a  common  effect  in  this  type  of  simulation  and  is  apparently  due  to  space  charge 
effects  that  become  more  pronounced  as  the  beam  slows  up.  The  results  shown  in  Fig.  10  are  with  25 
rays;  results  with  15  rays  give  very  similar  results,  including  the  variation  of  a  across  the  beam. 


Tests  have  been  made  to  determine  the  sensitivity  of  the  diode  performance  to  variations  in  B. 
and  the  potential.  For  these  tests,  a  600  kV,  2  kA  diode  with  B.  =1.85  kg  was  used.  These  tests  are 
important  in  order  to  be  able  to  tune  an  actual  device.  In  addition,  it  is  important  to  know  whether 
variation  of  the  voltage  during  the  pulse  will  have  deleterious  effects.  The  nominal  diode  design  here 
has  q  =0.25  across  the  beam.  Dropping  the  potential  to  450  kV  causes  the  beam  to  enter  the  aperture 
in  the  anode  less  than  a  centimeter  below  the  point  where  a  600  kV  beam  enters,  so  that  it  appears  that 
a  pulse  with  450  kV  <  ♦  <  600  kV  will  produce  a  beam  that  can  still  fit  through  the  anode  aperture. 
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Furthermore,  n  i.s  nearlv  unchanged.  These  results  are  not  sensitive  to  the  pcrveance.  For  B.  ten  j>er- 
cent  below  the  nominal  value,  i.e.,  1.67  kg,  the  beam  begins  to  scrape  the  top  of  the  drift  cavity,  and  a 
is  larger,  in  the  range  0.32  <  a  <  0.38.  For  B.  twenty  percent  above,  i.e.,  B:  =2.22  kg  has  a  .20. 
Thus  it  appears  that  a  scales  as  1  (B.,  so  that  varying  B:  may  be  an  effective  way  to  obtain  a  desired  a 

m 

in  this  type  of  diode. 


# 
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Pi  pure  Captions 

Fig.  1  —  Geometry  for  the  slab  relativistic  diode  model.  For  the  bottom  orbit,  Bs  is  zero.  For  the  top 
orbit,  By  is  the  value  obtained  by  the  slab  model  for  electrons  to  the  left  of  the  dashed  line.  To  the 
right.  By  is  less  than  the  slab  model  value. 

Fig.  2  —  Geometry  of  conical  diode.  For  a  finite  emitting  region,  the  same  comments  hold  for  self  Be. 
The  angle  r0  of  Fig.  1  corresponds  to  0O  -  ir  ,'2. 

Fig.  3  —  Dependence  of  a  =  |pt  >'P  '  and  the  gap  spacing  d  upon  i0  for  the  siab  relativistic  model. 

Fig.  4  —  Dependence  of  a  and  d  upon  j0  tor  the  slab  model. 

Fig.  5  —  Current  density  j0  as  a  function  of  R  for  two  conical  models. 

Fig.  6  —  Schematic  of  the  solution  of  Laplace  s  equation  in  the  complex  plane-. 

Fig.  7  —  Electrode  shapes  calculated  by  synthesis  technique. 

Fig.  8  —  A  600  kV.  2  kA  diode  design  with  the  outer  two  thirds  of  a  6  kA  beam  to  be  intercepted  by 
the  anode.  In  (a)  are  equipotentials  and  actual  trajectories  integrated  by  the  code:  in  (b)  is  shown  a  vs 
ray  number,  from  the  bottom  of  the  beam  to  the  top,  for  the  electrons  when  they  hit  the  anode. 

Fig.  9  —  Same  diode  as  in  Fig.  6  but  with  an  aperture  in  the  anode  and  a  drift  region. 

Fig.  10  —  (a)  Diode  design  with  600  kV,  2  kA,  where  the  beam  uniformity  is  provided  by  focussing 
electrodes  alone:  (b)  a  at  the  aperture  in  the  anode:  (cj  a  at  the  end  of  the  drift  region;  (d)  orbits  in 
the  compression  region,  (e)  a  at  the  end  of  the  compression  region. 
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We  study  the  behavior  of  a  free  electron  laser  in  the  high  gain  regime,  and  the  conditions  for  the  emergence  of  a  col¬ 
lective  instability  in  (he  electron  beam-undulator-fleld  system.  Our  equations.  in  the  appropriate  limit,  yield  the  traditional 
small  gain  formula.  In  the  nonlinear  regime,  numerical  solutions  of  the  coupled  equations  of  motion  support  the  correct¬ 
ness  of  our  proposed  empirical  estimator  for  the  build-up  tune  of  the  pulses,  and  indicate  the  existence  of  optimum  parame¬ 
ters  for  the  production  of  high  peak-power  radiation. 


•  Studies  of  the  free  electron  laser  (FEL)  in  the  high 
;  gain  regime  have  shown  that  with  an  appropriate  se- 

;  lection  of  the  electron  density,  detuning  and  undu- 
i  lator  length,  the  radiation  field  and  the  electron 
bunching  can  undergo  exponential  growth  as  a  result 
‘  of  a  collective  instability  of  the  electron  beam- 
i  uhdulator-radiation  field  system  [  l -8] .  In  this  pa¬ 
per.  we  study  the  conditions  for  the  onset  of  this  in- 

•  stability  using  a  new  secular  equation  for  the  charac- 

-  tenstic  complex  frequencies  of  the  FEL  system.  On 
'  the  basis  of  these  results,  we  show  how  one  can  re- 

-  derive  the  small-signal  gain  formula  and  establish  the 

1  conditions  for  its  validity.  We  also  consider  the  prob- 
j  tern  of  the  initiation  of  laser  action  and  of  the  growth 
of  the  radiation  field  from  noise,  and  propose  a  for¬ 
mula  to  evaluate  the  lethargy  (build-up)  time  of  the 
first  pulse.  Finally,  we  study  the  nonlinear  regime  of 
the  FEL  by  numerical  methods  and  obtain  results 
t  that  suggest  the  existence  of  an  optimum  efficiency 
j  of  the  device. 

i  In  the  derivation  of  our  working  equations  we  se¬ 
lect  the  phase  and  the  energy  as  the  basic  electron 
variables,  and  assume  the  slowly  varying  phase  and 

*  On  leave  from  the  University  of  Milano,  via  Celoria  16. 

Milano,  Italy. 
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amplitude  approximation  for  the  radiation  field  as 
done  also  in  earlier  developments  [9,10] .  In  the  re¬ 
mainder  of  the  paper  we  shall  adopt  the  following 
notations:  r  represents  the  direction  of  propagation 
of  the  electron  beam  and  of  the  electromagnetic 
wave;  it  also  represents  the  undulator  axis;*  and> 
are  the  transverse  coordinates;  denotes  the  strength 
of  the  helical  magnetic  field. and  X0  and  N0  the  period 
length  and  the  number  of  periods  of  the  undulator. 
respectively;  the  undulator  parameter  is  k  *  ef?0X0/ 
(Zirmc”),  where  me 2  is  the  electron  rest  energy;  X  is 
the  wavelength  of  the  radiation  field,  y  is  the  elec¬ 
tron  energy  in  units  of  mc2,0z  *  1  is  the  longitudinal 
electron  velocity  and  0p  ■  </y  the  amplitude  of  the 
transverse  velocity;  the  electron  phase,  0,  relative  to 
that  of  the  electromagnetic  wave,  is  connected  to  r 
and  t  by  the  relation  0  ■  2irz/X0  +  2 *(r  -  cr)A;  the 
resonant  energy  yR  is  related  to  Xg,  X  and  k  by  yR  * 
Xq(1  +  k  -)/2X,  and,  finally,  the  undulator  frequency 
u0  is  given  by  u0  -  2rrc0?/Xo- 

With  these  notations,  the  FEL  working  equations 
can  be  written  as  [9,10] 

(1) 
(2) 
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0/  ■  «*»0(1  -  y\hj) , 

ijm~  K\  [a  expfty)  ♦  c.c.]  , 

2/nclmfj 
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<e-io/'7> , 


(3) 


where  /  Libels  the  ;th  electron  in  the  beam  (j  =*  1,2 . 

.V..  *ithiVe  the  total  number  of  electrons);  the  aver* 
usUis  earned  out  over  all  electrons  in  a  beam 
dice  of  length  X  at  the  position  z  -  <0t)cr,  where 
<3J  is  the  average  longitudinal  velocity.  The  remain¬ 
ing  parameters  have  the  following  meaning:  ne  is  the ' 
electron  beam  longitudinal  density  at  position  z  - 
Z  is  an  effective  beam  transverse  cross  section 
describing  the  overlap  of  the  beam  with  the  radiation 
field  whose  amplitude  £$  and  phase  da  have  been 
combined  in  the  complex  amplitude  a  ■  i£0  exp(iflg). 
it  is  important  to  stress  that  in  this  discussion  7  is  not 
restricted  to  be  approximately  equal  to  the  resonant 
value  7R,  unlike  earlier  treatments  of  this  problem. 
For  the  purpose  of  our  subsequent  analysis,  it  is  con¬ 
venient  to  rewrite  eqs.  (1  J)  using  the  variables 

-* 3  -  -  (HJct ,  r'-r,  (4) 

with  the  result: 

(3  'Sr'Xy  *  w„(l  -  7r/7;-  ).  (5) 

(3'3r’)7y» -i*-c*  [a  exp(-ip/)+c.c.]1  (6) 

2mc-7f 

[0  !?•]«- <*-*/*>«••  <n 

The  propagation  term  (1  —  <0.})3/3 z  in  eq.  (7)  is  im¬ 
portant  to  describe  the  evolution  of  the  pulse  in  the 
FEL,  especially  when  the  accumulated  path  differ-  - 
eace  it  a  Lph  -  LeJ »  (c  -  u)rjnt  between  the  pho¬ 
tons  and  the  electrons  during  an  interaction  time  is 
comparable  to  the  length  of  the  electron  bunch  itself. 
Note  that  the  path  difference  Af.  can  also  be  ex¬ 
pressed  in  the  form  cr^fl  -  <0Z>)  *  X(yV0(l  — <iJr))  * 
-VqX.  In  this  paper,  we  only  consider  situations  where 
the  length  of  the  electron  bunch  is  sufficiently  larger 
than -YgX;  thus,  we  neglect  the  propagation  term  and 
assume  the  local  electron  density  ne(z')  to  be  con¬ 
stant. 

The  linear  stability  analysis  of  eqs.  (5)-<7)  is  great¬ 
ly  aided  by  the  introduction  of  a  suitable  set  of  col¬ 
lective  variables  [8] .  For  this  purpose,  we  first  intro¬ 
duce  the  relativistic  plasma  frequency 

£2f  •(4rrtn0c2h$)l/2 ,  (8) 
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where  70  is  the  initial  energy,  and  re  the  classical 
electron  radius,  and  the  so-called  Pierce  parameter 


P  3  (ix(70/7R)2np/w0)2/3  (9) 

Furthermore,  we  introduce  the  quantity 
d0"w0(l-7|/7o),  (10) 

and  rescale  the  time  variable  as  follows: 

T*2uQfi(yzlyQ)*r.  (11) 

In  terms  of  the  new  scaled  variables 
1 h  2  -  do' .  r/ 2  7//(P7o) .  (12; 

^  =  a  exp(i<p0r)/(4?rmc270/»0p2)^2  , 

the  nonlinear  equations  of  motion  (5)— (7)  take  the 
form 

(d/dr)fy -  (l/2p)(l  -  l/p2r/) ,  (13) 

(d/dr)r;-  *  —  (I/p)f(^4/ry)  exp(id;)  +  c.c.]  ,  (14) 

tW/dr-i5/l +(I/p)<e-'*/r>.  (IS) 


Note  that  in  terms  of  eqs.  (13)— <15),  the  dynamics 
of  the  FEL  is  controlled  by  only  two  parameters,  the 
Pierce  parameter  p  (e^.  (9))  and  5  =  A/p,  where  A  is 
the  usual  detuning  (75  -  7r)/(27r).  Because  we  ne¬ 
glect  space-charge  forces,  we  shall  assume  in  the  fol¬ 
lowing  that  p  is  sufficiently  smaller  than  unity.  It  is 
also  worth  noting  that  eqs.  (13) — (15)  are  consistent 
with  the  conservation  law 

L  •  \A  |2  +(D*  constant ,  (16) 

or  also 

L  *  mc-n^y)  +£g/4»r  *  constant ,  (16‘) 

which  can  be  readily  recognized  as  the  conservation 
of  energy  for  the  electron  beam-radiation  field  sys¬ 
tem.  The  method  devised  to  analyze  the  stability  of 
the  system  is  based  on  the  procedure  suggested  in  ref. 
[8] .  The  equations  are  linearized  around  the  equilib¬ 
rium  state >t0  ■  0,  Tty  ■  1/p,  <exp(-i/»d0)> 3  0  and 
perturbed  by  letting  A  *a,T/m  (l/p)(l  *nf)  and 
d/  3  do/ +  5  d/.  The  linearlized  equations  form  the 
basis  for  a  closed  form  linear  system  of  equations  for 
the  collective  variables 

*-<5dexp(-ido)>.  (17) 
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=  (l/p)<i7  exp(— *  (18) 

ind  for  the  field  perturbation  a.  These  take  the  form 
ie/dr  »,v  (19) 


la/dr  *  -i6a  -  ix  -  py  .  (21) 

Nontrivial  solutions  with  a  time  dependence  of  type 
exp(L\r)  exist  if  and  only  if  \  is  a  solution  of  the 
characteristic  equation 

\3  -5X-+pX  +  l*0.  (22) 

The  results  of  earlier  analyses  [1—8]  can  be  recovered 
by  setting  formally  p  »  0  in  eq.  (22).  Clearly,  expo¬ 
nential  growths,  and  thus,  unstable  behavior,  results 
if  the  cubic  equation  (22)  has  one  real  and  two  com¬ 
plex  conjugate  roots.  In  this  case,  the  imaginary  part 
of  the  eigenvalue  measured  the  rate  of  growth  of  the 
unstable  solution.  The  instability  condition  can  be 
easily  derived  from  eq.  (22):  in  terms  of  the  param¬ 
eters  p  and  5  it  takes  the  form  (fig.  1) 

0j  -  'tP2sz  *  \p5  -5_+V->0  .  (23) 

The  typical  behavior  of  the  eigenvalues  of  eq.  (22)  as 
a  function  of  detuning  is  shown  in  fig.  2.  The  eigen¬ 
values  are  real  when  5  exceeds  a  certain  threshold 
value  that  depends  on  p  according  to  eq.  (23),  while 
t*.vo  of  the  eigenvalues  form  a  complex  conjugate 
pair  when  5  <5thr 

The  small  signal  gain  formula  emerges  in  a  natural 
way  from  our  analysis  in  the  limit  p  -*•  0,  and  for  suf- 


Fig.  1.  Instability  boundary  in  the  (p,  4)  plane.  For  4  <  4 *, 
the  solutions  of  eqj.  (I3)-(15)  are  unstable  for  all  values  of 
«.  For  selected  values  of  p(e^.,0  in  the  figure)  unstable  be-  - 
havior  occurs  for  4  <4^ 


Fig.  2.  The  behevior  of  three  eigenvalues  of  the  secular  equa¬ 
tion  as  a  function  of  the  detuning  parameter  4  and  for  p 11 
0.1.  The  vertical  axis  labels  both  the  real  and  imaginary  parts. 
The  real  parts  have  been  scaled  by  a  factor  of  10  to  fit  the 
display.  For  a  sufficiently  positive  value  of  4  (i.e.,  4  >  4^ 
the  eigenvalues  are  real  (curves  c.  d,  e).  At  threshold,  two  of 
the  reel  eifenvalues  degenerate  into  one.  while,  for  the  same 
value  of  4,  the  imaginary  parts  (curves  b.  b’)  become  differ¬ 
ent  from  zero.  The  real  part  of  the  complex  conjugate  eigen¬ 
values  fotS  CS^ii  labelled  by  a. 


ficiently  large  values  of  |5 1.  In  this  limit,  the  eigen¬ 
values  take  the  approximate  form 

X^Sd- 1/5),  X2  3  set  1/5 1/2.  5  >0  , 


‘5(1  -  1/5), 


t±l/15|l/2,  5  <0,(24) 


as  one  can  confirm  qualitatively  from  fig.  2.  The  out¬ 
put  field  A(t)  in  the  linear  regime  can  be  calculated  as 
a  linear  superposition  of  elementary  exponential  func 
tions  whose  coefficients  are  to  be  fixed  from  the  ini¬ 
tial  conditions.  A  lengthy,  but  straightforward  calcu¬ 
lation  yields  the  following  expressions  for  the  small 
signal  gain: 

G*[W(r)j2-W0l2J/|v40|2 
■  (4/53)(l  -  cos  5r  cos  r/y/E 
—  j53/2  sin 5r  sin r/V?) ,  5>0, 
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G  *  (4/53)(l  -  cos  5r  cosh  r/vIJI 

—  r!5i5'2  sin  5r  sinh  r/vISI)  .  5<0.  (25) 

In  order  to  make  contact  with  the  usual  small-signal 
gain  formula,  it  is  not  enough  to  require  that  15  i  be 
sufficiently  larger  than  unity,  but  one  also  must  im¬ 
pose  the  condition  r/VlSI  <  1 .  In  this  case,  eq.  (25) 
becomes 

G*(4/53)(l -cosSr- i5r  sin5r)  (26) 

which,  in  fact,  agrees  with  the  standard  expression 

iotG. 

In  spite  of  the  fact  that  the  equations  of  motion 
of  the  FEL  are  nonlinear,  some  aspects  of  this  prob¬ 
lem  can  be  handled  accurately  by  analytic  means.  The 
evolution  beiow  threshold  (6  >5thr)  is  governed  by 
the  linear  approximation.  In  this  regime,  the  eigen¬ 
values  are  real  (see  fig.  2)  and  the  output  field  dis¬ 
plays  snail  amplitude  oscillations  when  plotted  as  a 
function  of  time.  On  varying  5 ,  beat  patterns  or  more 
complicated-looking  modulation  effects  can  be  ob¬ 
served,  whose  origin  can  be  understood  entirely  in 
teens  of  the  eigenvalues  of  the  linearized  problem. 

A  representative  example  is  shown  in  fig.  3.  It  may  be 
worth  mentioning  that  while  the  trace  in  fig.  3  has 
been  obtained  by  the  appropriate  superposition  of 
exponential  functions,  the  exact  solution  of  eqs. 
(13)— (15)  is  indistinguishable  on  the  scale  of  this 
graph. 

The  system  evolution  above  threshold  (5  <5thr) 


2X10  4 


0  20  r  40 

Fit  3.  Output  ternary  HI1  for#  ■  0.01  and*  ■  4.0.  The 
nfnmiuM  of  die  Unearned  equations  an  -0.5 19,  0.623, 
3.066.  The  modulation  is  due  to  the  beat  of  the  different  ex¬ 
ponential  tanas  in  the  sohidon. 
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Fif.  4.  Output  inanity  Ul*  venue  tana  above  threshold. 

The  parameters  used  in  this  emulation  ate#  *  0.0021,*  * 
1.86.  /i0*  16. 

is  entirely  different,  and  is  shown  in  fig.  4  for  the 
case  of  zero  initial  field  and  an  initial  bunching  pa¬ 
rameter  Kexp( — idv)H.  snail,  but  different  from  zero. 
Under  unstable  conditions,  fluctuetions  in  the  elec¬ 
trons  injection  velocities,  or  the  lack  of  uniformity 
in  the  initial  distribution  of  the  electron  phase  vari¬ 
ables.  or  the  presence  of  an  initial  field  will  trigger 
the  growth  of  a  signal.  The  sgnal  will  then  grow  to  a 
peak  value  after  which  it  oscillates.  This  behavior  is 
very  general  and  is  independent  of  the  initial  trigger¬ 
ing  mechanism  as  long  as  this  perturbation  is  small. 
This  nonlinear  regime  requires  numencal  integration 
of  the  full  equations  of  motion.  This  we  have  done 
for  a  number  of  values  of  p  and  6 . 

Because  of  the  nature  of  the  triggering  mechanism, 
intuitively,  one  would  expect  thtt  the  tone  required 
for  the  initial  pulse  to  build  up  (lethargy  tone)  should 
be  a  fairly  sensitive  function  of  the  magnitude  of  the 
initial  fluctuation.  We  have  examined  the  dependence 
of  the  build  up  time  of  the  first  pulse  on  the  initial 
value  of  the  bunching  parameter,  and  verified  that  (a) 
a  significant  fraction  of  the  build  up  process  is  well 
described  by  the  linearized  equations;  and  (b)  the  ar¬ 
rival  time  of  the  flm  peak  is  well  described  by  the 
formula: 

fpeak  *  — (1/Im  \)  In  l<exp(-i*o>|  ♦  1  .  (27) 

A  test  of  this  equation  is  provided  in  fig.  5,  where  we 
have  plotted  the  arrival  time  of  the  first  pulse  calcu¬ 
lated  from  the  nonlinear  equations  of  motion  (13)- 
(1 5),  as  a  function  of  the  initial  bunching  parameter 
|<exp(— i^0)|.  One  aspect  of  considerable  interest  for 
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Ft*,  J.  The  xrrlval  am«  of  the  first  peak  (letharjy  time)  is 
plotted  u  a  function  of  cJi*  loonthm  of  the  initial  bunch* 
uw  parana nr  (docs).  Tha  >olid  cum  corresponds  to  eq. 
i  :S).  Tha  parameters  used  in  this  scan  an  no  ■  8,  a  »  0.4, 

6  •  1.23. 


d|Alma« 


Fij.  6.  Dapandanca  of  tha  peak  output  intensity 
on  p  in  tha  oaifhbothood  and  just  above  the  instability 
boundary  line  of  fl*.  1 .  The  solid  line  is  only  a  qualitative 
avenfe  of  tha  p obits. 


the  purpose  of  optimizing  the  system's  parameters  is 
the  existence  of  a  maximum  peak  power  output  as  a 
function  of  p  and  5.  We  have  verified  that  while  the 
maximum  growth  rate  is  obtained  for  6  =*  0,  the 
maximum  peak  amplitude  of  the  first  pulse  occurs 
for  5  w  5  {h  f.  Thus,  we  have  scanned  the  (ft,  & )  plane 
in  the  neighborhood  of,  but  above,  the  threshold  line 
and  for^o  ■  O.and  recorded  the  peak  output  intensity 
^Ldlmix  as  a  function  of  p  (fig.  6).  Notice  that  it  follows 
from  eq.  (16)  that  p\A\ 2 » <(rf  -  7o)/7o>,  so  that 
pWI2  gives  the  energy  transfer  from  the  electrons  to 
the  radiation.  The  scatter  of  the  points  is  almost  cer¬ 
tainly  due  to  the  slight  variations  of  the  conditions 
from  run  to  run.  The  solid  line,  which  is  only  a  quali¬ 
tative  average  through  the  points,  suggests  the  exis¬ 
tence  of  an  optimum  gain-detuning  condition  such 
that  the  efficiency  of  the  .system  is  maximum  for 
operation  just  above  threshold.  It  is  clear  that  in  the 
presence  of  efficiencies  as  large  as,  in  principle,  40%, 
the  old  approximate  treatments  [1-4]  in  which  the 
electron  momentum  is  assumed  to  vary  only  by  small 
amounts  cannot  be  adequate  to  describe  situations 
where  such  large  energy  exchanges  take  place  between 
the  electron  beam  and  field.  On  the  other  hand,  it  is 
intuitively  obvious  that  for  sufficiently  small  values 
of  the  Pierce  parameter,  the  electron  energy  will  suf¬ 
fer  only  a  limited  depletion  so  that  earlier  treatments 
should  be  sufficiently  accurate. 
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FREE  ELECTRON  LASERS  FOR  THE  XUV  SPECTRAL  REGION  - 
J.B.  MURPHY  and  C.  PELLEGRINI 

Sdthinul  5i  nchrotron  Light  Sourer.  Brookhaten  S'cucnal  Laborator;.  Upton.  SY  lib’}.  USA 

The  iteration  of  high  intensity  coherent  racial:.,  a  :a  the  sett  X-ray  region  from  a  free  e!e.::. ' i  ; r  ;-r  -  =  ; 

operate  in  the  high  gain  or  collective  instability  rr-iime.  In  this  mode  oi  operation,  which  d.es  r.e:  require  a  .a.  res.  -y..  r 
radiation  field  grows  exponentially  along  the  unduiator  anal  nonlinear  effects  bnng  on  saturation.  We  discuss  the  conditions  that  the 
electron  beam  and  the  unduiator  must  satisfy  for  the  collective  instability  to  develop.  We  present  an  example  of  an  electron  storage 
ring  with  an  unduiator  in  a  bypass  section  wruch  satisfies  these  conditions.  We  present  estimates  of  the  output  power  that  're  can 
expect  from  such  systems. 


1.  Introduction 

The  interest  sparked  by  the  operation  of  the  first  free 
electron  laser  (FEL)  by  Madey  and  his  collaborators  in 
1975  has  led  to  some  exciting  results  [1-6].  In  the  last 
two  years  remarkable  progress  has  been  made  toward 
the  realization  of  the  FEL  as  a  source  of  high  power, 
tunable,  coherent  radiation.  FEL  oscillators  and  ampli¬ 
fiers  have  been  operated  at  wavelengths  varying  from 
the  centimeter  ip  the  near  ultraviolet  and  at  peak,  power 
levels  up  to  a  hundred  megawatts.  This  wealth  of  experi¬ 
mental  results  is  due  to  researchers  at  numerous  labora¬ 
tories:  MSNW.  TRW-Sianford.  LASL.  LBL-LLNL. 
MIT.  NRL.  Columbta-NRL.  UC-Santa  Barbara.  Orsay 
and  Frascati. 

The  theory  of  FELs  has  at  the  same  time  reached  a 
high  level  of  completeness  and  is  in  good  agreement 
with  the  experimental  results.  As  a  result  of  the  experi¬ 
mental  and  theoretical  progress  we  now  have  a  good 
understanding  of  the  physics  and  technology  of  FELs. 
which  can  be  used  to  design  systems  operating  in  new 
wavelength  regions,  like  the  XUV  spectral  region. 

The  possibility  of  building  a  FEL  operating  at  wave¬ 
lengths  shorter  than  1000  A  is  a  result  of  the  progress 
made  m  producing  high  density  relativistic  electron 
beams  using  electron  storage  rings.  Storage  rings  spe¬ 
cially  designed  for  FEL  applications  and  capable  of 
accommodating  undulators  magnets  5  to  15  ru  long, 
should  offer  the  possibility  of  producing  coherent  radia¬ 
tion  down  to  a  few  hundred  Angstrom  with  average 
powers  of  the  order  of  watts  and  peak  powers  up  to 
hundreds  of  megawatts.  One  such  ring  is  being  built  at 
Stanford  University  (7).  while  similar  rings  are  also 
being  studied  at  other  laboratories  [8.9],  In  this  paper 
we  want  to  briefly  review  the  different  operation  modes 
of  an  FEL  in  the  XUV  region  (sects.  2-4).  we  will  then 
discuss  in  more  detail,  the  self  amplified  spontaneous 
emission  mode  (sects.  5-9). 
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2.  Principle  of  operation 


In  a  FEL  a  relativistic  electron  beam  and  an  elec¬ 
tromagnetic  wave  traverse  an  unduiator.  Tne  -vupiinz 
of  the  wave  and  the  transverse  electron  current,  induced 
by  the  unduiator.  car.  produce  an  energy  transfer  be¬ 
tween  the  beam  kinetic  energy  and  -the  radiation  field 
energy  if  a  synchronism  condition  is  Satisfied.  Thi» 
condition  relates  the  radiation  field  wavelength  \.  the 
unduiator  period  \,.  the  unduiator  field  3  .  and 
strength  parameter  Kmt\-,B,,'Zx»:c:.  a.-.d  the  beam 
energy  y  measured  in  rest  energy  units  [10]: 


\ 


Aq 

2-r 


(1-A:). 


(1) 


Notice  that  this  wavelength  is  also  the  wavelength  at 
which  the  spontaneous  radiation  from  an  electron 
traversing  an  unduiator  is  emitted  [1 1], 

.An  important  property  of  the  FEL  is  that  the  energy, 
transfer  between  the  beam  and  the  radiation  can  be 
enhanced  by  a  collective  instability  producing  an  ex¬ 
ponential  growth  of  the  radiation  [12].  When  this  insta¬ 
bility  becomes  important  the  FEL  is  said  to  operate  in 
the  high  gain  regime.  The  existence  of  this  regime  is 
very  important  for  FEL  operation  in  the  XUV  region 
where  we  do  not  have  optical  components  with  suffi¬ 
ciently  high  reflectivity  and  small  absorption  [15]. 

Three  modes  of  operation  of  an  FEL  can  be  consid¬ 
ered.  In  the  first  mode,  self  amplified  spontaneous 
emission  (S.ASE).  the  initial  spontaneous  radiation 
emitted  by  the  electrons  is  amplified:  this  system  does 
not  require  any  optical  components  but  needs  a  high 
density  electron  beam  and  a  rather  long  unduiator  [8.12J. 

The  second  mode  :s  the  FEL  oscillator:  ar.  optical 
cavity  is  used  to  reflect  back  and  forth  the  radiation  for 
further  amplification  by  another  electron  bunch:  this 
system  can  get  by  with  a  smaller  electron  beam  densttv 
and  a  shorter  unduiator  but  needs  mirrors  for  the  cav- 
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-.nailer  men  !'■>»>  \  these  mirror', 
ha..*  '•;!  to  be  developed  and  their  reflectivity  is  e\- 
peutru  to  be  on  the  order  of  <•. 

lr.  the  third  mode.  or  transverse  optical  klvstron  [14], 
an  external  laser  beam  at  the  spontaneous  radiation 
wavelength  is  u-ed  to  modulate  the  beam  energy  and 
longitudinal  density  distribution  leading  to  the  emission 
of  coherent  radiation  at  the  higher  harmonica  of  the 
input  liusrr.  Of  the  three  modes  this  is  the  one  requiring 
the  least  stringent  electron  beam  parameters.  In  ad¬ 
dition  it  does  not  need  optical  elements  but  on  the  other 
hand  recaires  an  undulator  with  rather  sine;  magnetic 
field  tolerances  and  produces  the  smallest  coherent  radi¬ 
ation  poser. 

a.  FEL  growth  rale 

In  ail  three  modes  the  FEL  can  be  approximately 
characterised  by  one  parameter,  the  FEL  e-foldtng 
lenc.h.  -I to.  measured  in  number  of  undulator  periods 


-here  is  the  electron  beam  plasma  frequency,  de¬ 
tuned  in  terms  of  the  electron  density  n0.  and  energy  y. 
bv 

-- -  UTr.e:/»0/y- )'  *.  (3) 

r.  being  the  classical  electron  radius. 

ror  an  oscillator  to  operate  at  short  wavelength, 
where  (he  optica)  cavity  losses  can  be  on  the  order  of 
'.'  •j-*  per  round  trip,  one  needs  a  value  of  dirp.V^  on  the 
order  of  l.  i.e.  a  number  of  undulator  periods 

■V  -  1, ■  (4tP). 

In  the  case  of  SaSE  [1Z]  the  value  of  4t p.Vu  must  be  on 
the  order  of  10. 

In  the  case  of  SASE  and  oscillator  modes  the  energy 
transfer  from  the  beam  to  the  radiation  Field  is  on  the 
order  of  p.  w  hile  in  the  TOK  case  the  transfer  from  the 
input  laser  to  the  harmonics  is  rather  small. 

The  expression  (Z)  for  the  FEL  growth  rate  applies 
only  if  two  other  conditions  on  the  electron  beam  are 
satisfied.  One  is  a  condition  on  the  beam  energy  spread, 
which  must  be  less  than  o.  the  second  is  a  condition  on 
use  beam  emitiance.  which  must  be  smaller  than  (he 
radiation  wavelength.  If  these  conditions  are  not  satis¬ 
fied  the  radiation  growth  rate  decreases  and  the  output 
loser  power  is  reduced  (S). 

ror  wavelengths  in  the  millimeter  region  and  elec¬ 
tron  energy  of  a  few  MeV  the  value  of  p  can  be  on  the 
c-der  cf  1.  In  the  VUV  region  with  electron  energies  of 
several  hundred  MeV.  p  is  on  the  order  of  10* 5  and 
one  can  expect  an  energy  transfer  from  the  beam  to  the 
radiation  on  the  order  of  a  few  pans  in  a  thousand. 
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4.  Die  b\SE  mide 

In  the  wavelength  region  below  1000  A.  the  best 
accelerators  available  to  produce  the  hign  density  elec¬ 
trons  beams  required  to  operate  in  the  SASE  mode  are 
electron  storage  rings.  Existing  storage  rings,  such  as  the 
VUV  ring  of  the  National  Synchrotron  Light  Source  at 
Brookhaven.  can  provide  an  average  emitiance  on  the 
order  of  10 “ s  mrad.  an  energy  spread  of  about  10" 1 
and  a  peak  current  of  60  A  at  an  energy  of  750  MeV 
[15].  A  ring  like  this,  with  straight  sections  capable  of 
accommodating  undulators  of  5  to  6  m.  would  allow  us 
to  produce  coherent  radiation  in  the  1000  A  region. 

We  beiieve  that  it  is  now  possible  to  design  a  storage 
ring  with  on  energy  of  700  to  10C0  MeV.  the  same 
energy  spread  and  an  emitiance  smaller  by  an  order  of 
magnitude  than  that  of  the  VUV  ring,  and  peak  cur¬ 
rents  in  the  range  of  100  to  ZOO  A.  Such  a  ring  would 
enable  us  to  produce  radiation  in  the  wavelength  range 
of  100  to  5C-G  A  using  undulators  about  10  m  long  [7-9], 

Using  this  ring,  the  peak  radiation  power  that  one 
can  obtain  in  the  SASE  mode  is  on  the  order  of  1 0 "  1 
times  the  beam  peak  power,  or  100  MW.  This  pulse 
would  have  a  duration  of  about  100  ps  and  a  repetition 
rate  of  10  Hz.  for  an  average  radiation  power  of  0.1  W.- 

With  the  same  system  operating  in  the  oscillator 
mode,  one  can  obtain  an  average  output  power  of  the 
order  of  1  W.  a  pulse  duration  of  about  100  p»  and  a 
repetition  rate  determined  by  the  ring  revolution  time  to 
be  on  the  order  of  a  few  MHz.  and  a  peak  power  of 
about  10  kW.  For  this  oscillator  it  is  also  possible,  by 
modulating  the  system  gain,  to  reduce  the  repetition 
rate  and  increase  the  peak  power. 

For  the  TOK  mode  one  can  expect  conversion  ef¬ 
ficiencies  on  the  order  of  10“ 6  around  the  tenth 
harmonic,  so  that  starting  with  a  100  MW  peak  power 
laser  at  ZGOO  A  one  should  be  able  to  produce  about  100 
W  at  around  ZOO  A. 

In  all  of  these  cases  the  angular  distribution  of  the 
radiation  is  determined  by  the  electron  beam  radius,  u. 
and  the  radiation  wavelength:  the  characteristic  angle  is 
on  the  order  of  \/a.  i.e.  of  a  few  tenth  of  rmlliradians. 
The  line  width  is  on  the  order  of  the  wavelength  divided 
by  the  electron  bunch  length,  i.e.  10~6-10'f.  for  the 
oscillator  and  the  TOK  mode.  For  the  SASE  mode  it 
depends  on  (he  details  of  the  system  and  is  intermediate 
between  the  oscillator  limit  and  the  inverse  of  the 
number  of  periods  in  the  undulator.  i.e.  between  10“ 1 
and  10~f. 

5.  FEL  equations 

In  the  remainder  of  this  paper  we  will  discuss  the 
high  gain  regime  and  the  SASE  mode  of  operation  of  an 
FEL.  Following  the  work  of  other  authors  [16.17]  we 
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.vntc  the  FhL  equations  u-ung  the  phase  and  energy  as 
electron  variables  and  use  the  sloec i-.  vjr.ing  amplitude 
and  phase  approximation  for  (he  radiation  field.  These 
equations  can  be  written  in  a  sen.  general  form  includ¬ 
ing  the  effects  of  space-charge  fields  and  higher 
harmonics  of  the  radiation  field  [!.<].  To  simplify  our 
discussion  see  neglect  these  terms  and  use  the  results  of 
ref.  (IS]  to  evaluate  their  effects.  Our  notations  are  the 
following:  :  is  the  electron  beam  and  electromagnetic 
wave  direction  of  propagation:  .v  and  y  are  the  trans¬ 
verse  coordinates:  /?,.  is  the  undulator  magnetic  field 
i  we  use  a  helical  undulator  for  simplicity  j  and  \„.  .V, 
are  its  period  and  length  in  number  of  periods  respec¬ 
tively:  \  is  the  wavelength  of  the  radiation  field:  y  is 
the  electron  energy  in  units  of  m0<._:  /?.  »  l  is  the 
longitudinal  electron  velocity  and  /3  _  -  A.'/-/  the  ampli¬ 
tude  of  the  transverse  velocity,  the  electron  phase  rela¬ 
tive  to  the  electromagnetic  wave.  p.  is  related  to  c  and  t 
by  p  =  2t:/\0  -  2r( :  -  a  )/\.  the  resonant  energy  yR 
is  related  to  \0.  <\  and  K  by  y£  »\ft(l  -  K~)/2\:  the 
undulator  frequency  ia„  is  <e0  -  2~:P..'\.,:  the  ampli¬ 
tude.  £0.  and  phase.  of  the  radiation  field  are 
combined  to  yield  a  complex  amplitude  a  *■  i£0e:’  . 

To  wnte  the  FEL  equations  it  is  convenient  to  use  a 
set  of  normalized  variables  and  introduce  some  quanti¬ 
ties  to  characterize  the  beam  properties  [12.13].  We  will 
use  the  relativistic  beam  plasma  frequency  already  in¬ 
troduced  in  sect.  3.  which  for  a  beam  with  energy 
dispersion  is  given  by 

n  _  I  ‘*rT_rerl'iC~  l 1  *  ' 


and  write  the  FEL  equations  as  112] 


where  is  the  average  value  of  the  initial  electron 
energy:  we  introduce  also  the  quantities 


AT( 

o  ”  ml 


<?„  -  U!,,  |  1  -  ■ 


and  a  normalized  time 


T-  2u0p 


Mr 

I 


Lstng  these  definitions  we  can  construe:  a  >et  of 
dimensionless  variables 

v  »  p  —  p0r.  (8) 

r --7^.  (9) 

P  (v.v 


a  exp(ipc>i) 
[4frmr:(yq)n0p] 1 


t-1.2. 


S  =  A/p.  (lid) 

and  d  the  detumng  parameter 

d  ”  ( Vo  *"  Tii )/2*/r-  (lie) 

The  dot  indicates  differentiation  with  respect  to  r.  The 
angular  brackets  indicate  an  average  over  the  particle 
initial  phases,  t.e.  (  )  —  ( l/.V  )£y  where  .V  is  the  num¬ 
ber  of  particles. 

From  these  equations  we  can  show  that  the  quantity: 

w-<r>  +  Mi:  (id) 

is  an  invariant.  In  terms  of  laboratory  variables  this  can 
be  written  as 


H  -  mc2»u(  y)  s-  ~  “  constant. 


w  hich  is  seen  to  be  the  conservation  of  energy  relation 
for  the  electron  beam-radiation  field  system.  It  is  also 
convenient,  using  eq.  (9).  to  rewrite  eq.  (12)  as 


which  relates  directly  the  change  in  the  field  amplitude 
A  to  the  average  change  in  electron  energy.  One  can  see 
from  eq.  (14)  that,  assuming  M0i«  ;.4|.  the  quantity 
p  |  A  | :  measures  the  efficiency  of  energy  transfer  from 
the  electron  beam  to  the  radiation  field. 

In  integrating  the  FEL  equations  the  maximum  time 
is  defined  by  the  undulator  length  •  Y„A,,/c.  In 
terms  of  the  scaled  time  r  this  becomes 


6.  The  FEL  collective  instability  and  coherent  radiation 
generation 

The  system  of  eqs.  (lla)-(llc)  has  been  discussed  in 
ref.  (12]  where  it  has  been  shown  that  for  8  <  Sth  »  1.9 
the  system  is  unstable  and  the  field  amplitude  A  grows 
exponentially.  Both  the  radiation  field  arid  the  beam 
bunching  grow  exponentially.  We  can  characterize  the 
bunching  by  the  parameter  b  - 1  (e '  "■ )  1  The  nonlinear 
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regime  and  valuraiion  that  follow  ih;  initial  exponential 
growth  have  al>o  been  >tudied  in  these  papers. 

In  this  paper  we  wane  to  discus  a  collectively  unsta¬ 
ble  -vitem  using  the  parameters  that  apply  to  an  elec¬ 
tron  beam  obtained  from  a  storage  nng. 

We  assume  that  the  initial  field  amplitude  i>  zero 
and  we  introduce  an  initial  noise  in  the  electron  phase 
distribution  »o  that  the  initial  value  of  b  • 
l-  ,.VX.  ,\\  being  the  number  of  electrons  in  one 
radiation  wavelength.  In  fig.  1  we  show  the  evolution  of 
the  field  amplitude  1.4;  versus  r.  for  different  values  of 
the  initial  electron  beam  rms  energy  spread.  a,h.  and  for 
3  =  0.  One  can  see  that  for  ol0  <«  p  the  field  amplitude 
A  |  reaches  a  value  of  the  order  of  unity,  so  that,  from 
eu.  (14).  we  have  an  energy  transfer  efficiency  of  the 
order  of  p.  i.e..  at  the  peak  of  |  A I  we  have  transferred  a 
faction  p  of  the  beam  energy  to  the  radiation  field. 

Fig.  2  shows  the  evolution  of  the  rms  beam  energy- 
spread  for  the  same  values  of  al0  as  in  fig.  1.  One  can 
see  that  when  the  field  peaks  the  energy  spread  becomes 
on  the  order  of  o  provided  n4,l  <  p. 

The  time  needed  to  reach  the  peak  can  be  seen  from 
Tigs.  1  and  2  to  be  t  —  !0.  Assuming  y,  »  yR  we  can  see 
from  eq.  (15)  that  to  reach  the  peak  we  need  an  undula- 
tor  with  a  number  of  periods  S,  »  1/p. 

Let  us  summarize  the  results  of  this  section: 

1)  the  electron  beam,  undulator  magnet,  radiation 
field  system  is  unstable,  if  5  <  5lh.  and  both  the  field 
amplitude.  |  A  |.  and  the  beam  bunching,  b.  will  grow 
exponentially  up  to  a  saturation  level  where  |  A  |  -  I  and 
b  ~  1; 

Zi  if  the  system  initial  conditions  are  6„ 

determined  by  noise.  a,n  <  p.  the  electron  beam  will 
transfer  a  fraction  p  of  us  energy  in  a  number  of 
undulator  periods  of  the  order  of  1/p. 


-i 


(a) 


r 


F:g.  1.  Plot  of  M|  versus  r  for  6-9.1x10"’,  p-3x!0"’ 
and  several  values  of  the  initial  rms  energy  spread.  e,a-  0.1  p. 
0  '5  p  and  p.  labeled  a.  b  and  c.  respectively. 


Fig.  Z.  Plot  of  o,  versus  r  for  b  -  9.1  x  10  "  ’.  p  »  3  x  10  "  •'  and 
several  values  of  ihe  initial  rms  energy  spread,  a,  «  0.1  p.  0.75 
a  and  p.  labeled  a.  b  and  c.  respectively. 


3)  after  traversing  the  undulator  we  have  {  q  j  =  1, 
b  =»  1  and  o,  -  p. 

7.  The  electron  beam-unduiator  system 

As  we  wish  to  discuss  the  operation  of  an  FEL  over 
a  large  wavelength  range  (30-Z00O  A)  we  will  consider 
operating  the  storage  ring  at  energies  ranging  from 
300-500  MeV.  In  addition  we  will  consider  3  undulator 
designs,  a  5  mm  period  -undulator  for  A  in  the  range  of 
30-100  A.  a  1  cm  period  undulator  for  X  in  the  range  of 
100-250  A  ar.d  one  with  \„  -  Z.5  cm  for  \  in  the  range 
of  500-2000  A. 

To  calculate  the  undulator  properties  we  assume  it  to 
be  of  the  hybrid  (permanent  magnet  and  iron)  type  and 
calculate  the  magnetic  field  from  [19] 

S0-3.33exp( -5.47 -M.S^  )  T.  (16) 

\  Ao  A*0  * 

where  A0  and  g  are  the  period  and  the  gap.  respec¬ 
tively.  A  complete  listing  of  the  undulator  data  can  be 
found  in  table  1.  The  output  radiation  wavelengths  for 
the  3  undulators  are  signified  by  O's  in  figs.  5a-5c. 

The  electron  beam  described  in  table  2  can  be  ob¬ 
tained  in  a  storage  ring,  as  we  discussed  in  sect.  5. 
However,  if  we  tried  to  install  the  undulators  described 


Table  1 

U  ndulator  magnets 


Period.  A„  (cm) 

0.5 

1.0 

2.5 

Gap.  g  (cm) 

0.1 

0.2 

9.5 

Pump  strength.  B0  (T) 

1.2 

1.2 

1.2 

Undulator  parameter.  K 

0.56 

1.12 

2.S0 

J  B  \turpr i.  ('  PciU^ruit  FLL  ‘ 
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Table  ; 

F.lcctr.'n  beam  parameterc  m  t he  bspa...  section 


fcnergv  £  iMeV) 

500  00 

}i»  1  1 

Beta  horizontal.  /3,  (ml 

3  00 

}  •  i_* 

3  0 4  * 

Beta  vertical,  d,  (m) 

1  0<) 

1 

1  •  - » 

Coup!. ns.  x 

001 

i.M'l 

rms  horizontal  beam  radius.  7,  imi 

I  016-04 

>  ;  .;£  -  */5 

6  0~E  -  '.'5 

rm>  horizontal  angular  spread.  0;  1  rad > 

J37E-05 

f 

:.o:e-  05 

rms  vertical  angular  spread,  a[  (rad) 

5.SUE-06 

-.6fE  - 

3.49E  -  0b 

rms  vertical  beam  radius,  a,  (mi 

5.S1E-06 

4>5E  -  ’.b 

3.40  E  -  06 

in  table  1  directly  in  the  ring  such  that  the  electron 
beam  would  pass  through  the  'mall  aperture  of  the 
undulatcr  on  each  revolution,  it  would  become  impossi¬ 
ble  to  operate  the  ring.  The  small  aperature  (gap)  of  the 
undulaior  would  result  in  vanishing  small  beam  life- 
®  times  due  to  collisions  with  undulator  walls.  The  mini¬ 

mum  allowable  gap  depends  on  both  the  nng  and 
undulator  parameters  and  must  be  determined  experi¬ 
mentally. 

For  this  reason  we  propose  to  install  the  undulator 
in  a  ring  bypass,  as  shown  in  ftg.  3.  The  electron  beam 
would  normally  circulate  in  the  ring,  where  the  effect  of 
^  synchrotron  radiation  damping  would  produce  the  beam 

properties  of  table  2.  About  once  per  damping  time,  of 
the  order  of  50  ms  for  the  storage  ring  illustrated  in 
table  5.  the  beam  is  taken  into  the  bypass  and  focused 
in  the  undulator  by  a  special  quadrupole  triplet.  In 
going  through  the  undulator  the  electron  beam  produces 
i^l  the  radiation,  us  energy  is  decreased  by  p£t  and  us 

I  energy  'pread  increases  from  us  initial  value  to  about  p. 

The  beam  is  then  taken  back  into  the  storage  nng  and 


Fig.  3.  Sketch  -r  -torage  nng  and  bypass  >ect:on 


left  there  for  a  time  long  enough  for  synchrotron  radia¬ 
tion  damping  io  bnng  its  charactenstics  back  to  their 
starting  vaiue.  A  more  detailed  discussion  of  the  storage 
ring  and  bypass  system  is  given  in  the  next  section. 

As  the  electron  beam  circulates  in  the  nng  if  per¬ 
forms  both  .erica!  and  horizontal  oscillations,  the  so- 
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Table  3 

Storage  ring  parameters 


Energy  f.  (MeV) 

500 

400 

300 

Gamma,  y 

97S 

?s; 

5S7 

Bending  radius.  R „  (mi 

4 

4 

4 

Average  radius.  R (mi 

15 

15 

15 

Number  of  achromatic  hend>.  SI 

6 

t 

6 

RF  voltage.  V  (MV) 

1 

1 

1 

Harmonic  number,  h 

100 

100 

100 

Number  of  bunches 

1 

1 

1 

Average  current.  /„  (A) 

010 

0  10 

0.10 

Electron  number.  ,V 

1.97  *11 

1.9*c  -  11 

I.97E*  11 

Synchronous  phase,  a. 

1.3SE-03 

5  e”E  -  .4 

1  S9E-04 

Momentum  compaction,  a 

1.22E-02 

1  ”E-<.'2 

1.22E-02 

HoruoniaJ  eminence.  «,  (mrad) 

3  41 E  — 09 

2.15E-09 

1.23E-09 

Vertical  emittance,  1,  (mrad) 

3.38E-  11 

’.IhE-ll 

1.22E-U 

Zero  current  bunch  length,  a  (m) 

1.99E-03 

1.42E-IJ5 

9  24E-04 

Zero  current  energy  spread.  o,o 

2.14E-04 

l.'lE  -'34 

1.29E-04 

Synchrotron  tune,  r. 

l  97E-02 

2.2vE  -02 

2.54E-02 

Synchrotron  radiation  loss.  V„  (MeV) 

1.38E-03 

5.67E-04 

1.79E-04 

RF  acceptance.  < 

3.23E-02 

36IE-02 

4.I7E-02 

t't.l.  '  r  the  U  i  r-  ji'.ti 


,r-  J  &  **tur;r\  /'f/ 

culled  betatron  .•-c.2a'.:.\-.i.  The  betatron  IjnJi.'.iv  ;iM 
ar.d  j\  .  -» h: .n  cr-._:..'.e:iz;  the  amplitude  and  period  of 
the  betatron  osiiiljivib.  ere  a  measure  of  tne  focusing 
properties  of  :he  rr.agr.ettc  lattice.  Together  with  the 
emittance.  t.  watch  is  the  area  m  the  position- angular 
deviation  pho«e  space  m  which  the  beam  is  contained, 
the  beta  tundicn>  determine  the  beam  size.  i.e..  the  rmi 
beam  height.  iH  -  *  h^h-  "^e  choice  of  the  beta 
[unctions  m  the  bcpa»i  t>  determined  by  the  require¬ 
ment  of  keeping  o  is  large  as  possible.  which  requires 
.-rral!  3  >.  Jv-  without  v-oiaiiru  the  energy  spread  con¬ 
dition  n.  <■  u.  la  effect  fc-r  a  beam  with  nonzero  trans¬ 
verse  emit  ranees  tH.  it  is  necessary  to  add  to  the 
real  energy  spreau  an  effective  spread  given  by  [20] 


(17) 


In  wr.at  toilows  .ve  will  make  sure  that  the  sjndttton 
ij,  <  a,  i?  always  satisfied. 

In  the  cases  that  v:  ws|]  consider  in  the  next  section 
the  u.ndulaior  length  varies  between  two  and  three  me¬ 
ters  and  ls  determined  by  the  condition  =  i  ■>.  This 
ength  is  also  consistent  with  our  assumption  on  the 
beta-functions. 


8.  The  electron  srorage  ring  and  bypass  section 

The  storage  ring  that  we  consider  t»  strm/ur  to  those 
a.-ed  as  synchrotron  radiation  sources,  for  instance  the 
National  Synchrotron  Light  Source  VL  V  ring  (15].  Its 
main  characteristic*  are  given  in  table  3. 

Since  we  want  to  maximize  the  electron  density  to 
obtain  a  large  vaiue  cf  o  in  the  uo.dulator.  we  have 
chosen  a  ring  design  which  minimizes  the  beam  emu- 
tance  and  the  bunch  le.ngLi.  When  the  beam  enters  the 
bypass  section  it  undergoes  additional  focusing  to  in¬ 
crease  o.  as  shown  ;r.  table  2. 

The  ring  ha.-  two  10  m  ieng  straight  sections,  one 
used  for  the  radtofrecuescy  system  and  one  for  the 
bypass  switching  magnets.  The  arcs  joining  the  two  long 
straights  each  have  three  equal  periods.  Each  period  has 
2  dipole  magnets  w-th  a  focusing  quadrupole  between 
them  ins.  two  quadrapcie  douciets  on  the  external 
sides.  Tne  ring  energy  dispersion  is  controlled  by  the 
central  quaurapole  and  is  nonzero  only  m  the  dipoles 
and  >n  the  region  berween  them. 

Tie  momentum  compaction,  a  -  idf/£i  /(d///). 
relates  the  change  in  orbit  length  to  the  relative  energy 
deviation  from  the  design  energy  E„  of  the  ring.  For  a 
nng  wnh  this  magnetic  structure  the  momentum  com¬ 
paction  a.  and  the  horizontal  emittance.  <H.  are  ap¬ 


proximately  given  by  [2 


n  6  '  M  I  R 


t H  -  7.7  x  10  ‘ (mrad).  (19) 

where  Ru.  R  ^  are  the  bending  and  average  ring  radii 
and  M  is  the  number  of  achromatic  bends.  An 
achromatic  bend,  typically  consists  of  two  dipole  mag¬ 
nets  with  a  horizontally  focusing  quadrupole  in  be¬ 
tween.  and  i-  designed  to  locus  ,iii  the  entering  elec¬ 
trons.  regardless  of  energy,  to  the  same  point  on  excit¬ 
ing  the  bend.  The  vertical  emittance  is  determined  bv 
the  coupling  between  horizontal  and  vertical  oscillation 
due  to  magnet  misalignment.  tv  =*  x<h- 

At  zero  or  small  current  the  rms  energy  spread  and 
the  bunch  length  are  determined  by  synchrotron  radia¬ 
tion  and  are  given  by  [22] 

<rn«4.38x  10-r-^-.  (20) 


where  «w,/<j0  is  the  ring  synchrotron  oscillation 
tune.  At  large  currents  the  microwave  instabilitv  [23], 
caused  by  the  beam  interaction  iwith  the  broad-band 
high  frequency  storage  ring  impedance  can  increase  the 
energy  spread,  a,,  and  the  hunch  length.  ap.  An  increase 
of  op  reduces  the  vaJue  of  p  while  at  the  same  time  o, 
increases  and  the  condition  o,  <  p  can  be  violated. 

To  evaluate  this  effect  we  use  the  approximate  condi¬ 
tion  [23] 

e/p|  ^-^-j  S'2e-f0aa,:  for  n  Z  —  .  (22) 


where  /p  is  the  peak  current,  related  to  the  average 
bunch  current.  bv 

/p»(2t)'  :-^./0  (23) 

and  |  Z(/rW«  •  is  the  effective  longitudinal  coupling 
impedance  of  the  nng. 

From  eqs  (21M23)  an  expression  for  the  microwave 
instability  limited  bunch  length  and  energy  spread  can 
be  obtained 


/  u/  e  ,7 

/U-=.— |-f 


(35, 

The  storage  ring  coupling  impedance  is  determined 
bv  the  vacuum  chamber  geometry  and  bv  the  bending 
radius  in  the  curved  section  [23.24]  and  is  a  quantity 
difficult  to  calculate  "a  priori  ...  ".  However  in  modern 
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length  and  pe..k  cur;.--: 

hllective  coupling  impedance i.'.'i  ij  1  ;  n  |n 

Bunch  length,  o,  [a-wavc  limit',  term  0.4'  ;.i»  a. 

Pea  c  current.  /p(Ai  W'  Isa  «c> 


storage  rings  values  of  the  order  of  l  G  have  been 
obtained.  Since  this  quanta'-  is  verv  important  in  de¬ 
termining  the  performance  of  our  y.  stem  see  have  cho¬ 
sen  to  use  in  our  calculations  three  values  of  ,  Zt  n )  n  . 
i.e.  0.1.  I  and  10  G.  Let  us  notice  that  a  10  9  coupling 
impedance  is  large,  and  is  a  pessimistic  assumption, 
white  a  1  G  value  is  realistic  and  has  been  already 
obtained.  On  the  other  hand,  a  0. 1  G  value  would 
require  a  breakthrough  in  storage  ring  design. 

The  microwave  instability  limited  bunch  lengths  and 
peak  currents,  which  depend  on  the  value  of  the  cou¬ 
pling  impedance  but  not  the  energy,  are  given  in  table  -1. 
The  bunch  lengths  are  typically  a  few  centimeters  and 
the  peak  currents  are  in  the  100— J00  A  range. 

To  test  the  beam  for  stability  against  transverse 
coherent  oscillations  we  have  used  the  conditions  that 


the  coherent  heutron  tunc  -hilt  he  smaller  thar.  the 
synchrotron  tune -23| 

eL 

— £^r«  <*>•  (  36 ) 

with  the  transverse  coupling  impedar.ee  cl.  evaluated 
from  the  longitudinal  impedance  e>  [231 


The  ring  described  in  table  3  will  he  fee  itvm 
transverse  instability  problems  provided  the  effective 
impedance  can  be  kept  on  the  order  1  G  or  less. 

As  a  final  measure  of  the  ring's  feasibility  we  com¬ 
pute  the  Touschek  lifetime  [25 1  r..  The  Touschek  life¬ 
time  is  the  time  in  which  losses  due  to  Coulomb  colli¬ 
sions  between  electrons  in  the  same  bunch  have  reduced 
the  beam  current  to  half  of  its  initial  value.  For  the 
range  of  ring  parameters  given  in  table  3  r,  >  1  h. 

9.  Results 

In  figs.  4a-4c  we  plot  the  FEL  parameter,  p.  and  the 
microwave  instability  limited  energy  spread,  o,.  versus 


Fig.  a  Plots  of  the  FEL  parameter,  p  and  the  microwave  instability  limited  rmi  energy  spread.  versus  energy  for  tat  X.,  »  '  mm. 
ibi  .\„  - 1  cm  and  Ui  \r.  “  2.5  cm.  The  p  values  are  .ignified  by  a  3  and  the  a,  values  are  given  hv  a  C.  Each  figure  display,  ihe  p 

and  nt  values  for  3  values  of  Zgtt  *  G*  1.  1.0  and  10  '.2  A  solid  lute  corresponds  to  Z  «  0.1  ! 2.  a  dashed  line  io  Z  -  I  !2  and  < - 1  to 

Z  -  10  22.  The  lines  are  not  fined  to  the  points,  they  are  drawn  simply  to  indicate  trends. 
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Fig.  5.  Plot  of  the  output  wavelength  .\  and  the  estimated  peak  power  output  versus  energy  for  mi  ,\rt  -  5  mm.  (b>  -  1  cm  and  tc) 

\  m  m  CBt  The  X  values  are  signified  by  a  ~  and  the  power  values  are  given  by  a  0.  For  the  power  curves,  a  solid  line  correspond-. 

7  m  c  '■!  2.  a  iia'r.ed  "-r.e  to  Z»1  0  and  i  -• .  • )  to  Z  »  !0  !2. 


the  beam  energy  for  the  5  mm.  1  cm  and  2.5  cm 
und'-iators.  respectively.  Recalling  that  the  limit  on  the 
alienable  energy  spread  is  o,  <  p  it  can  be  seen  from 
fig.  -i  that  if  the  nng  impedance  can  be  kept  at  or 
re:./*  0.1  2  one  can  expect  to  obtain  high  intensity 
coherer.:  sott-X-rays  m  the  range  of  30-85  A.  From 
:: gj.  as  and  dc  it  can  be  seen  that  the  energy- spread  in 
-.he  r.r.g  will  not  pose  any  problems  for  the  generation 
of  intense  radiation  in  the  range  of  85-2000  A. 

rigs.  5a-5c  are  plots  of  the  peak  power  versus  en¬ 
ergy  for  the  three  uadulator  designs.  The  peak  power  is 
-alculated  assuming  that  the  radiation  pulse  length  is 
rc-ai  to  the  electron  bunch  length. 


10.  Conclusions 

U  sing  the  system  described,  an  electron  storage  ring 
with  an  unduiator  :n  a  special  bypass  section,  we  can 
c  bum  high  intensity  coherent  radiation  by  sending  the 
ream  through  the  unduiator  and  using  the  FEL  collec¬ 
tive  instability  to  produce  radiation.  Compared  to  other 
systems,  such  as  an  FEL  oscillator  or  a  transverse 
cp-.tcal  klystron,  this  system  has  the  advantage  that  it 
dees  not  require  mirrors  to  form  an  optical  cavity  or  an 
input  high  power  iaser  to  bunch  the  electron  beam.  On 
the  other  hand,  by  its  very  nature,  this  system  can  only 
prtduce  high  intensity,  short  radiation  pulses  with  a 
repetition  rate  of  the  order  of  10  Hz. 

The  storage  ring  needed  to  operate  the  system  is 
characterized  by  a  small  transverse  emittance.  The  other 
important  ring  parameter  is  the  longitudinal  coupling 


impedance.  For  a  value  of  the  order  of  1  2  one  can 
obtain  peak  powers  on  the  order  of  500  MW  down  to 
wavelengths  of  about  500  A  and  50  MW  to  SO  A;  the 
power  decreases  sharply  at  lower  wavelength.  If  it  should 
become  possible  to  reduce  |  Z(  *  )/n  |  to  0.1  2  one  could 
get  peak  powers  on  the  order-of  20  MW  down  to  30  A. 

One  should  also  remember  that  in  this  paper  we  have 
concentrated  our  attention  on  the  first  harmonic  pro¬ 
duction  only:  however,  from  the  results  of  ref.  [18].  we 
know  that  the  system  will  also  produce  higher  harmon¬ 
ics  and  this  can  shift  down  the  lower  limit  for  soft  X-ray- 
production. 

We  want  to  emphasize  that  the  results  presented  here 
are  preliminary,  and  that  one  might  improve  the  system 
performance  by  optimizing  other  ring  parameters  such 
as  the  momentum  compaction  or  the  radiofrequency 
voltage  and  frequency.  To  obtain  a  more  complete 
understanding  of  the  system  one  should  investigate  dif¬ 
fraction  effects  on  the  radiation  due  to  the  finite  beam 
radius  and  consider  a  three  dimensional  calculation 
taking  into  account  the  electron  density  variation  in 
both  the  transverse  and  longitudinal  direction. 

This  work  is  supported  by  the  US  Department  of  En¬ 
ergy. 
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